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BBenenue

Kakue mpuymHBI TTOOY2K/IAI0T pemiaTh 3aJa4ud Ha MAKCUMYM U
MUHUMYM !

I/IHTepec K 3KCTpe€MaJIbHBIM 3aJda4aM, T. €. 3aJa9aM Ha MaKCHMYM U MHHHUMYM IIPDO-
SIBUJICSI Y2Ke Ha 3ape Pa3BUTHS MaTeMaTHKH, U OCHOBHBIMU CTHMYyJaMu ObLiu J1I0O603HA~
TEJILHOCTDh U CTpeMJIeHue K COBEPIIEeHCTBY.

Cpenu Haubosiee paHHUX, TOYHO PEIIEHHDBIX 33/1a9 — TaK HA3BIBAEMAs U30NEPUMEMPUECKAA 300a4a
— 3aj1a4a 0 (popMe KPUBOIl 33JaHHOI JIJIMHBI, OXBATHIBAIONIEH HAMOOJIBIIYIO IJIOMAAL! U 3313492 0 dop-
Me TOBEPXHOCTH 3aJAaHHON TIOIMAIN, OXBAThIBaOIIell Hanbonbinuit oobem. OTBETHI HA ITH 339U [
mbicauTesneil JIpesneit ['peruu ObLIM CHMBOJIAME COBEPIIIEHCTBA YEJIO0BEYECKOrO pasyma. Kpymreiimine
ux npezacrasurenn: Epkimm, Apxumen u ANOJUIOHWMI CTABUIN W PEITav PA3IUIHBIE T€OMETPUYECKUE
33/1a494 HA SKCTPEMYM. 33/1a9a 0 NAPAALLAOZPAMME HAUOOABWET NAOULAIU, KOMOPBLY MOHCHO 8NUCGMDL 6
mpeyzoavruk nupusoaurca B “Havanax” Eskaupa (II1 B. no v, 3.); 3ama4a o waposom cezmenme makcu-
MAALHO20 00BeMA NPU 3600HHOT NAOULAOU ULAPOBOT LACTU NOBEPTHOCTNU IMO20 CE2MENHMA CONEPIKUTCS
B counnenusx Apxumena (toxe III B. 10 H. 3.); 337298 0 MUHUMAALHOM DACCTNIOAHUY O MOYKY TAOC-
KOCTU 00 AAAUNCE U O HOPMAAALT K JAAUNCY U3 NPOUZBOALHOT MOYKU NAOCKOCTAY ObLJIA TIOCTaBIEHA U
perrena Anosionnem (ITI-1I . 70 H. 3.) B ero 3HaMenuTHIX “KoHnkax”.

Baxnas npudmna, modyzKaaoias HHTepec K UCCIe0BAHUIO SKCTPEMAIbHBIX 337134,
CBd3aHa € TeM, 9YTO MHOI'u€ 3aKOHBI IIPHUPO/JbI, KaK OKa3aJI0Ch, IIOJYUMHEHDBI SKCIMPEMANb-
HoLM NPUNYUNGM, T. €. MHOIHE IPUPOJHBIE MPOMECCh (HEKUM 3araI09HbIM 00Pa3oM) siB-
JISIOTCS PEIeHUsIMHI 33129 HA MAKCHUMYM U MUHEMYM. JI. Diaep 1o 3ToMy IOBOIY BBICKA-
3aJjics Tak: ‘B Mupe He NpoucxoanT HUYero, B 4eM He Oblj1 Obl BUIEH CMBIC KaKOT0-HUOY /b
MaKCHMyMa MM MUHAMYyMa .

ITepsbiii sKcTpEMabHbI IPUHLKIL B ecrecTBO3HaHuU BblasuHy 1 [Ibep Pepma (1662). CoracHo s10-
My TPHHIMIY ceéem “udbupaem” maxyro mpaexmoputo, 600Ab KOMOPOTi 8pems, 3aMPANUBAEMOE UM HAa
npeodoaeHue nymu om 00HOU mouku 0o dpyzo0tl, MUHUMGAALHO. S3AKOHBI TPEJIOMJIEHUS CBETA, YCTAHOBJIEH-
HBIE HKCIIEPUMEHTAIBHO, HAXOMAATCS, UCXOIA W3 ITOrO MPUHIINIA, KAK PEIeHNs IKCTPEMAIhHBIX 337a4.
Ormnpasnssice or npunnuna @epma, U. Bepuyinu B 1696 romy pemmii rak Ha3bIBaeMyIo 3adawy o 6paru-
cmoxrpore — O KPUBOH HAMOBICTPEHINEero ckara, T. €. 334349y O (popMe KpuBOii, COeIUHSIONIEH TBe TOUKN
B BEPTHKAJILHOM IJIOCKOCTH, BJIOJb KOTOPOH TEIO MO, AeHCTBAEM CHJIBI TAXKECTH 6e3 TPEHUs MPOXO/UT
OyTh OT OJXHOM TOYKM [0 JAPYroil 3a Kpardaiiniee BpeMs (IIOCTAHOBKA TaKOH 3a/a4u BO3MOXKHO ObLIa
HaBesHa 0oJiee PAHHUMHE pa3MbIILIeHuaMu Lajuies ua 31y TeMy). Vcropuio pa3BuTus BapUaImoOHHOTO
UCYUCJICHUS [IPUHATO OTCYMTHIBATH UMEHHO C 9TOIO BPEMEHU — IO/ PELICHHs 33/1a91 O OPAXUCTOXPOHE.

Henpsqa me HazBaTh TaKIKE 1 OparMaTu4eCcKnue Ipu4iruHbl, 110 KOTOPBIM IIPUXOJIUTCA pe-
IaTh 3KCTpeMaJIbHbIE 3aJa9H. J_[IO,ZLHM CBOWCTBEHHO HanuJTy4dHIIUM 06pa30M NCIIOJIB30BATH
pecypcehbl, HAXOAAIMECs B UX PACIIOPAZKEHNH, U IIOTOMY 3KCTpeMaJbHbIe 38,29 eCTeCTBeH-
HO BO3HHUKAIOT IIPU YHPABJICHUN Pa3JIUYHBIMHU IPOIECCaAMU, B 9KOHOMUKE, HWHXKEeHEPUH.

ITeproit 3amadeii Takoro poma 6blIa aapodunamuveckasn 3adawa Horomona o popme Tesaa BpaIlleHust,

x (L

HCIBITHIBAOIIEM HAMMEHBIIIEE COITPOTUBIIEHNE B HEKOEH “peikoii cpeze”’; mocrasieHHas u pemerntas Hpro-

LOrrer B Heit mpuBoaNA B cBOMX coummenuax eme Apucrorens (IV B. 10 H. 3.)



ToHOM B ero “Maremarnieckux Hadagax Harypaabhoil dumocoduu” (1687 r.). K uuciy skcTpeMabHbIX
3a/1a%, BOBHUKAIONINX B 9KOHOMWKE W TEOPUH YIIPABIEHWS, OTHOCITCS, HATTPUMED, MPAHCNOPMHGA 3a0a-
wa (chOpMyIUPOBAHHASL B COPOKOBbBIE I'O/bL LPOLLIOIO BEKA) O HAMJIYYLIEM CLOCO0E TPAHCLOPTUPOBKU
MPOJAYKTOB CO CKJIAJIOB B MAara3wHbl U npocmetwas 3adawa o bvicmpodeticmeuu, hOpMATU3YIONas, B
YACTHOCTH, 33/I1a9y O HAWMEHBIIEM BPEMEHHU [BUXKeHUsi JUdTa B yroJbHOM Imaxre. JTa 3a1a4a, TaKXKe
cchopMmysupoBaHHasE B COPOKOBBIE T'OJIbI, MOCIYZKMJIA CTUMYJIOM JIJIsi CO3JAHUS MeoPul ONMUMAAbHOZ0
ynpasaerus. CIUTATIOCH, 9TO 3TA TEOPHS POAMJIACH B MATUIAECATHIE TOIBI MPOIIIJIOro BeKa, HO KOTJa OHa,
B OCHOBHOM, CJIOKMJIACh, BBISICHUJIOCH, YTO TIEPBOH 33aa4eil OMTUMAJIBHOTO YIPABICHUs ObLIa WMEHHO

aspoamHamMudecKas 3agaqa Hoioroma.

DKCTpeMaJIbHBIE 3aJaY91 U UX (popMaJm3aIius

Mbl BUIUM, 4TO 3a4aCTyIO IKCTPEMAJIbHbIE 33/la4i CTAaBATCH Ha g3blKe TOil obJiacTu
3HAHUI, U3 KOTOPOI OHU mpoucxofdt. s Toro, 4robbl 3TN 3aa4u MCCIEI0BATHL MaTe-
MaTU4Y€CKUMU CpeaCcTBaMU, HeO6XOﬂI/IMO nmepeBecTu UX Ha MaTeMaTHIeCKHN A3BIK, T. €.
dopmanuszosams. ToIHO mOCTaBIEHHAA YKCTPEMAIbHAA 33/1a9a BKJI0IaeT B cebs (hyHK-
muoran f (co 3HaueHHAMHE, BOOGIIE IOBOpH, B pacImupeHHoil mpamoil R = R U {4oo0})
BMeCTe cO cBoeil obacThio onpenenenns X u MHOXKecTBo orpanudenuit C' C X. ®opma-
JIN30BAHHAS SKCTPEMAJIbHAS 3312492 3AIMMCHIBACTCS TaK

f(z) - min(max), ze€C (P)

1 3aKJII0YAETCA B HAXOXKIeHnN Takux Touek x € C, B KoTopbIxX (hpyHKIHOHAT [ mocTura-
er cBoero MuHnMyMa (MakcuMywma) Ha C. Takme TOUKE HA3BIBAIOTCS 24000A6HbLMU LT
abecoromHbMU Murumymamy (makcumymamy) B 3anade (P) win ee pewenuamu. Eciu
HaC UHTEPECYIOT U TOYKH MUHHUMYMa M TOYKH MaKCHMYyMa, TO BMECTO min(max) nuneM
extr u TOBOpHUM 0 3a/ia4e Ha IKCTPeMyM PYyHKIMOHAIA f.

OrmeTuM ernie, 9T0O ecyin T — perienue 3aa4qu (P) Ha MEHEMYM (MaKCHMYM ), TO ICHO,
9TO T — pellleHre aHAJIOTHIHON 3a/1a9n Ha MaKCUMyM (MHUHEMYM) ¢ GyHKIHOHATIOM — f
BMeCTO f.

Toukn m3 MHOKecTBa orpanndeHuil C' HaspiBalOTCH donycmumovimu B 331ade (P).
Ecmn C = X, 1o 3amava (P) nasbiBaercs 3agadeil 6e3 ozpanuienu.

