
À.Â.Ôóðñèêîâ: Ëåêöèÿ èç êóðñà Âàðèàöèîííîãî Èñ÷èñëå-
íèÿ è Îïòèìàëüíîãî Óïðàâëåíèÿ (4 êóðñ 1-é ïîòîê 2012ã.)

1. Áðàõèñòîõðîíà: ñòðîãèé âûâîä óðàâíåíèÿ Ýéëåðà

Ïî÷åìó çàäà÷à âàæíà. à) Èñòîðè÷åñêè ïåðâûé ïðèìåð çàäà÷è
ÊÂÈ. á)Íåêîòîðàÿ íåñòàíäàðòíîñòü îáîñíîâàíèÿ ïîçâîëÿåò ãëóáæå ïî-
íÿòü îñíîâíûå ïðèíöèïû âûâîäà íåîáõîäèìûõ óñëîâèé ýêñòðåìóìà.

Ôîðìóëèðîâêà çàäà÷è:

J(x) =

∫ T

0

√
1 + x′(t)2

x(t)
dt→ inf, x(0) = 0, x(T ) = XT , (1)

ãäå T > 0 è xT > 0 çàäàíû. Ñ ïîìîùüþ õîðîøî èçâåñòíûõ
”
íå ñòðîãèõ“

ñîîáðàæåíèé (ñì., íàïðèìåð, [1] ñòð.24-27) ïîëó÷àåì ðåøåíèå x(t) çàäà÷è,
çàäàííîå ïàðàìåòðè÷åñêè:

t = C(τ − sin τ), x = C sin2 τ/2, τ ∈ (0, τ0) (2)

ãäå τ0 îïðåäåëÿåòñÿ èç óðàâíåíèÿ

xT
T

=
sin2 T

2

(T − sinT )
,

à C � èç óðàâíåíèÿ T = C(τ0 − sin τ0).

Ñòðîãèé âûâîä íåîáõîäèìûõ óñëîâèé ýêñòðåìóìà. Îí îñíî-
âàí íà ïðèíöèïå: Ôóíêöèîíàëüíîå ïðîñòðàíñòâî, â êîòîðîì ðàññìàòðè-
âàåòñÿ çàäà÷à, âûáèðàåòñÿ â ñîîòâåòñòâèè ñî ñâîéñòâàìè ýòîé çàäà÷è.

Âûáîð ôóíêöèîíàëüíîãî ïðîñòðàíñòâà äëÿ çàäà÷è (1). Òàê
êàê â (1) x(0) = 0, òî ïîäèíòåãðàëüíîå âûðàæåíèå äëÿ èíòåãðàëà â (1)
èìååò îñîáåííîñòü ïðè t → 0. Ïîýòîìó ñòàíäàðòíûé âûâîä óðàâíåíèÿ
Ýéëåðà çäåñü íå ãîäèòñÿ (âåäü îí äåëàåòñÿ â ïðåäïîëîæåíèè î íåïðå-
ðûâíîé äèôôåðåíöèðóåìîñòè Ëàãðàíæèàíà). Èñïîëüçîâàòü ïðîñòðàí-
ñòâî C1[0, T ] äëÿ ðåøåíèé çàäà÷è êàê ïðè ñòàíäàðòíîì âûâîäå çäåñü
òàêæå íå ïîëó÷èòñÿ. ×òîáû íàéòè ôóíêöèîíàëüíîå ïðîñòðàíñòâî äëÿ
ðåøåíèé, ïîäõîäÿùåå â ñëó÷àå çàäà÷è î áðàõèñòîõðîíå, âûÿñíèì, êàêóþ
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îñîáåííîñòü èìååò ðåøåíèå x(t), îïðåäåëåííîå â (2), ïðè t = 0. Èç ïåðâî-
ãî èç óðàâíåíèé (2), îïðåäåëÿþùåãî ôóíêöèþ t(τ) ñëåäóåò, ÷òî îáðàòíàÿ
ôóíêöèÿ τ(t) èìååò ïðè t ∼ 0 àñèìïòîòèêó:

