Jleknnsa 13. BasxommacTudeckne cpebl: YNCIeHHOE
peleHne ¢ IOMOIILIO aArOPUTMa Y 3aBHI.

N3 teopemnr Magypa ciemyer

w
Mpennoxenue 1. ITycmv X — banaro6o npocmparcmeo, Ty, T Tozda cyuwecmeyem nocaedoga-
n (o]

MEABHOCTND KOHEYHHLT SHNYKADLL KOMOUHAUUT 8EKMOPOS Ty, CTOOAULAACH K T TO HOPME.

Iycrs (X, 7) — romonormaeckoe npocrpanctso. Oyukuusa f: X — R U {400} HaspBaeTcs cekBen-
. o 7,
UAJILHO II0JIyHEIPEepPLIBHON CHU3Y, ecim /14 JiI000i I0Cae0BaTeIbHOCTH Ty, — T Bbimogneno f(z) <
(o)

n—
Ecan (X, p) — METPHUYECKOE IMPOCTPaHCTBO, TO IIOJIYHEIIPEPBIBHOCTD CHU3Y 3KBUBAJIEHTHA CEKBCHIIN-
AJBHON IIOJIYHEIIPEPBIBHOCTU CHHU3Y. Cﬂa6a§{ TOIIOJIOT'UA Ha 6eCKOHe‘{HOM6pHOM OaHaxOBOM IIPOCTPaAaHCTBE
He MeTpusyeMa, OAHaKO U3 TTPeaJIOZKCHUA 1 ciaenyer

IIpenmoxenmne 2. Ecau X — banazxoso npocmpancmso, f: X — RU{+o00} swnyraa u noayrenpepoiena
CHU3Y, O OHG CEKBEHUUAABHO NONYHENPEPBIEHA CHUSY OMHOCUMEALHO CAADOT MONOAO2UL.

MuoxkecTBo M C X Ha3BIBAETCS CEKBEHIMAJILHO KOMIIAKTHBIM, €CJIN U3 JI000i MOCIeI0BATeILHOCTH
{z,} C M MOXHO BBRIOpPATH MOAMNOCIEAOBATENLHOCTD, CXOIAIIYIOCA K Touke u3 M. JIna MeTpudueckux
IPOCTPaHCTB KOMIIAKTHOCTD 9KBUBAJICHTHA CeKBeHHI/IaﬂbHOfI KOMIIaKTHOCTH. ()KELBI)IBE‘LQTCEI7 JJIA caaboit
TOIIOJIOTMX BBIIOJIHEHO TO K€ CaMO€: MHOXKECTBO €J1a00 KOMIIAKTHO TOr'Ja M TOJBKO TOrda, KOrda OHO

CEKBEHIIMAJIBHO €J1a00 KOMIAKTHO (Teopema DGepaeiina — [TImynbsna).

1 CymecrBoBaHUTE CeIJIOBOI TOUKMN.

Ilycts X, Y — Gamaxossl mpocrpanctsa, L C X, M C Y, L : L x M — R. Touxa
(ZT,y) € L x M uaspiBaercs ceyioBoil Toukoii dyukiuu L, ecau st J00ObIX © € L,
y € M sbmonneno L(Z, y) < L(T, §) < L(z, 7).

Mpb1 1oKazkeM TeopeMy O CyIIeCTBOBAHUU CEJIOBO TOYKH B CJIeyotei (hopMyInpoBke:

Teopema 1.1. Ilycmov X, Y — pedaekcusnovie baraxosv, npocmparncmsa, M C'Y swnyrno,
samrrymo u oepanuveno, L 1 X x M — R, das awowr v € X, y € M dyurxyuu
Ly : X > Ru—-L(x,:): M — R asasromes unykivimu U noAYHENPEPLIGHBLMU
CHU3Y U

L(x,y) — 400 pasromepno noy € M. (1.1)

l|#]|—=+o00

ITycmwv, kpome mozo, das aobozo y € M dynryua L(-, y) cmpozo ewnyxaa.t Tozda L
umeem cedaosyro mouKy.