II. ®epma B 1638 TOAy MIATIOCTPUPOBAJ CBOIM METOM, HAXOXK/IEHUS IKCTPEMYMOB Ha PENIeHWH CJeTy-
oIl 3a0a9n: HAUMU NPAMOY20AbHBLT MPEY2ZOALHUK HAUOOALWET NAOUGOU NPU 0GHHOT CYyMMe OAUH
ezo Kamemos. Eciu a — cymma JUIMH Kareros, a T — JJIMHA OJHONO U3 HUX, TO (DOpPMa/IM30BAHHASL
[OCTAHOBKA BBINIAIAT Tak x(a — x)/2 — max, 0 <z < a.

[Ipu perrennn MHOrUX KOHKPETHBIX 3314 Halleil 1Me/Ibio OyIeT HaX0XK IeHHe T100a b
HBIX 3KCTPEMYMOB, HO JJI4 9TOTO MPEIBAPUTEIIBHO IPUXOIUTHCA UCCJIC0BATDH 38/1a9y Ha
HAJIM9ne JIOKAJIbHBIX SKCTPEMYMOB (T. €. JIOKAAbHBIX MUHHMYMOB W MaKCHMyMOB). Eciu
B X ompejiesIeHo OHATHE “OKPECTHOCTH TOYKHK', TO TouKa T € C' Ha3BIBAETCA AOKAALHBIM
murumymom (marcumymom) B 3amade (P), ecam cymecTByeT Takast ee OKpecTHOCTh U,
aro f(z) > f(Z) (f(z) < f(Z)) ans Beex monycerumbix x € U (1. e. qyst Beex © € C' N U).

OpHa #W3 OCHOBHBIX IeJiell Kypca — W3JI0KUTh €IWHBI B3I HA HEOOXOIUMBIE
YCJIOBUS IKCTPEMYMa MePBOTO MOPSJIKA VI PA3JIMYHBIX KJIACCOB IKCTPEMAJIbHBIX 33/1a4
(HeJTMHEWHOTO ¥ BBIYKJIONO MPOrPAMMHUPOBAHUS, BADUAIIMOHHOIO UCYUCTIEHUS] U ONTH-
MaJIbHOTO yrpasjerust). C 9TOH MeJbio MBI PACCMATPUBAEM IKCTPEMAIBHYIO 3a1a9y 00-



IMEro BHJA Ha BBIMYKJOM MHOYKECTBE C OIPAaHUYEHUSIMU TUIA PABEHCTB U BBIBOJUM JIJIs
Hee HeOOXOIMMBbIE YCJIOBHSA MUHUMYMa. OKa3bIBAeTCs, 9T0 HEOOXOAUMBIE YCIOBHAS IKCTPE-
MyMa BO BCEX IIepeduCJIeHHBIX KJaccax 3a/a49 SIBJASIOTCSA HEIIOCPEICTBEHHBIMU CJIEJICTBH-
sIMH HeOOXOJIUMBIX YCJIOBHH, ITOJyYeHHBIX B 00IIeil 3a1a4e.



I'maBa 1. Anmapar Teopun 3KCTpeMaJIbHBIX 3a1aY

B sToii rimaBe cobpanbl Te daKThl, HA KOTOPHIE OMUPAIOTCS JOKA3aTeIbCTBA YTBEp-
JKJICHUH, TIPEeJCTaBICHHbIe B 9THX JICKIIHSX.

§1.1. DnemeHTb! HYHKINOHAJIHLHOTO aHAJJIN3A

1.1.1. HopMmupoBaHHBIE ITPOCTPAHCTBA U JINHENHBIE OMEPATOPHI

BekTopuoe mnpoctpancTBo X HA3bIBACTCHA (BEIIECTBEHHBIM) HOPMUDOSUHHOLM NPO-
CMPAHCNEOM, €CITH KAZKIOMY 97eMEHTY T € X COMOCTABICHO BEIECTBEHHOE THCIIO ||| x,
Ha3bIBAEMOE HOPMOI x, yaoBaerBopsitomiee yeaosusaMm: (a) ||x||x > 0 ama moboro x € X

u ||z|]|x = 0 Torga m Toabko Torga, korga x = 0; (b) |az|x = |al||z||x mia mobbx
aceRuze X; (0 |le+ylx < llzllx + |lyllx ans aobeix z,y € X (HepaBeHCTBO
TPeyTOJTHHUKA).

Ecmu z,y € X, 1o Benmmunna p(x,y) = ||x — y||x Ha3bIBaeTCs paccmoanuem mesrcdy

INEMERTNAMY T U Y.

Paccrognuem or Ttouku T € X j0 mHoxkecrBa A C X HasblBaercd BeJIMYMHA
dist(z, A) = inf,e4 |7 — 2] x.

IIycte T € X ur > 0. Muoxecrsa Ux(Z,r) = {2z €: ||t —Z||x < r} un Bx(Z,r) =
{z € X : ||z — Z||x < r} naseiBaeTCs COOTBETCTBEHHO OMKPHIMBGIM U 3AMKHYIMBLM
mapamu B X ¢ IEeHTPpOM B T paJuyca r.

[Mycts A C X. Touka © € A mazwiBaeTcsa gnympernel TOUKON A, ecim OHA BXOJUT
B A ¢ HEKOTOPBIM IMAPOM ¢ TMEHTPOM B . MHOXKECTBO BHYTPEHHUX TOYEK MHOXKeCTBa A
HA3BIBAETCA 8HYMpeHHocmvio A n obo3Hagaercs int A.

MuozkecTBo A HasbiBaercst omkpuimoim, ecan int A = A (mpoBepbTe, 9TO OTKPBITHIN
AP — OTKPBITOE MHOYKECTBO).

JI1060oe OTKPBITOE MHOMKECTBO, CO/EpIKAIIee JAHHYIO TOUYKY, HA3BIBACTCS OKPECMHO-
CMb10 ITOH TOUYKU.

Touka x € X Ha3wIBaeTCS 2paHu4HOT TOIKON MHOXKeCTBa A, ecin B 10001 ee OKpecT-
HOCTH cofiepzkaTcst ToUkd u3 A u u3 X \ A. MHOKeCTBO BCeX IPAHUYHBIX TOYEK MHOZKECTBA
A obosnauaem A (mposepbTe, uTo ecin x € A, To 6o x € int A, mubo = € JA).

MuoxkectBo B C X Ha3bIBAETCS 3AMKHYMbLM, €CTTH €ro JOMOTHEHHE OTKPHITO (Mpo-
BEpbTe, YTO 3aMKHYTHIf 1ap — 3aMKHYTOe MHOYKECTBO).

IIycts A C X. Touka x € X HaszbIBaeTCsa npedeavroli moukol MHOKeCTBa A, ecyn
Ka’kKJasl ee OKPECTHOCTh nMeeT HermycToe nepecederne ¢ A. COBOKYITHOCTE BCEX TIPEJIE/Tb-
HBIX TOYEK MHOXKecTBa A HazbiBaeTcs samuikaruem A u obosnadaercs cl A (mposepbre,
910 ¢l A — 3aMKHyTOEe MHOYKECTBO U 9TO MHOXKECTBO A 3aMKHYTO TOT/Ia U TOJIBKO TOTYIA,
KOIJIa OHO COBIAJIAET CO CBOMM 3aMBIKAHUEM ).

MuoxkecTBo A C X Ha3bIBAETCS KOMNAKMHOM (UITH KOMNAKMOM), €CIT U3 JIOOOTO
ero MOKPbLITHA OTKPBITBIMH MHO2KECTBaMH MO2KHO BBIJCJUTH KOHEYHOEC ITOJIOKPbBITHE.

CemeiicTBO MHOYKECTB HA3BIBAETCS UEHMPUPOBAHHOT cucmemotl, ecau Joboe ero Ko-
HedHOe MOoJIceMeiICTBO UMeeT HeIlycToe Ilepecedenue.



Jlemma 1 (0 nenTpupoBaHHON cucreme). Muosicecmso Komnaxkmuo mozda U moavko
moeada, xoz2da 100048 €20 UEHMPUPOBUIHHAA CUCTNEMA 3AMKEHYMBLT NOOMHOHCECTNG UMEEM,
HENYCINOE nepeceverue.

Jokaszamenavcmeo. Tlycts muOkecTBO A KOMIakTHO n A;, ¢ € J, — MeHTpUpOBAHHAS CH-
cTeMa ero 3aMKHYTBIX HOJAMHOXKecTB. IIpeanooxkum, uro N,esA; = (0. Torma, Tax Kax
A = A\ NiegAi = Uicg(A\ A;) C Uies(X \ A;), To orpbiThie MuoxecrBa X \ A;,
i € J, obpazytor nokpbitre A. [TockobKy A KOMIIAKTHO, TO CYNIECTBYET KOHETHOE ITO/I-
cemeiictBo X \ A;,, ..., X \ A;, , Koropoe mokpbiBaer A. C Ipyroil CTOPOHBI, MO YCJIOBHIO,
A # 0 momet uveem NP A;, CAC U (X \ Ay) = X\ N, A;, . TIporusopeune
JOKa3bIBaeT yTBePIK/IeHUE.
JlokazaTesibcTBO B JIPYIYIO CTOPOHY aHAJOTUYHO (Mpojeiaiite 91o). O

Hopmuposannoe mpocTpancTBo X Ha3bIBACTCA H4HAT0GHLM IIPOCTPAHCTBOM, €CJIN KazK-
nas GyHIaAMEeHTAIbLHAS TOCIeI0BATEILHOCTD €0 3JIeMEHTOB CXOIUTCSL.

[Tycrs X n Y — mopmuposanubie mpoctparcTBa. O6o3naqnm gepes L(X,Y) HopMu-
POBAHHOE IIPOCTPAHCTBO BCEX JIMHEHHBIX HellpephIBHBIX oneparopos A: X — Y ¢ HopMoit

IAll = sup [|Azly.

el x <1

IIycte A € L(X,Y). Muoxecrsa InA = {y e Y |z € X : Av =y} u KerA =
{z € X : Az = 0} Ha3bIBAIOTCSI COOTBETCTBEHHO 00pa3om U Adpom onepatopa A.

Ecau Im A =Y, 1o roopsr, uro oneparop A ciopsexmueen (waun A — snumopdusm
win A — omobpasicenue na).

Ecau Ker A = {0}, To roBopsT, uto oneparop A unsekmusen (nnu A — monomopdusm
wim A — 63aumno 00Ho3HAWHOE 0OMOBPAdICEHE).

Ecau oneparop A € L(X,Y) u CIOpbeKTUBEH W HHBEKTHBEH, TO TOBOPAT, YTO OH
buexmuesen.