τ(t) ∼ c1t
1/3, ãäå c1 > 0 (3)

Â ñèëó (2)
x(t) = c sin τ(t)/2 ∼ c2t

2/3, ãäå c2 > 0 (4)

Ïîýòîìó ôóíêöèîíàëüíîå ïðîñòðàíñòâî äëÿ ðåøåíèé çàäà÷è (1) åñòñòâåí-
íî îïðåäåëèòü ôîðìóëîé:

X = {x(t) = t2/3x̃(t), ãäå x̃(t) ∈ H1(0, T )} (5)

Çäåñü H1(0, T ) � ïðîñòðàíñòâî Ñîáîëåâà ñ íîðìîé

‖x‖2H1(0,T ) =

∫ T

0

(|x(t)|2 + |x′(t)|2)dt.

Îòìåòèì, ÷òî âçÿòü â (5) ïðîñòðàíñòâî C1[0, 1] âìåñòî H1(0, T ) íåëüçÿ.
Ýòî ñëåäóåò èç áîëåå òî÷íîãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ x(t)
çàäà÷è (1)1:

x(t) ∼ c2t
2/3 + c3t

4/3 + . . .

Äåéñòâèòåëüíî, ïîäñòàâëÿÿ ýòî ðàçëîæåíèå â (5), ïîëó÷èì x̃ ∼ c2+ c3t
2/3

çíà÷èò x̃′ ∼ 2
3
c3t
−1/3 6∈ C[0, T ]. Îòìåòèì òàêæå, ÷òî X � ýòî ôàêòè÷åñêè

ïðîñòðàíñòâî Ñîáîëåâà ñ âåñîì:

X = {x(t) ∈ L2(0, T ) : ‖x‖X = ‖(t−2/3x)‖H1(0,T ) <∞}
1×òîáû ïîëó÷èòü óòî÷íåííîå àñèìïòîòè÷åñêîå ðàçëîæåíèå äëÿ x, ïîëó÷èì ñíà÷àëà

óòî÷íåííîå ðàçëîæåíèå äëÿ τ , êîòîðîå áóäåì èñêàòü â âèäå τ ∼ c1t
1/3 + ctα + . . . ,ãäå

α > 1/3, c-èñêîìûå âåëè÷èíû. Ïîäñòàâèâ ýòî ðàçëîæåíèå â ïåðâîå èç ðàâåíñòâ (2),
ïîëó÷èì

t = C(
τ3(t)

3!
− τ5(t)

5!
+ . . . ) = C

(
c31t+ 3sc21ct

2/3+α + . . .

3!
+
c51t

5/3 + . . .

5!

)
×òîáû óíè÷òîæèòü ÷ëåíû ñ t íàèìåíüøåãî ïîðÿäêà, ïîëîæèì 2/3+α = 5/3, 3c21c/3!+
c51/5! = 0, îòêóäà íàõîäèì c è α = 1. Ïîäñòàâëÿÿ óòî÷íåííîå ðàçëîæåíèå äëÿ τ ñ α = 1
âî âòîðîå èç ðàâåíñòâ (2), ïîëó÷èì

x =
C

2
sin2 (c1t

1/3 + ct+ . . . ) ∼ C

2
(c21t

2/3 + 2c1ct
4/3 + . . . )

îòêóäà ñëåäóåò óòî÷íåííîå ðàçëîæåíèå äëÿ x
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Ìíîæåñòâî A äîïóñòèìûõ ôóíêöèé çàäà÷è (1) îïðåäåëÿåòñÿ ñîîòíî-
øåíèåì:

A = {x(t) ∈ X : x(T ) = xT , x(t) ≥ εt2/3}, (6)

ãäå X- ïðîñòðàíñòâî (5), à ÷èñëî ε ∈ (0, xTT
−2/3) çàâèñèò îò x(t). Îòìå-

òèì, ÷òî óñëîâèå x(t) > 0 íåîáõîäèìî, ÷òîáû êîðåíü êâàäðàòíûé â (1)
èìåë ñìûñë.