Hoka3zarenbcrBo. Tak kak dbynknus L(-, y) BBIITYKJIA, KOIPIUTHBHA U MOJIYHEIPEPbIBHA
CHH3Y, TO OHA UMeEeT TOUYKY MHUHUMYMa €,. KpoMe TOro, u3 cTporoii BBIYKIOCTH CIIeLyerT,
4ro e, ejuHcTBeHHA Jyist joboro y € M. Tomoxum f(y) = L(ey, y). Torma —f(y) =

LOr sroro ycnosus MokHO u3baBuThCs (CM. [2]), HO JIA NpUIOXKEHUs K 3371a4e O JBUKEHUU CPEeJIbI
Bumrama gocrarodno Taxoit GopMyIHPOBKH.



maxex(—L(z, y)) aBisgerca BBIMYKIONH W TMOJyHenpepbiBHON cHu3y Ha M (TOCKOJIBKY
3a/14eTCsl KAK MaKCUMyM cemeiicTsa dyHKiumii ¢ rakumu cBoiicrBavu). 3uauut, f gocruraer
MaKCUMyMa B HEKOTOPOH TOYKEe .

[MosmoxuM T = ey. M mokazxkeM, 9t0 (T, ) sBjsteTcst ce1oBoit Toukoit. [Iycrs y € M,
A € (0, 1), Ay = 0 mpur 0 — 00, Yy, = (1 — X\)T + Ay, 2, = €,,. Torga us onpenenenus
Y, ey 1 BOTHYTOCTH L 1O BTOPOMY apryMeHTY HOJIy<IaeM

f(y) > f(yn) = ‘C(xm (1 - )‘n)y+ )‘ny) =

2 (1= A)L(wp, ) + ML, y) = (1= X)) f(@) + ML, y).

3uauur,

f@) = L(xn, y)- (1.2)

13 (1.1) caenyer, uro {x,} orpannuena, HOITOMY COAEPKUT CI1a00 CXOAAILYIOCS TOJI-
I0C/IeI0BATEILHOCTD. Be3 orpanudenus oOIHOCTH, T, — &.

JokazkeM, 9410 & = T. [IJIs1 9TOr0 JOCTATOYHO TpoBeputh, uto L(Z, ¥) < L(x, §) nia
moboro x € X. B cuny eTnHCTBEHHOCTH ey, T = 7.

[Tycrs € X. Tak kak L(-, J) nOJyHENPEPbIBHA, CHU3Y, TO

n—oo

Tak kak L(x,, ) BOrHYTa, TO
E(xna y) < £<xna y) + E(xna yﬂ) - (1 - )‘TL)E(xna y) - )‘nﬁ(xna y) <

S ANL(2, J) — ML(xn, y) + L(x, Yn) < ML(Tn, U) — ML(ey, y) + L(x, yn),
TaK 49TO

7) < ——— —_— .
ﬁ(l‘n, y) ~ 1 . /\nﬁ(eya y) + 1 . )\nﬁ(xv yn>

Tax kak —L moJiyHenpepbiBHA CHU3Y 110 BTOPOMY apTyMEHTY, TO OTCIO/Ia U W3 TPe I0Ke-
HUS 2 TOJTyvdaeM
lim L(z,, §) < L(, 7).

n—oo

Cnenosarensno, L£(z, §) < L(x, 7).
[posepum, uro L(Z, §) < L(T, y). B camom gene, B cuny (1.2) u cexkBeHumasbHO
HOJIyHeNpepbiBHOCTH CHU3Y L(+, Y) OTHOCUTEIHLHO €J1a00fi TOHnoI0run

£, 9) = @) > T Lz, y) > LT, y)

2 Ajgroputm Y3aBHI.

[Iycts H — ruib6epToBO POCTPAHCTBO, a(u, v) — OuauHeliHas HempepbiBHas GopMa, Ha
H | ynoBierBopsiomias HepaBeHCTBY

a(v, v) =2 afv, v), rme a> 0. (2.1)