IIyets X mw Y — HOpMEpOBaHHBIE MPOCTpaHCTBA. ['0BOPAT, 9TO MPOCTPAHCTBA U30-
MEMPUMECKU UOMOPPHHL, €CTH CYIIECTBYET TAKOe JHHEHHOE CIOPBHEKTHBHOE OTOOparKe-
aue A: X — Y, uro |Az|ly = ||z||x. Orciona caeqyer, uro orobpakenue A HeIPepbIBHO
U B3aMMHO OJIHO3HA4YHO. 30MeTpuyecku n30MopgHbIE MPOCTPAHCTBA, KAK HOPMHUPOBAH-
HBbIE TIPOCTPAHCTBA, HE PA3JNIUMBL.

MHOKecTBO BeexX JIMHEHHBIX HEMPEPHIBHBIX (DYHKITHOHAJOB HA HOPMHUPOBAHHOM ITPO-
cTpaHcTBe X Ha3BIBACTCS ConpAadicernvim npocmparncmeom K X u obosnadaercs X *. 3ua-
deHue JIMHeRHOro pyHKiuoHa a r* € X* na siemenre x € X oboznadaem tak: (r* ).

[IpocrpancrBo X* gBjisercd 6aHAXOBBIM MPOCTPAHCTBOM C HOPMOIt

|z*||x+ = sup (z*, ).
Il x <1

IIycte X* m Y* — compsizKeHHBIe TPOCTPAHCTBA COOTBETCTBEHHO K X W Y m A €
L(X,Y). Orobpaxkenne A*: Y* — X* omnpenenennoe mo npasuny (A*y* x) = (y*, Ax)
(1. e. dynkumonasy y* conocrasisiercst ynknnonan r — (y*, Az)), nazpiBaeTcs conps-
orcernvim onepamopom & A. Tlpu srom, A* € L(Y™*, X*).

Bamernm, uro ecan onepatop A € L(X,Y) clopbeKTHBeH, TO CONPSZKEHHBIN 0TepaTop
urbekTused. [leiictBurensno, nycrs y* € Ker A*. [lisa soboro y € Y cymecrsyer € X



Takoe, 9r0o y = Az u mbr umeem (y*,y) = (y*, Az) = (A*y*,x) =0, 1. e. y* = 0 u 3Ha4wT,
Ker A* = {0}.

[Tpouseenenue X X Y HOpMHPOBaHHBIX MPOCTPAHCTB X U Y (KOTOPOEe, KAK BEKTOPHOE
IPOCTPAHCTBO, €CTh COBOKYIHOCTD map (z,y), tae * € X uwy € Y, ¢ onepanusMu moKo-
OPJMHATHOTO CJIOYKEHUsS] ¥ YMHOXKEHUsI HA YHUCJA) eCTh HOPMUPOBAHHOE MPOCTPAHCTBO €
Hopmoit |[(z,y)|lxxy = ||z|lx + ||y|ly. Jlerko uposepurh, uro ecim X u Y — GanaxoBbl
npocTpancTBa, To X X Y — HaHAXOBO HPOCTPAHCTBO.

B npocrpanctse X X Y WHOTIA PacCMaTPHBAIOT IPyTHe, HO SKBHBAJCHTHLIC! BBeIeH-

HOit HOpMbI, Hanpumep, +/||z||% + ||y/|? wm max(||z||x, [ly]ly) (upoBeppre sxBUBaTEHT-
HOCTB ).

JIemma 2 (0 conpsizKeHHOM K TIPOU3BEIeHUIO mpocTpancTB). [Tycmo X uY — nopmupo-
sanHwe npocmparcmea. Tozda dasn awbozo z* € (X X Y)* natidymesa anemenmu x* € X*
u y* €Y maxue, wmo dan ecex (x,y) € X X Y cnpasedausa gopmyaa

(2%, (z,y)) = (=%, 2) + (y", y)-

Jlokxaszamensvcmeo. Onpenenum dyukmumonaasl r* € X* u y* € Y cOOTBETCTBEHHO 110
dbopmynam (z*, x) = (2*, (x,0)) g Beex z € X u (y*,y) = (2%, (0,y)) nn1a Bcex y € Y.
Torma B ey auHeitHOCTH 2*

<Z*7 (xvy» = <Z*’ (]J,O)) + <Z*7 (0>y)> - <£E*,.I> + <y*>y>'

1.1.2. TIIpumepbl HOpPMUPOBAHHBIX NPOCTPAHCTB

[IpuBepem 3/1ech npuMepbl HaHAXOBLIX POCTPAHCTB, ¢ KOTOPBIMHU, B OCHOBHOM, OyJ1eM
UMETH JIeJI0 B JaIbHeHIeM.

L1
1. IIpocTpascTBo R". DTO COBOKYIHOCTH BCEX YIOPSI0YEHHBIX HADOPOB & =

xn
U3 1 AefiCTBATENbHBIX Yuces (ecam n = 1, TO 9TO HPOCTO MHOKECTBO JeHCTBHTEIbHBIX
ancest, u Mbl mamem R Bvecto RY), HasbiBaeMbIX 6exmopamu WA 6eKmMOop-cmoabyami, a
qucsaa r;, 1 < i < n — xoopdunamamu eexmopa x. Paan SKOHOMUU MecTa, 31eMeHThl R"
MHOTIa OyleM 3alluchiBaTh Tak & = (71, ...,2T,)", rae T obosHagaer mpancnonuposanue.
B R™ ecTecTBeHHBIM 00pPA30M BBOJIUTCS ONEpanus (TTOKOOPIMHATHOTO) CJIOKEHUST BEKTO-
pOB 1 onepanus (MOKOOPJANHATHOIO) YMHOKEHUST BEKTOPA HA YHCJI0, IPEBPATIAOIIIE 3TO
MHOKECTBO B BEIECTBEHHOE BEKTOPHOE MPOCTPAHCTBO.

Ilycrs z = (21, ...,2,)7 € R™. Bemuuuna |x| = \/2? + ... + 22 maspiBaeTca daunoti
WIH MOJYAEM WU €6KAUIOGOT HOPMOT BEKTOPA . DJIeMeHTapHast IPOBEPKA MOKA3bIBACT,
9TO ITO, JEeHCTBUTENBHO, HOpMa B R™. V3 MOJHOTE MHOXKECTBA JTE€HCTBATEIBHBIX YHCET
caeayer, 4To R"™ — HaHaxoBO IPOCTPAHCTBO.

B npocrpancrse R” paBnocuibHoe onpejesieHne KOMIAKTHOCTH CAEAYIONIee: MHOXKe-
crBo A C R™ xomnakxmuo, ecim OHO OrpaHUIeHO (T. €. COJEPXKUTCS B HEKOTOPOM Iape)
M 3aMKHYTO (JOKAzKUTE ITO YTBEPKIEHNE).

'Hopwmpt || - ||y u || - |2 B HOpMUpOBaHHOM HpOCTpaHCTBE Z 3KBUBAJIEHTHDI, €CIIH CYIIECTBYIOT TaKue
KOHCTaHTHI ¢; > 0, i = 1,2, 910 ¢1]|2|1 < ||2]|2 < c2||z||1 ans Beex z € Z.



[Iycrb a = (ay, . .., a,) — BEKTOP-CTPOKA U3 N AeiicTBUTEbHBIX ynce1. Orobpazkenue
z e (a,x) =0 ax, rae x = (21, ..., 2,)7 € R, ectb, oueBuanO, auneiinbii GyHKn-
onas Ha R"™. Jlerko BuseTh, 4T0O U J1000# JimHeitnblil pynkmuonan [ na R™ 3amaercsa no-
n06ubIM 06paszoM ¢ a = (I(e1),...,l(e,)), tae e; = (1,0,...,0)T, ... e, = (0,...,0,1)T —
cmandapmuwdi 6asuc B R™. Takum obpazom, mpoctpanctBo (R™)* MOKHO OTOXKIECTBUTD
C MHOZXKECTBOM HabOPOB U3 N JEHCTBHTEJBbHBIX YUCEJ, HO PACIOJOKEHHBIX B CTPOKY (C
AHAJIOTUIHBIMU OMEPANMAME CJIOYKEHUST M YMHOKEHUS] HA UUCIA W C TOM K€ eBKJINI0-
Boit HOpMmoit). 13 meparencrBa Komu-ByHnsikoBckoro cieayer, uro smements (R™)* —
HelrpepbIBHbIE (DYHKIIMOHAJIBI.

IIycte A: R" — R™ — juneitnsiii oneparop. Mbpl 6ymeM €ro OTOXKIECTBISITH C €0
marpuneil (pasmepa m X n) B cramgaprabix 0asucax R™ m R™ coorsercrBentno n 06o-
3HAYATh TOH ke OykBoii. B sTtom ciyuae Ax — mpomssBenenne mMarpuibl A Ha BEKTOD
= (x1,...,7,)T. TIpoepbre, 4TO JIMHEHHbIC ONEPATOPH HEIPEPHIBHEL.

2. IIpocrpanctBo C([ty,t1],R™). DT0 COBOKYIHOCTH HEMpPEPHIBHBIX BEKTOP-DyHKIHI
Ha [tg,t;] co 3HadenusaMu B R” ¢ OOBIYHBIME ONIEpPANUSIMHA CAOKEHHS W YMHOMKEHUS Ha
apcia 1 HopMo# || 2(+) |l e(jo,e) rr) = MaXiefro 1) |2(t)| (ecom n = 1, To B7Mecto C([to, t1], R)
mumeMm C([to,11])). Hecnoxkuast mposepka nokassiBaer, ato C([ty, 1], R") — Ganaxoso
IIPOCTPAHCTBO.

3. IlpoctpancTtso C'([ty, 1], R"). D10 COBOKYHHOCTH BCexX HenpepbiBHO Auddepeniupy-
eMbIX BeKTOpP-QyHKIHMii Ha 0TpesKe [tg, t1] ¢ OOBIYHBIMU ONEPAIUAME CJOKCHUS U yMHO-
wemus wa, wucna w wopuot () loxomtan = max(leC)llooe 150) loualam)
(ecmu n = 1, o B™Mecro Cl([tg, 1], R) mamem C*([tg,#1])). CroBa, npocrass mpoBepka
nokasbiBaet, uto C([tg, 1], R™) — 6aHaxoBo MpOCTPAHCTBO.