Ðåøåíèåì çàäà÷è (1) íàçûâàåòñÿ ôóíêöèÿ x̂(t) ∈ A, óäîâëåòâîðÿþùàÿ
ñîîòíîøåíèþ:

J(x̂) = min
x∈A

J(x)

Òåîðåìà Ïóñòü x̂ ∈ A � ðåøåíèå çàäà÷è (1) Òîãäà

− d

dt
L̂x′(t) + L̂x(t) = 0 ïðè ïî÷òè âñåõ t ∈ (0, T ),

ãäå L̂(t) =
√

1+x̂′(t)2

x̂(t)
.

Äîêàçàòåëüñòâî. Âîçüìåì â êà÷åñòâå ïðîñòðàíñòâà äîïóñòèìûõ âà-
ðèàöèé ïðîñòðàíñòâî C∞0 (0, T ) áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé
ñ íîñèòåëåì â èíòåðâàëå (0, T ). Î÷åâèäíî, ∀h ∈ C∞0 (0, T )∃λ0 > 0∀λ ∈
(0, λ0) x̂(t) + λh(t) ∈ A. Ïóñòü λ ∈ (0, λ0). Ïî îïðåäåëåíèþ ðåøåíèÿ x̂
çàäà÷è (1) èìååì

0 ≤ J(x̂+ λh)− J(x̂)
λ

→
∫ T

0

(L̂x′(t)h′(t) + L̂x(t)h(t))dt ïðè λ→ 0 (7)

(Ïðè îáîñíîâàíèè ýòîãî è ïîñëåäóþùèõ ñîîòíîøåíèé èñïîëüçóåòñÿ ðà-
âåíñòâî íóëþ ôóíêöèè h(t) ïðè t èç íåêîòîðîé îêðåñòíîñòè íóëÿ). Òàê
êàê â (7) ìîæíî âçÿòü êàê h, òàê è −h, òî èç ýòîãî ñîîòíîøåíèÿ ñëåäóåò,
÷òî ∫ T

0

(L̂x′(t)h′(t) + L̂x(t)h(t))dt = 0 ∀h ∈ C∞0 (0, T ). (8)

Ó÷èòûâàÿ, ÷òî x̂ = t2/3x̃, ãäå x̃ ∈ H1(0, T ), ïîëó÷èì:

L̂x′ =
x̂′(t)√

(1 + x̂′(t)2)x̂(t)
= t−1/3y(t), ãäå y(t) ∈ L2(0, T ), (9)

L̂x = −3

2

√
1 + x̂′(t)2

x̂3/2(t)
= t−4/3z(t), ãäå z(t) ∈ L2(0, T ), (10)

3



Èíòåãðèðóÿ â (8) ïî ÷àñòÿì, áóäåì èìåòü:∫ T

0

(L̂x′h′ + L̂xh)dt =

∫ T

0

(L̂x′(t) +

∫ T

t

L̂xdτ)h
′(t)dt−

∫ T

t

L̂xdτh(t)|T0 (11)

Èç (8),(11) ñëåäóåò, ÷òî∫ T

0

(L̂x′(t) +

∫ T

t

L̂xdτ)h
′(t)dt ∀h ∈ C∞0 (0, T ). (12)

Â ñèëó (9) L̂x′ ∈ L1(0, T ). Â ñèëó (10)∣∣∣∣∫ T

t

t−4/3z(t)dt

∣∣∣∣ ≤ (∫ T

t

t−8/3dt

∫ T

t

z2dt

)1/2

≤ c1+ c2t
−5/6 ∈ L1(0, T ) (13)

Äîêàçàòåëüñòâî óòâåðæäåíèÿ, ÷òî åñëè f ∈ L1 è
∫ T

0
fϕ′dt = 0 ∀ϕ ∈

C∞0 (0, T ), òî f(t) ≡ const, ïðîâîäèòñÿ â òî÷íîñòè òàê æå êàê â ëåììå
Äþáóà�Ðåéìîíà. Ïîýòîìó èç (12),(13) ñëåäóåò óòâåðæäåíèå òåîðåìû.
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