[Iycts v +— (f, v) — nuHeiiHbINH HenpepBIBHBIH (DyHKIHOHAT,

Jo(v) = sa(v, v) ~ (£, v),



L — rub6epToBO MPOCTPAHCTBO CO CKAJSIPHBIM npousseaenueM (-, )y, ®: H — L, A C L
— BBIIIYKJIOE 3aMKHYTOe MHOzKeCTBO. [Ipe/iiosioxum, 41o Jyis Jitodoro ¢ € L BbIIIOJIHEHO
yCJIOBHE:

v (g, ®(v)) BHIYK/Ia U HOJyHeNpepbiBHA cHU3Y Ha H. (2.2)

PaccmarpuBaercs 3a1a4a

inf |Jo(v) + sup(qg, ®(v))r| - (2.3)

veEH geA

Ipumep. H = W1(Q), rie Q € R? — orpammuennoe muoxectso, a(v, v) = |[v||%, f €
L.(Q), r>1, (f,v) = [ fodr (u3 TeopeMbl BIOXKEHUs CJIELYET, 4TO STOT DyHKIMOHAI

Q
nenpepbisen ), L = Ly(Q, R?), dv = Vo,
A={qe L:|q(x)| <7me BQ}.

Torma
sup(q, ®(v)), = 7'/ V| dz.
Q

qeA
Bsenem dyukmuio Jlarpanxa

L(v, q) = Jo(v) + (g, ®(v)) .
[IpeamonoKuM, ITO BBIMOTHEHBI CAeAYIOIINEe YCIOBHUS:

1. pysknus L mmeeT ceI0BYI0 TOUYKY, TO €CTh CyIIecTBYIOT Takune u € H, p € L

TaKne, 4TO
L(u, q) < L(u, p) < L(v, p), vEH, q€l;

2. dyukug ¢ ynosaersopsier ycaosuio Jlunmuna ¢ koucrantoit Cf.

B gacrhocTu, eciim A orpaHHYeHO, TO CeJI0Bast TOUYKa CYMIECTBYeT 1o Teopeme 1.1.
[Iycts Py, — omeparop MeTPHYeCKOro MPOEKTHPOBAHWS Ha MHOKeCTBO A (KaxKIoii
Touke u3 X comnocrapiserca Oaukaiimast K Heit u3 A). Tak Kak mpocTpancTBo L ruibbep-
TOBO, a A BBIILYK/IO ¥ 3aMKHYTO, TO 9JIEMEHT HAW/IY4IIero npuO/INKEeHUsT CYIIeCTBYeT U
eJIMHCTBEH, 1, KpoMe Toro, Py jmmimuies ¢ KoHcTanToii 1 (ynmpakHeHmue).
[Tycrs (u, p) € H X L — cepyioBas touka. Toraa

Jo(U) + (p, (I)(U)>L < JQ(U) + (p, @(U))L, NS H, (24)

(g—p, ®(u)) <0, g€ A. (2.5)
I[Tocsie/iHee ycjoBUe PAaBHOCUIILHO DABEHCTBY
p= Ppx(p+ p®(u)) ansa moboro p > 0. (2.6)

B camom gene, B ciyaae @(u) = 0 06a ycaosust Beinosnensl. Pacemorpum cayvaii ®(u) #
0. ITycrh BBITIOTIHEHO (2.5), TO €CTh MHOKECTBO A CONEPIKUTCS B MOJIYIPOCTPAHCTRE

E={qeL:(q ®u)) < (p, ®(u))}.



Bekrop ®(u) opToronaneH rumnepriocKOCTH

S:={qeL:{g ®(u) = ({p, ®(u))}.

Buaunt, gist 106010 p > 0 Touka p siBasiercs omkaiimeit kK p+p®P(u) B nosynpocrpancTse
E. Tem 6onee, p = Pp(p + p®(u)).