1.1.3. Teopema oTAeMMOCTH U KPUTEPU T'PAHUIHON TOYKHU BBIITYKJIOTO
MHO>KECTBA

IIycts A m B — HemycTble moaMuoxkecTBa R™. ['oBopsT, 4TO HeHy/IeBO# (DYHKIIMOHAT
x* € (R™)* omdeasem mmuoocecmea A u B, ecin

sup(z*, z) < inf (z*, x).
€A zeB
EcJin HepaBeHCTBO ¢TPOroe, To TOBOPAT, 4To T* cmpozo omdeasem A u B.

[Tycts ancao v € R takoso, ato sup,4(r*, z) < v < inf,ep(a*, x). Torna, reomer-
pUYECKN, OTALINMOCTh MHOXKeCTB A m B 03Ha4Yaer, 9TO OHM PACIOJIOKEHBI IO Pa3HbIe
cToponsl or runepiutockoctu { z € R™ @ (%, x) =7 }.

IIycts X — snmmeitHoe mpocTpancTBo. Hemycroe muoxkectBo A C X Ha3BIBAETCS 6i-
NYKABLM, €CIIU € JIIOOBIMHU JIBYMsI CBOUME TOYKAMHU OHO COJIEPKUT U OTpe3oK [z,y] = { z €
R":z=(1—-a)z+ay, 0<a <1}, coenuasiomuii 5T1 TOUKH.

ITycToe MHOKECTBO BBHITIYKJIO TIO OIIPeIeIeHHIO.

ITyctb A — Hemycroe mojMHOxkKecTBO R™. HamMeHbllee BBIIYKJIOE MHOMKECTBO, CO-
nepKaiiee A, Ha3bIBaeTCsa 6unykaoti 000a0uKk0t muoscecmea A 1 0bo3HAUaeTCsa co A.
[TpoBepbTe, 4TO cO A COCTOUT U3 BHIMYKIBIX KOMOUHAIIUH 371eMeHTOB U3 A, T. €. BeKTOpOB
BUAA A1 T] + ...+ QpT, DA T € A, 0 >0, 1 <i<m,m )y ;" o =1

Teopema 1 (Teopema oraenumoctn). [yemv A u B — nenycmuie binyrivie noodmmo-
aorceemea R™ u AN B = (. Tozda mnoscecmea A u B omdeaumoL.
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JlokazaresbCcTBO 9T0i TeopeMbl MOKHO HaiiTu B [7].
IIpennoxkenne 1. [Tycmov A — nenycmoe svinykaoe nodmmostcecmeso R™.

(a) Ecauint A =0, mo A codeporcumca 6 nexkomopoti 2unepnaockocmu.
(b) Ecoruzx eintAuye A mo(l—a)r+aycintA, Vace(01).

Jlokazamenavemeo. (a) dokarkem SKBUBAJIEHTHOE yTBepKIeHue: ecin A He coaepKuTcst
HM B Kakoil runepiiockocrs, To int A # (). Be3 orpanuuenust oOHIHOCTH CUUTACM, YTO
0 € A. Tlokaxkem cHauasa, 9T0 ecaun A He COIEPKUTCA HU B KaKOil COOCTBEHHOM ITOJI-
POCTPAHCTBE (& TeM CAMBIM HH B KAKOW IMIEPIIOCKOCTH, MPOXOJIAIIeii Yepe3 HOJb), TO
A comep:KuUT N JUHEHHO He3aBHCHMBIX BEKTOPOB. /leficTBUTENBHO, IYCTh MAKCAMAJIbHOE
YUCJIO JIMHEHHO HEe3aBUCUMBIX BeKTOpOB U3 A pasHo k < n. Torma, ecim xq,...,x;, — Ta-
KHe BEKTOPBI U L — IOAIPOCTPAHCTBO, HATSHYTOE Ha HUX, TO II0 Ipeaoao:keHnio A He
npuna/ieRkut L. CieoBaTesbHO, CYIIECTBYeT BEKTOD Ty € A Takoil, 410 T ¢ L u

3HAYUT, BEKTOPHI L1, ..., Tk, Tyl JAHEHHO HEBABUCUMBI, 9TO MNPOTHBOPEYUT MAKCUMAIb-
HOCTH K.

IIycth Temeps T': R® — R™ — nuHEHHBIH omepaTop, MepeBOAAMNN THHEHHO He3aBH-
CHMBIe BEKTOPHI I1,...,T, U3 A B BEeKTOPHI CTAHIAPTHOTO Ha3mca eq,...,e,. Ecam 06o-
saunth S = co{0,x1,...,2,} u Sy = co{0,ey,...,€,}, TO, KAK HETPY/IHO IIPOBEPUTH,

T(S) = So. Muoxecrso {a = (aq,...,a,)T €R":a; >0, i =1,...,n, Yo o <1},
OYeBU/HO, OTKPBITO U cojepxkutTcss B Sy. CirefoBaresibHO, Po0dPa3 3TOr0 MHOKECTBA
IIPU HENIPEPLIBHOM OTOOpazkeHuu T OTKPBIT U comepxkutcd B S. ITockoiIbKy A — BBILYK-
JI0e MHOKEeCTBO U djeMeHTH 0,1, ..., T, cogepxkarca B A, To S C A 10 ompeeIeHHIO
BBIIYKJIOH 000JI04KH 1 103TOMY int A # ().

(b) Tlycts z = (1 — @)z + ay aus vekoroporo 0 < a < 1. Tak Kak = € int A, 1o
cymectByer Takoe § > 0, aro Ugn(z,d) C A. Muoxkectso (1 — «)Ugn(z, ) + ay OTKPHITO
(mouemy?), cofep:KUT z U npuHajIexRuT A, T. e. z € int A. ]

ITycts A — menycroe noamuoxkectso R™ u T € A. Muoxkectso
Ny@)={2z" e (R")" : (a2 —7) <0, Vz € A}
HA3BIBACTCS HOPMAAOHBIM KOHYCOM KO MHOXKECTBY A B TOUKe X.

IIpensioxkenune 2 (Kpurepuit rpannanoit rouku). ITycmo K — swinykioe nodmmostce-
cmeo R" uz € K. Toeda T € OK 6 mom u moavko 6 mom cayuae, ecau Nk (x) # {0}.

Jlokasamenvemeo. Heobxomumocts. ycrs T € OK u int K # (). Torna T ¢ int K, u Tax
Kak int ' — BBINYKJIOE MHOYKECTBO (4TO cpasy cieiyer u3 yrBepzxiaeHus (b) mpemioxe-
Hust 1), TO 1O TeopeMe OTAEIUMOCTH Haiijercst HenyreBoil dyHknnonan z* € X* Taxoii,
aro (z*,z) < (*,7) ang Beex x € int K. Otciona, cHoBa B cuiay yrepxiacuus (b) u
HenpepsiBHOCTH x*, caenyer, uto (z*,x — T) < 0 q1a Beex € K, T. e. ¥ € N (7).
Ecau int K = (), To cormacuo yTBepxaenuio (a) npeioxenus 1 MHOEecTBO K cO-
JepKUTCS B HEKOTOpOoil runepiuiockoctu {x € R™ : (%, x) = ~}. dcno, uro v = (2%, ),
U MbI nostydaem, uaro (z*,x — ) = 0 st joboro © € K u 3naqnr, ©* € Nk (7).
Jloctarounocts. Ilycts ©* € Nk (Z) u 2* # 0. Cymecryer takoii Bektop = € R"™, uto
(z*,x) > 0 u 3uaunt, (x*,ax) > 0 s moboro a > 0. Crexosarenvro, T + ax ¢ K nis
moboro « > 0 u reM cambiM T € OK. O
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§1.2. IuddepeHnmaibHOE UCYNCJIEHNE B HODMUPOBAHHBIX IPO-
CTPaHCTBaX

1.2.1. OcCHOBHBIE TIOHATUS U TEOPEMBI

IIycrs X, Y — #HopMmupoBanHbie TpocTpancTBa, U/ — OTKPBITOE MOJMHOXKECTBO X U
3ajiaHo oroopaxkenue F': U — Y.

Onpegenenne 1. Omobpascenue F naswsaemca ouddepenyupyemovim 6 mouke T € U,
ecau natidemes makol onepamop A € L(X,Y), wmo das ecex h € X, daa komopwix
x4+ h € U cnpasedauso npedcmasaerue

F(E+h) = F(Z) + Ah + r(h),

ede r(h) = o(||hllx) ( |Ir(R)|ly/l|hllx — O npu h — 0 ). Onepamop A wnasvsaemcs
npouseodnots omobpascenua F 6 mouxe T u ob6o3navaemen F'(T).

JIerko mpoBepuTh, YTO MPOM3BOAHASA OLUPEIEICHA OJHO3HAYHO.

Eciim orobpazkenune F auddepernupyemMo B Kaxkjaoi Touke U, TO onpeaeneno oTobd-
paxenmne F': U — L(X,Y), conocrasnsiomee x € U npomssognyo F'(x). Eciu sro
orobpazkenue Henpepbiao B T € U (Ha U), To roBopsrt, 410 oTobpazkenue F' HenpepuieHo
Jugppepenyupyemo 6 T (wa U).

Onpenenenue 2. Omobpascernue F nazveaemces cmpozo duddeperyupyemvim 6 movke
T € U, ecau natidemca maxots onepamop A € L(X,Y), wmo das awbozo € > 0 cywe-
cmeyem 6 = 0(g) > 0, obaadarowsee mem ceoticmeom, wmo ecau ||x; — Z||x < 0,1 =1,2,
Mo CNPacediuso HePAGEHCMGO

| F(21) — F(22) — Az — 22)[ly < ellrr — 22| x-

Orcriona ciaenyer (nmonaras xo = Z), uro F nuddepeHnupyeMo B T U TeM caMbiM
A = F'().

Obparnoe ne Bepno. [leilicrBure/ibHO, U3 oupejesenus crporoit auddepennupyemo-
CTH B T JIETKO CJIEJyeT, 9T0 0TOOpaskeHue HelnpepbiBHO B HEKOTOPOil okpecTHocTn Z. Pac-
cmorpum dyukmuio f: R — R, f(z) = 22D(z), tne D(-) — dbyuxuus Tupuxie (pasuas
eJIMHUIIE, eCJIU T PAIMOHATBHO U HYJIIO, eCJTH UPPAIMOHAJILHO). JIerko mpoBepuTh, 410 f
nuddepeHIpyeMa B HyJle U, O9eBUIHO, PA3PhIBHA BO BCEX OCTAJIbHBIX TOYKAX U 3HAUMT,
HEe MOXKeT OBITH CTporo mudepeHnupyeMoii B HyJIe.

JlokazareaneTBo 9TOM TeopeMsl ¢M. B [2], m. 2.2.2.

[Tokazkem, 94TO ecnm OTOOparKeHne HenPEePLIBHO auddepeHnupyeMo B T, TO OHO CTPOTO
nucddepenupyemo B 310i Touke. CHava a chpoOpMyIupyeM CIeayIoNLyio TeopeMy.

Teopema 1 (o cpennem). [Tycmov omobpascenue F' dugdepenyupyemo 6 kancdoli mouxe
ompesra [x1, 2] C U. Tozda

[F(z1) = Fz2)lly < sup [[F'(2)[[[|lz1 — z2llx

rE(T1,T2

JokazarenbeTBo cM. B 2], m. 2.2.3.
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Caenctsue 1. ITycmv omobpasicenue F nenpepwisto duddepenvupyemo 6 mourke T € U.
Tozda F cmpozo duddpepenyupyemo 6 .

oxazameavcmeo. Ilyets € > 0 u § = §(e) > 0 rakoe, uro ||[F'(x) — F'(Z)| < ¢ ana
x € Ux(Z,0). Ecom z; € Ux(7,9), i = 1,2, T0 Jerko BUAETD, 9TO (21, T3] C Ux(Z,0)
TOIJIa IIPUMEHsIsl TeopeMy O cpejHeM K orobpaxkenuto x — F(x) — F'(ZT)x, noayqaem,
aTo

[F' (1) — F(z2) — F'(Z) (21 — 22)[ly < sup [|[F'(z) — F'(Z)|[l21 — 22llx

z€[z1,22]

< ez — 2| x,
T. e. F' ctporo auddepeHupyemMo B . O

Teopema 2 (o cynepnosunun guddepennupyembix orobpaxkenuii). [Tycemo X, Y u Z
— nopmuposannvie npocmparcmea, U — oxkpecmmuocmo moukuz € X, F: U =Y,V —
oxpecmuocmo mowky F(Z), G:V — Z uw H=Go F:U — Z. Tozda, ecau F dugpe-
pernyupyemo (cmpozo duddepenyupyemo, nenpepuieno duddeernyupyemo) 6 mowke T, G
dudppepernuupyemo (cmpozo duddepenyupyemo, nenpepvisro duddepenyupyemo) 6 mouke
F (), mo omobpascenue H dugdgpepenyupyemo (cmpozo duddepenyupyemo, HenpepuisHo
dugppepenyupyemo) 6 mouke T u H'(T) = G'(F(Z)) o F'(Z).

IMycrs X, Y] u Yy — nopmupoBannbie npocTpancTsa, U — OKPECTHOCTH TOYKH T U
F;: U =Y, i=1,2. Pacemorpum orobpaxkenne F = (Fy, Fy): U — Y] X Ys, neiictByio-
mee o npaswiy: F(x) = (Fi(x), Fa(z)) mas seex z € U.

IIpennoxkenne 1. Omobpasicenue F duddepernyupyemo (cmpozo dupdepenyupyemo,
Henpepuisro duddepenuupyemo) 6 movke T mozda u moavko mozda, k02da 0mobparcenus
Fy u Fy dugppepenyupyemn, (cmpozo duddepenyupyemui, nenpepuero duddeperyupyemol)
6 mouke T u npu smom F'(T) = (F|(Z), F5(T)).

oxazameavcmeo. Ilycrs orobpaxkenus Fy u Fy nnddepennupyemsl B Touke . Toraa
[0 OTNPE/IETICHUIO

F@E+h) = (F\(E + h), B(E + b)) = (F(7), BE)) + (F(F), Fy@)h + (r1(h), r2(R)),

rae ||ri(h)|ly,/||hl|x — O mpu h — 0, i = 1, 2. CaenoBaresnbho, orobpazkenne F' nudde-
pernupyemo B touke T u F'(T) = (F|(Z), F5(X)).

st npoBepKH TOTO, 4TO U3 AuddpepennupyeMoctu F caenyer nuddpepeHIuPyeMOCThb
Fy n Fy, nano 3ameruts, uto A € L(X, Y] xXYs) Toraa u Tonbko Torga, koraa A = (Ay, Ay),
e A; € L(X,Y;),i=1,2.

Paccyxenus, ceg3annbie co cTporoit quddepeHnupyeMocTbio 1 HeNPEePbIBHOM -
bepeHIupPyeMOCTbIO, BIOTHE AHAJOIHTIHBI. m

[Iycts X, Y u Z — wopMupoBaHHubie MpocTpancTBa, W — oKpecTHOCTH TOUKH (T,Y) €
X xY u F: W — Z. Ecin orobpaxkenue © — F(x,%), oupesejeHHoe Ha OTKPHITOM
muo)kecTBe {x € X @ (z,y) € W}, nuddepernupyemo B ToUKe T, TO COOTBETCTBYIOILY O
IIPOU3BOJIHYO HA3BBIBAIOT “acmuol npouseodnol omobpascenus F no x 6 mouke (T,y) u

obozHavaoT F(Z,y). AHAJOIHYIHO ONpeeIseTcs YacTHas MPOU3BOIHAsA F 110 Y B TOUKe
, .

(Z,y), xoropyo obosHadaeM F (7, 7)
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IIpensoxxenune 2. Ecau omobpascenue F: W — Z dugdpepernyupyemo 6 mouke (T,y),
Mo OHO uMeem 6 Mol MoUKe YACMHBIE NPOU3BOIHBIE NO T U Y, U dan ecex £ € X u
n €Y cnpasedauso npedcmasaenue

F'(z,9)[€,n] = Fo(Z,9)[§] + F, (T, 7)[n]'

Joxasameavcmeo. Tak xkax F nuddepernupyemo B Touke (T,Y), TO, B 9JACTHOCTH, CIPa-
Be B npeacrapienue F(T+h,y) = F(Z,9)+F(Z,9)(h,0)+r(h), vae ||r(h)] z/||k||lx —
0 mpu h — 0. OTcioma, B CHIY €IMHCTBEHHOCTH, CJICAYET, 9TO JMHEHHBI OIepaTop u3
X B Z, peiicrytomuii o npasuiy: £ — F'(Z,9)[€, 0] copnagaer ¢ F,(Z,y). Ananornd-
HO, JmHefiHblt oneparop 1 — F'(Z,4)[0,n] u3 Y B Z cosmazaer ¢ F,(z,y). Ho rorma
F'(@,y)[&n] = F'(@,y)([§, 0] + [0, n]) = Fo(Z,9)[¢] + F,(Z,y)[n]- O

[Ipocrbie npuMepbl OKA3bIBAIOT, YTO CYIIECTBOBAHUE YACTHBIX ITPOU3BOJIHBIX Y OTOD-
pakeHus B JAHHON TOYKE HE TOJLKO HE TapaHTUpyeT ero jquddepeHiupyeMocTb B 9TOM
TOYKe, HO JIaKe ero HempepbIBHOCTH. (OJTHAKO CIIPABE/JINBA CJIEIYIOAs

Teopema 3 (o nosnom nuddepennnane). Omobpascenue F: W — Z nenpepuieno dudg-
pepenuyupyemo na W mozda u moavko mozda, kozda e2o wacmuwvie npoussoduvie F),
u F, nenpepwero dugdepenyupyemo na W u cnpasedaueo pasencmeo F'(Z,y)[E,n] =

Fu(, €]+ B, @ 5)ll.

JlokazarenncTo eM. B 2], m. 2.2.4.

Haaum onpegesiernne Bropoit npoussouoii. [lycrs orobpaxkenune F': U — L(X,Y)
muddepenupyemo B Touke . Torma rosopar, uro F aaxkapl quddepenuupyemMa B T
M COOTBETCTBYIOINLYIO (BTOPYIO) MPOM3BOAHYIO obo3Haudator F”(Z). dcho, aro F"(T) €
L(X,L(X,Y)).

I[Tpocrpanctio L£(X, L(X,Y)) usomerpudeckn m3omopduo mpocrpancrey L2(X,Y)
BCEX HENPEPbIBHBIX OUJIMHEHHBIX (T. €. JIMHEHHbBIX 110 KAXKJ0MY apryMeHTy ) 0ro0pazKeHuit
B: X x X =Y cuopmoit || B|| = supy,, <1,z x<1 |1 B[T1, Z2]||y. Heficreurensno, mycrs
orobpaxenne A comocraisier A € L(X, L(X,Y)) orobpaxkenne B: X x X — Y, neii-
CTBYIOIIee TO TpaBuiy: B[y, Ts] = Axq[rs] (meiicTBue omeparopa Az Ha sy1eMeHTe o).
Ouesuano, uto B — Gununeinoe orobpazenue. Hamee, | Al = sup,, | <1 |Az1][zxy) =
s,upynux<1 lzs|x <1 I1AT1[22][ly = [|B|, T. . A m3omerpuuno orobpazkaer L(X,L(X,Y))

(X,Y). JIuneitHOCTH M CIOPBEKTUBHOCTL A MPOBEPSIIOTCs 6e3 Tpy/Ia.

Teopema 4 (Qopwmyna Teitnopa). Ecau omobpasicenue F: U — 'Y dsaorcdw dugepen-
yupyemo 6 mouke T, mo F"(T) — cummempuunoe buarunetinoe omobpasrcenue u cnpa-
sedauesa opmyara Tetiropa

F(E +h) = F(@) + F@)h+ 5 F'@)[h 1]+ r(h),

2de r(h) = o(||h]|%), m- e. ||r(R)|lyv/||hl|% — O npu b — 0.

LF'(z,7)[€,n] obosnauaer neiicrsue (3nauenne) oneparopa F'(Z,7) na snemente (£,7m). Ananoruano
JUTST 9ACTHBIX MPOW3BOHBIX.
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1.2.2. JduddepeHnmpyeMocTh HEKOTOPBHIX OTOOpa>KeHUIt

Paccmorpum 351ech Tpu npumMepa qudepeHnupyeMbix 0ToOpazKeHuii.

IMTpumep 1. Orobpakenne komednomepubrx npocrpancts. Ilycts U — oTKpbITOE 1MOJ-
muOkecTBO R™ u 3amamsl dyakmun f;: U — R, ¢ = 1,...,m. Torna onpenenero oroo-
paxenue F: U — R™ no dopmyre F(z) = (fi(z),..., fm(x)T, x € U. Iycrs 310
orobpaxkenue auddepenupyemo B Touke T € U. PaccmarpuBas ero Kak 0ToOpazKeHue
B NpOU3BejieHne mpocTpacTB R X ... X R (m pa3), moaydaeM B CUIy TpeiozKeHust 1,

A~

aro dyuknun f; qudbdepennupyemsl B Touke T u F'(z) = (f1(Z),..., fI.(Z)). Hazuee,
Tak Kak U TPUHAIIEKAT TPOU3BeAeHHI0 mpocTpacTB R X ... X R (n pas), To cormac-
HO IpeIoyKeHn o 2 GYHKINE f; IMEIOT B TOUKe T 4YacTHble mpoussogusie Of;(T)/0x;,
1 <i<m, 1< 75 < nu g aoboro r = (xl,...,xn)T € R"™ cupaBeniuBo mpe/-
crapienune (f/(7),z) = (0fi(x)/0x1)x1 + ... + (0fi(Z)/0xy)x,. OTciOna ciemyer, 49To
fi(z) = (0fi(x)/0x1,...,0fi(T)/0xy,), i = 1,...,m, n 3naunt, F'(T) — marpuna Buia
(0fi(Z)/0x})1<i<m,1<j<n, KOTOPYIO HA3BIBAIOT mampuyet Hdxobu orodbpazkenus F' B Tod-
Ke T.