O6parHo, mycTh BbiONHEHO (2.6). Torga BHYTpEHHOCTD mapa B ¢ MeHTpOM B TOUKe
p + ®(u) u paguycom ||P(u)||, He mepecekaercsa ¢ A, mosromy B u A MOXKHO pa3Ie/uTh
ruiepiIockocTbio. OHa gB/ISETCH ONOPHOI K B B TOUKE D M, CJIeJ0BATE/LHO, COBIAIAET
¢ S. Tlpu srom, (p + @(u), (u)) > (p, (u)), orxkyna A C E.

Ha ocHOBaHMM 3TOTO NPEIATaeTCsl CIEIY PN aJIrOPUTM NPUOJINKEHHOTO HAXOK ICHUST

ceJI0BOM TOUKY (aszopumm .Ysaem).z Haumnaem ¢ npoussosbnoit Toukn p° € A, mo Heit

raxoanM u’, 3aTeM HaxoamuM p, 1 T.71. VIHIyKIIHOHHDIH Hepexo T 3aIMChIBACTCS CIIeLyTOTTHM

obpasom:

1. ecsmm naitgen ssement p” € A, maxomum u” € H Kak TOYKY MEUHAMYMa, (DY HKIIMOHAJIA,

Jo(v) + (p™, ®(v)) (em. (2.4)).

2. nosaraem p"tt = Py (p" + p,®(u™)) (cm. (2.6)), rae p, > 0 — napamerp, KOTopblit
o37Ke OyJeT MoJIOupPaThC.

Teopema 2.1. (o cxomumocTu ajroputMma ¥Y3asbi). Cywecmsyrom makue 0 < ap < oy <
00, wmo npu P, € (g, () GUNOAHEHO

u" — u no wopme npocmparcmsa H. (2.7)

n—oo

Hoka3zarenabcTBo. Yciosue (2.4) SKBHBAJICHTHO
Jy(u)[v —u]l + (p, ®(v) — ®(u)), >0, v e H, (2.8)
a ycJoBUe Ha Uu" —
Jy(uM) v —u"] + (P, ®(v) — ®(u")), =0, veE H. (2.9)

B camowm nene, mo omnpeenennto cyoanddepennnasia u reopeme Mopo — Pokadesiapa
(2.4) skBuBanentHo ycaosuio 0 € J(u)+9(p, @(-))(u), r.e. —J|(u) € {p, ®(-))(u). Coosa
1o onpejenennto cybauddepennuaa, nocjaeHee paBHOCUIBHO (2.8). DKBUBATEHTHOCTD
(2.9) u ycnoBus Ha u” TOKA3BIBAETCS AHATIOTHYIHO.

[Moacrasisiem v = u” B (2.8), v = u B (2.9), CKIaABIBAEM ITH HEPABEHCTBA U IIOJIY A€M

(Jo(u") = Jo(w)[u" —u] + (p" — p, ®(u") — @(u))r < 0.
Tak kak a(u, v) GuIMHEHHA, TO OTCIO/A CJIELYET, UITO

a(u” —u, u" —u)+ (p" —p, (u") — ®(u)), <O. (2.10)

n+1

O6o3maunm " = p" — p. U3 (2.6) u onpenenenus p"*! cremyer, aro

"= PA(p" + pa®(u")) = Pa(p + pa®(u)).
[Tockosibky oroOpazkenue Py junimuneso ¢ KoHCTaHTo# 1, nosrydaem

[P ™ (@) )] = [ 2™, (™)~ (u0)) 2 (")~ ) .
2Cw. [1].




Bocrnonbsyemcst HepasercTamu (2.10), (2.1) u tem, uro ¢ summmuneso ¢ koncranroit C,
n 110JIy1YuM

I < rIIL = 2na(u” — u, w™ — ) + Cpp Ju™ — |z, <
< rlI2 = Qap, — CEpp)[[u™ = ull7.
Buibepem a; > g > 0 Tax, urobn 2ap, — C2p2 > > 0. Toraa
I L < ™ lIE = Bllu™ — wllZ-
Buaunt, nociaenosaresbHoctsb {||7"||L} yopiBaer u mosromy cxomures. Orcioga

o —lly < 57 (I3~ I+1)13) = 0.
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