Ecmn dyukmug f: U — R asaxabl auddepeHnupyeMo B T, TO BTOpas IPOU3BO/I-
Hasg — cUMMeTpudHas OuinHefinas dopma ¢ marpuneit (0% f(x)/0x;0x;), i, =1,...,n,
KOTOPYIO HA3BIBAIOT Mampuuel [ecca umn 2eccuanom dynkyuu [ 6 mouke T.

ITpumep 2. Kpaaparudno qauHeiiHoe oTobpazkenue. Ilycth X m Y — HOpMupOBaHHbIE
npocrpanctia, orobpaxenne B € L2(XY) cummerpuuno, A € L(X,Y) u a € Y. Oro6-
paxkenue F': X — Y, neiicrBylomiee 1o npaBuLy

1
F(z) = 58[35,95] + Az +a,

HA3BIBACTCSA KBAOPAMUNHO AUHETHBIM OTOOPAIKEHIEM.
[Iycrs x € X. dna aoboro h € X nmeem

1 1
F(x+h)= EB[$+h,x+h]—l—A(x+h)+a: §B[x,x}+Am—l—a
1 1
+ Ble,h] + A+ S Bl b = F(z) + Bla, h] + A+ S Bh, bl

Tax kak || Blh, h]|| < || B||||l]|%, To oneparop F muddepennupyem B TOUKe T U €ro mpo-
M3BOJHAA B 9TOH Touke meficteyer no nupasuiay: F'(x)h = B[z, h| + Ah.

Bropas npoussoanas geiicreyer no npasuiy: F”(x)[hi, ho] = Blhy, ho] mas mobbrx
hl, hy € X.

IIpumep 3. O6061mennsiii oneparop Hemeprirgoro. Ilycrs [to, t1] — xkoneunsiii orpesok, G
— oTKpbITOe oIMHOXKecTBO R X R™ X R" n

U={(x(:),u(:)) € C*([to, 1], R") x C([to, t1],R") : (t,z(t),u(t) € G, tE [to,t1] }.

Herpy/iHo 11poBepuTh, 4o 310 0TKpbIToe MHOKecTBO B C([tg, t1], R™) x C([to, t1],R").
[Mycts f: G — R™ — wenpepwiBas ¢pyuxnus nepemerabix t € R, x € R" uw u € R".
Ompenennm orobpaxkenue F': U — C([to, t1], R™) mo mpasuy

Fa(-),u()(t) = f(tx(t), u(t), Vi€ [t t],
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KOTOPOE HA3bIBAIOT 0600uLeHHbM onepamopom Hemwviyrozo. N

Ecan dukcuposana mapa (Z(+),u(:)), To ausi cokparienus: 3anucu munem f(t) =
f(t,z(t),u(t)) nu aHATOTUYHO JJIsi MEPBBIX U BTOPBIX HPOU3BOIHBIX (DYHKIMH f 1O Tre-
PEMEHHBIM T H U.

IIpennoxkenne 3. [lycmo Pynrkyus [ u ee wacmuve npoudsodnve no T U U HenpepbieHbl
na G. Tozda obobusennwii onepamop Hemwviyrozo nenpepwisro duddeperuyupyem na U u
das 0600 napw (Z(+),u(-)) € U ezo npouzsoduas deticmeyem no npasuny

F'@(),aC)[PC), v()](0) = FOh(t) + fuD)o(t), T € [to, 1], (1)
2de (h(-),v(")) € C*([to, 1], R") x C([to, t:], R").
)

Aoxazameavcmeo. 1lyers (Z(),u(+)) € U. Borancaum gactable mpou3Bojnbe mo z(-) u
u(-) oneparopa f B Touke (Z(-),u(-)).

Herpyauao mpoBeputs, aro cytmiectByer &y > 0 takoe, uto kommakt K = { (t, x,u(t)) :
|z —Z(t)] < do, t € [to,t1] } npunamaexur G.

[Mycts € > 0. @yukmusa f, paBHOMEpPHO HenpepbiBHA Ha K u mosromy Haiimercs 0 <
§ < J§p Takoe, 4To ecau |r1 — xo| < O, 1O || fu(t, w1, U(t)) — folt, xe,u(t))|| < & mas Beex
(t,z;,u(t)) € K, 1=1,2.

s moboro t € [ty, t1] oTrobpaxenue g: Ugn(Z(t),6) — R™, g(x) = f(t,z,u(t)) —
fm(t)x, ;mcb(bepeHquyEMo Ha Ugn(Z(t),d) u ero mpousBojHash B TOYKE T MMeeT BHI:
g'(x) = falt, z, u(t)) — fult).

Iycrs 2(-) € Ut (o111, (Z(+), 6). Torna z(t) € Ugn(T(t),0), m MBI mMeeM 110 Teopeme
O CpeJIHeM, MPUMEHeHHOI K orobpaxkenuto g (yaurwiBas, 4ro eciam z € [x(t), Z(t)], To

€ Uan(3(2),0))

[F (&, (), 8(0) = (1) = Fa(t) (2(t) — =)l
< sup |lfult, 2, u(t) = Le(Ol[x(t) = Z()] < efx(t) — Z(2)]

zefe(t)2(0) '
< emax(|z(t) — z(t)], [#() — Z(t)]).

Tak Kak 310 BepHO yist Jiioboro t € [tg,t1], TO orcioga caeiyer, 9r0 y 0TOOpaKeHUs
F B xaxmoit Touke (Z(-),u(-)) € U cymecTByer dacTHasg MpoU3BOAHAS MO x(-), W OHA
geficryer 1o mpasuiy: Fpoy(2(-),u(-))[h(-)](t) = }";(t)h(t), h(-) € CY([to, t1],R"), t €
[to, t1].

[Tokazkem, 9To 9Ta YacTHas Mpou3BoAHaAst HermpepbiBHa Ha U. Tlycrs (Z(+), u(+)) € U.
Cymectsyer Takoe §; > 0, uro K1 = { (t,z,u) : [x—Z(t)|+|u—u(t)] < 01, t € [to,t1] } C
G.

[Iycts € > 0. B cuny paBHOMepHO# HeNpepbIBHOCTH [, Ha KOMIakTe K HaiimeTcs
dy < 01/2 makoe, 9T0 ecin |11 —xo| < 0o W |ug —ug| < 09 TO || fo(t, 1, u1) — fo(t, zo, us)|| < €
st Beex (6, x;,u;) € Ky, 1 =1,2.

Iycrs (2(-), u(+)) € Ucro a1z (T(+), 02) X Uc(iio,ta]rr) (Z(+), 02). Host sroboro h(-) €
Ol<[t07t1],Rn) ute [to,tl] nMeeM
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Orcioaa ciejtyer HePepbIBHOCTD Fy() B mpon3BosibHoii Touke (7(-), u(-)) u 3na4nt, Ha U.
COBepIIEeHHO AHAJOTHYHO JOKA3BIBAETCA, UTO y orobparxkenus F Ha U cymecrsyer
HEeIIpepbIBHAs YaCTHAS IPOU3BOjAHAad 110 u(-), KoTopas B Kaxaoi Touke (Z(-),u(-)) € U

~

geicryer mo mpasuity: Fyuo(Z(),u(-)[v(-)](t) = fult)v(t), v(-) € C([to,t1],R"), t €
[to, t1]-
Tenepnb u3 TeopeMbl 3 0 MOJIHOM JuddepeHimalie caeayeT, 4YTo orobpazkenue F Hempe-
pbiBHO auddepennupyemo Ha U u cupasenauba dhopmysia (1).
O

§1.3. MeTrpuueckas peryJjsapHOCTb. Teopema 0 BO3MYIIEHUMU.
Merpuieckas pPeryJjJsspHOCTb JIMHETHOTO OTOOpakKeHUs

Berony nastee, 910661 n30€KaTh JIMITHUX 0003HAYEHHUN, CUUTAEM, YTO BBOJIUMbBIE OTOO-
pakKeHusl OIIpeeseHbl Ha BCEM MPOCTPAHCTBE. DTO HUKAK HE OIPAHHUYUBAET OOIIHOCTH,
IIOCKOJIBKY MbI OyJIeM HMeTh JeJI0 ¢ JIOKAJIbHBIME HoHaTHsAME (auddepeHnupyeMocTs B
TOYKE, JIOKAJIBHBIl 9KCTPEMYM U T. JI.), TAK 9TO eCJU 0TOOpazKeHHe allPUOPU OLPEIEIeHO
B HEKOTOPOIl OKPECTHOCTH JAHHON TOYKM, TO MPOJOJIZKAs €ro KaK yrOIHO 33 MPEeIe/Ibl
9TOM OKPECTHOCTH, CUTYAIlds, C JJOKAJIbHOW TOUYKU 3PEHUsI, He N3MEHUTCS.

Onpegenenne 1. ITycmv X uY — nopmuposannvie npocmpancmea, K C X ux € K.
Bydem 2060pums, umo omobpasicenue F: X — Y mempuuecku pezysapro 6 oKpecmuo-
cmu mouku T omuocumenvro muoxcecmea K, ecau natioymea oxpecmuocmu Vi u Vo
coomsemcmeenno movex T u F(Z) u konemanma ¢ > 0 makue, 4mo

dist(z, F~'(y) N K) < clly — F(@)lly (1)
ons ecex (x,y) € (ViNK) x Vy (20e F~1(y) ={z € X : F(x) = y}).

B ciyuae, ecim BaykHa BeJIMYNHA KOHCTAHTHI ¢, TO OYJIe€M TOBOPUTH O METPUUYECKO
PEryJIsapHOCTH ¢ KOHCTAHTOM C.

Ecmn K = X, To rOBOpUM ITPOCTO O METPUIECKON PEryIsIpHOCTH B OKPECTHOCTH TOUKHI
T (omyckast cj10Ba “OTHOCHTEILHO MHOXKeCTBA X 7).

Ecm Vi = X, Vo, =Y, To Oyaem roBoputh, 4ro orobpaxenue F': X — Y 2a06a1vm0
MEMPUNECKU PERYAAPHO 68 MOUKE T OMHOCUMEALHO MHOMCecmea K .

U3 onpenenenus cpasy ciaeayer, 9ro g Jaoboit napet (z,y) € (VIiNK) X Voue > 0
Haiiercs sneMeHT x.(z,y) € K takoit, uto F(x.(r,y)) = y u upu 310M

2= (z,y) = zl[x < (c+e)lly = F(@)]y.

B gactHocry, ecin . = T u K = X, TO 9T0 eCTh yTBepzKIEHUE O CYyIIECTBOBAHUU OOPATHOI
dyukimn y orobpazkenus F.
OrMmeTuM 37eCh OJTHO TIPEJIOKEHNEe, KOTOPOe MOHAI00NTCsT BIOC/IECTBIN.

IIpenmoxxenue 1. Ecau omobpascenue F: X — Y mempuuecku peeysapno 6 okpecm-
nocmu mouku T € K C X omuocumenvno mnoscecmea K, mo F(Z) € int F(KNV) dan
20001 okpecmuocmu V' amotl movuku.
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Jloxazameavcmeo. Ilycts okpecrnoctu Vi, Vo u KoHCTaHTa € U3 Olpe/ieJieHus] MeTpHUde-
cKoit perynapuocTu orobpaxkenua F, V — okpectHocTbh TOuku T, r; > 0 Takoe, 4ro
Ux(Z,r1) C V, a0 < ry < ry/2c takoBo, uro Uy (F(Z),r2) C Vi. Ilokaxkem, 410
Uy (F(Z),r3) C F(KNV) 1 tem cambiM ToKazkeM npesioxenue. Llyers y € Uy (F(Z), r2).
Torma w3 (1), npu x = 7, caemyer, uro cymectsyer z(y) € F~l(y) N K, mna xo-
toporo ||z(y) — Z||x < 2dist (Z, F~Y(y) N K) < 2c|ly — F@)|ly < 2cry < 11, T. €.
z(y) € F-Y(y) N K NUx(Z, ). Takum obpazom, y € F(K NUx(Z,r)) C F(KNV). O

Teopema 1 (o Bosmymennn). I[Tyemv X — 6anaxoso npocmparcmeo, Y — Hopmupo-
sarroe npocmpancmso, K — samrnymoe nodmmooicecmeo X, omobpasicenue ¢: X — 'Y
uMeem 3amMEHYMb 2padur u MEMPUUECKU PEYAAPHO 6 oKpecmHocmu mouku T € K om-
Hocumenvho muoscecmsa K ¢ konemanmot ¢, a omobpascenue G: X — Y aunwuueso
6 Hexomopoti oxpecmuocmu moukyu T ¢ xoncmanmot JJunwuya | < c¢=t. Toeda omobpa-
ocenue F' = O + G mempuuecku peeysapHo 6 oKpecmuocmu mouky T 0MmHOCUMEALHO
mroncecmea K ¢ konemanmot ¢ = ¢/(1 — le).

Zoxasamenavcmeo. JlokaszaTebCcTBO MPOBeIeM I CIydas, Korma orobpaxkenue P rio-
GaJIbHO METPHYECKU PEryJIAPHO B TOUKE T OTHOCUTEJbHO MHOKECTBa K ¢ KOHCTAHTO ¢,
a orobpaskerne (G IWIIINIEBO Ha Bce mpocTpaHcTBe X ¢ KoHCTaHTOH Jlnmmmma [ < ¢t

[Tycrs (z,y) € K x Y. Pacemorpum nocienoBatenbHOCTh Xy = 2x(€), k € N, 3anan-

HYIO PEKYPPEHTHBIMU COOTHOIIECHUAMHA

1, €Dy — G(ar)) N K, x9 =, (2)

zr — zpo1l|x < (14 ¢e)dist (241, @y — G(zp_1)) N K), (3)

rae € > 0 cTosb Mano, 9to (1 +¢)le < 1.

Tak kak orobpazkenue ® raodaIbLHO METPUUECKH PErY/ISPHO B TOYKE T OTHOCUTE/IBHO
MHOKecTBa K, TO Takas MOCJIe0BaTeIbHOCTh, OY€BHJIHO, CYIIECTBYET.

[Tokazkem, 4To TMOCIAeA0BATEALHOCTD {2k} dynaamentanbra (k > 2). Ucnonbays (3),
MeTpUIecKyo peryasapuocts @, pasenctso @ (rg_1) = y — G(z5—2) (M. (2)), gummunu-
BocTh (G, a 3aTeM HTepupys mpoueaypy, oyiaem uvers (obosuadas a(e) = (1 + €)lc)

lzr — zp_1llx < (14 e)dist (21, @y — G(zp_1)) N K)
< (I +e)elly — Glap-1) = P(@i-1)lly = (1 +&)c||G(@p-1) — Glap-2)|ly
< (L +e)df|mp—1 — zp-2|x = ale)|lzr-1 — p—2lx
<...<a"e)|e —zllx. (4)

[MocaemosarenbHocth {2} dynmamentanbha. lefictBurenbro, st a00bx k,m €
N, ucrosb3ys HEpaBeHCTBO TpeyroJbHUKa, (4), dhopMysy g CyMMBI F€OMETPHIECKON
IPOrpeccuu, HepaBeHCTBO (3) mpu k = 1 U METPUYECKYIO PETryISPHOCTH 0ToOpaKenus P,
IOJIY9UM OIICHKY

|Zkrm — Tellx < |Zhom — Togmtllx + -+ 2o — 2ol x

k+m—1 k a*(e)
< (« (&) +...+a%(@)llrr — zflx < 1_a(8)\|$1—$Hx
af(e)1+e) . 1 a*(e)(1+e)e
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OTKyJIa Ccaeayer QyHJIaMeHTAILHOCTD I0C/IeI0BATENLHOCTH { T, }.

Momoxum ¢ (x,y) = limy 2k (2 = zx(€)). Braodenue (2) paBnocuabHO pa-
BerctBy P(75) = y — G(x—1). [lepexonsa 3mech K upeenay upu k — 0o u 0003HaYAL
Ue = limg_,o0 P(xy), mosmyaaem, uro . = y — G(p:(x,y)). Tak kak rpaduk ® 3aMKHYT, TO
Yo = O(pe(z,y)) m Tem cambim F(p.(x,y)) = y. Tak kax 2, € K, k € N, u K 3amxuyTo,
To pe(2,y) € K.

[Monarag k = 0 B (5) 1 mepexo/ist K Mpeeay Ipu m — 00, IPUXOAUM K COOTHOIITEHUTO

lee(z,y) — zllx < (1 +e)e/(1—ale)lly — F@)y-
Orcrona caemayer, 9T0O
dist(z, F~(y) N K) < (1 +¢e)e/(1 = a(e)))lly — F(@)lly
DTO CHpaBeInBO IS BCEX JIOCTATOYHO MaJibiX € > 0 U mosToMy
dist(z, F~'(y) N K) < c[ly — F(z)|ly

st Beex (z,y) € K XY, rne ¢ = ¢/(1—lc), 7. e. orobpazxkenue F' riobajbHO METPUYIECKH
PeryJasipHo B TOYKe T OTHOCHTENbHO MHOXKecTBa K (¢ KOHCTaHTOM ). O

Carenytorniee yTBepzKIeHIE KAacaeTcsd BaKHOI'O YaCTHOI'O CIydas — METPHYECKOH pe-
I'VJISPHOCTH JUHEHHOTO OTOOPazKeHusd, U OyJIeT BMecTe ¢ IIpeIblAyIneil TeopeMoil uCIob-
30BaHO TPHU JIOKA3aTeIbCTBE OCHOBHON TeopeMbl U3 TJIaBbl 2. Ero moka3aTebeTBO HOCUT
TEXHUYECKUX XapaKTep W 3JeCh He TPUBOINTCH.

JIemma 1 (0 MeTpUYECKO peryisipHOCTH JuHeHOro orobpaxkenus). ITycmo X uY —
banaxosw, npocmparncmea, A € L(X,Y), K — sunykaoe 3amrnymoe nodmmostcecmeo X,
T€ K u0eint A(K —7). Toeda omobpasicerue A mempuuecku pe2ysapHo 6 oKpecmmo-
cmu mouky T omuocumenvho muoscecmea K.

§1.4. OO6o6mIeHHass TeopeMa 00 0O6paTHOiT PYHKIINH N €€ CJIe/I-
CTBUSI: TEOPEMA O TOIIpaBKe u Teopema JlrocTrepHuKa

Teopema 1 (O6obmmennas Teopema o6 obpatHoii dbyukmun). ITyemo X u'Y — 6bana-
xoev, npocmpancmea, K — swinykaioe samrnymoe nodmmoscecmeo X, omobpasicenue
F: X =Y empozo dupgepenuyupyemo 6 mouxe T € K u 0 € int F'(Z)(K — ). Toeda F
MEMPUYECKU DERYAAPHO 6 OKPECTIHOCTIU T OMHOCUMEAbHO MHosHcecmea K .

Jlokasamenvemeso. Tlonoxum ¢ = F'(Z) u G = F — &. Orobpaxkenne ¢, o semme o
METPUYIECKON PEryasipHOCTH JTMHEHHOTO 0TOOPAYKeHN s, METPUIECKN PErY/IsIPHO B OKPECT-
HOCTH TOYKH T OTHOCHTETbHO MHOZKeCTBa K ¢ HEKOTOPOil KOHCTaHTOH ¢ > 0 U, OYeBUIHO,
uMeeT 3aMKHYTHIH rpaduk. 13 crporoit nuddepenmupyemoctu F' B ToOUKe T JIEFKO CJie-
JIyeT, 4TO HaligeTcs OKPECTHOCTH TOUKKM T, B KOTOpOi oToOpaxKemue (G JIMIIIUIECBO C
koHcranToil Jlummuua, Menbiieii ¢, Ho Torja 1mo reopeme 0 Bo3MyLIEHHH (CM. TeOpeMy
1 §1.3) oro6paxenue F' = ® + G Gymer MeTpHYECKH PETYIAPHO B OKPECTHOCTH TOYKU T
OTHOCHTEJILHO MHOXKecTBa, K . O]
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Ternepn BuIBeeM U3 3TO# T€OpPEeMbI J[Ba Ba’KHbIX CJI€JICTBHUsI, KOTOPbIE OY/IyT UCIIOJIb-
30BaTHCA B JAJbHENITEM.
Ecmn F: X - Y uZ € X, 10 J/isg KpaTKOCTH 3allUCH BBejJIeM 00O3HAYEHHUE

M@)=F ' (F@)={r€X:F(x)=F(@)},
T. e. M(T) — “noBepxuocth ypoBHs oTobpazkenus F.

Teopema 2 (Teopema o monpaske). ITyecmv X uY — 6anaxoss, npocmpancmea, omoo-
pascenue F: X — Y cmpozo dudpepenuupyemo 6 mouke T u Im F'(Z) = Y. Toeda
cywecmsyrom okpecmuocms Vomouku T, omobpascerue @V — X u koncmanma ¢ > 0
maxue, ¥mo 0aa ecex x € V 8bNOAHAIOMCA COOMHOUEHUA

Fle+e(r) = F2), le(@)llx < 2| F(x) = F@)|y.

Jokazamensvemeo. Ecim B Teopeme K = X, 1o yeaosue 0 € int F'(Z)(X — Z) =
int F'(7) X, oueBu a0, paBHOCHILHO TOMY, uTto Im F'(Z) = Y. CaemoBareabHO, COTIACHO
reopeme 1, oroGpazkenue F MeTPUYECKH DEryJsipDHO B OKPECTHOCTH TOYKHM T M 3HATHT,
CYTIECTBYIOT OKPECTHOCTH V' Toukm T um KoHcTanTa ¢ > 0 makume, uro dist (x, M (7)) <
c||F(z) — F(Z)||y ang Bcex x € V. Orciofa ciaeayer, 9To Haiimercsa Takoil saement ¥ (z),
aro F($(x)) = F(x) n o — p(z)]| < 20| F(z) — F@)ly, Homonas p(x) = (x) — .
HETIOCPEICTBEHHO TOJIYYaeM YTBEPXKICHHE TeOPEMbI 2. O

Hazsamnue TeopeMbl MOXKeT OBITH OMPABIAHO TEM, YTO JIJIs KaXKJI0T0 & € V cymiecTByer
Mastast “nonpaBka” (), TepeBosIsINas T Ha MOBEPXHOCTH YPOBHs 0TOOpaykenus F.

[Tycts M — nemycroe nmogmuozkecTBO X . DyteMmenT h € X HA3BIBAECTCS KACAMENDHHLM
sexmopom k M 6 mouxe T € M, eciu cymectByior € > 0 u orobpaxkenue r: (—e, &) — X
Takue, 9to T+th+r(t) € M nna Becex t € (—¢,¢), tae r(t) = o(t) npu t — 0. MuOKeCTBO
BCeX KacaTeJbHBIX BeKTOPOoB K M B Touke T € M oboznaunm T3 M.

Teopema 3 (Teopema Jltoctepuuka). [Tycmv 6unoaHeHbl YCAOBUA MEOPEMBL O NONPABKE.
Tozda
Tz M (%) = Ker F'().

Hoxasameavecmeo. oxaxkewm, aro T3 M (Z) C Ker F'(Z). Ilycrs h € T;M u otobpazkenue
I U3 OlpeJieJieHns KacaTeabHoro Bekropa. Torma sesencrsue nuddepeniupyemocru F
B TouKke T umeeM 0 = F(T + th + r(t)) — F(Z) = tF'()h + o(t), oTkyna, Aens Ha t u
nepexo/st K upeeny upu t — 0, nosygaem, uro F'(x)h =0, 1. e. h € Ker F'(Z).
Jokazem rentepb, uro Ker F'(Z) C T:M (7). Ilycts h € Ker F'(Z), a V — okpecTHOCTS
T m oTOOpazkeHne p U3 yTBEPXKJIEHUS TEOPEMbI O TIONpaBKe. CHO, 9To cymecTByer £ > ()
Takoe, 9T0 T+th € V nnsg Beex t € (—e, ). Torma, cormacno nokazaunomy, F'(T+th+p(T+
th)) = F(@) u [p(@-+h)|x < 26| F(@+th)—F@)ly = | F(@)-+tF @)h-o(t)— F(@)]ly =
o(t)Y. Ecau obosuaqdurs r(t) = (T 4 th), 1o noayqaum, aro T + th + r(t) € M(Z) niaa
Beex t € (—e,e) ur(t) =o(t) mpu t — 0, 1. e. h € TM (). O
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I'maBa 2. YcaoBug 3kcTpeMyMa B 3aJavax
HEJINHEHOTO U BBIILYKJIOTO
IMTPOrpaMMUPOBAHUSA

B s7oit rmaBe OyayT moydeHbl HEOOXOAMMBIE YCIOBUSA MUHHMYMA JIJI PA3JIUIHBIX
KJIACCOB 3KCTPEMAJIbHBIX 33/1a4. Bee 311 ye/10Bus MOIIUHIIOTCS TaK HA3bIBAEMOMY NPUH-
yuny Jlaepanoica, 3aK/II0UAIONIETOCS B TOM, YTO PEIIEHNE UCXOTHON 3a/1a4i y/I0OBJIETBODSI-
eT HeoOXOIMMBIM yCJIOBUSAM MUHUMyMa (pyHKIuU Jlarpanka Ha MHOXKECTBE TeX OT'PaHU-
YeHUii, KOTOPbIe B Hee He BOIILIH.

Cam 2K. JI. Jlarpanzk BBICKa3aJ 3TOT NPHHIUI I KOHEIHOMEPHBIX 337249 B CBO-
eit pabore “Teopust anajiuruydeckux pynkuuit’, 1897 1. Bor ero ciosa: Moowcho evicka-
3amu caedyrousuti obwud npuryun. Eeau uwemes Mokcumym uit MUHUMYM HEKOOPOT
GYHKUUY MHOZUL NEPEMEHHBLT NPU YCAOBUU, 4MO MEHCOY IMUMYU NEPEMEHHBLMU UME-
EMCA CBA3b, 340G6AEMAA OOHUM UAY HECKOALKUMU YPLEHEHUAMU, HYICHO NPUOGEUMD
K MUHUMUSUPYEeMOTE dynkuuu GyHKUUY, 3a0ar0ujue YPasHEHUA CBA3U, YMHONCEHHBLE HA
HEONPEDENCHHBLE MHONCUMEAU, U UCKAMb 34MEM MAKCUMYM UAU MUHUMYM NOCMPOEH-
HOU CYMMDbL, KAK eCAU Obl nepemennvie bvau nezasucumovl. Tloayuennve ypasHenus, npu-
COCOUHEHHBIE K YPUBHEHUAM CEA3U, NOCAYHCAM ONA ONPEICAEHUS BCET HEUSBECTIIHBLL.

U3 nanbHeiiero G6y1eT BUIHO, YTO STOT NPUHIUI (€CJd OPUIATH €My 4IyThb Ooiee
PACIIUPUTEEHOE TOJIKOBAHUE) HOCUT YHHBEPCATBHBIH XapakTep.

Kak y»Ke roBopmI0CH BBHIIIE, HE OTPAHUYUBAsST OOMIHOCTH, CIATAEM, UTO BCe (DYHKIINH
U OTOOpazKeHus ONpeJe/IeHbl Ha BCEM IIPOCTPAHCTBE.

§2.1. OO6mmag 3ajja4a HEJIMHENHHOTO TPOTPAMMUPOBAHMS
2.1.1. IlocramoBka 3aga4n

[Iycts K — HemmycToe MOJAMHOXKECTBO HOPMUPOBAHHOIO IpocTpancTtBa X, fo: X — R
u F: X — R™. 3anauy

fo(z) > min, F(z)=0, z€K (Py)
OyaeM Ha3bIBaTh 00wetl 3adaueli HeAuHetHo20 NPo2PAMMUPOBAHUA.

IIpensoxxenune 1. Ecau T — aokasonod munumym 6 3adave (Py) u ® = (fo, F): X —
R x R™, mo natidemesa makaa oxpecmuocms Vo mouku T, wmo ®(z) € 0P(K NV).
Ecau @ — enobanvrond munumym, mo ©(z) € 0P (K).

Jlokxazamenvemeo. llycts T — noxasbubiit MunumyM B 3amade (Fp). Ilo ompemenenuio
HafiIeTcsT Takast OKpecTHOCTh V' Touku T, uto fo(x) > fo(Z) ans secex ¢ € K NV, g
koropeix F(x) = 0. fcno, aro ¢(Z) = (fo(2), F(Z)) € ®(K NV). Hanee, (fo(T) —
e, F(Z)) ¢ (K NV) un gs kakoro € > 0, nbo maave Hanwiach Obl TOYKa T, € K N
V' rakag, aro fo(z.) = fo(T) — ¢ < fo(Z) u F(z.) = F(Z) = 0 B mporusopeunn c
npeanonoxkenneM. Cregosarensio, ¢(z) € 0P(K NV).

B ciyuae rnobaabHOrO MUHUMYMa paccyzkaenus takue xe (V = X). O]
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Conocrasum 3a1ade (Py) ynxyuto Jazparoca L: X xRx (R™)* — R, onpenesennyio
dopmy.ioit
L(z, Mo, y") = Mo fo(r) + (y*, F(x)),

rje 9UCJ0 \g M JUHEHHBINR (byHKIuoHAT y* € Y™ HazpIBaloTCd MmHoxrcumenamu Jlazpan-
orca.

2.1.2. IIpaBujo mHOXKkuUTeJell Jlarpan>ka

Teopema 1 (IIpasmio muOkuTeseil Jlarpanka — HEOOXOIMMBIE YCJOBHS MHHHMYMa
nepBoro mnopsiika B 3amade (Fp)). Hyemv T — sokasvnod munumym 6 zadave (FPp).
Ecau X — banazoso npocmpancmso, K — swnykaoe samrrymoe nodmmoscecmso X,
dynruyua fo u omobpasicenue F ecmpozo duddepenyupyemv, 6 mouke T, mo natidymcs,
He pasHvle 00HOBPEMEHHO HYAt0, MHocHcumeny Jlazpanoca Ao > 0 u y* maxue, wmo

— L,(Z,20,Y") € Nk(Z) & (Nofo(@)+ (F'(Z)y*, o —Z) >0, YVee K. (1)
Ecau 0 € int F'(Z)(K — T), mo Ao # 0.
Jlokasameavemso. ComocraBum 3aaade (Fy) ciegayronyio 3a1ady
f(z) > min, F(z)=0, ze€ K (Py)

nepemennoii z = (x,y) € Z = X xR, rne f(2) = fo(z)+y, F(z) = F(z) n K; = K xR,

DyieMeHTapHAs MPOBEPKA MOKA3BIBAECT, UTO €CJH T — JIOKAJIbHBI MUHUMYM B 3aJa4e
(P), To z = (z,0) — jokabHbIl MEHEMYM B 331a4de (F).

[Iycts @ = (f, F). Iokaxem, uro 0 € 09'(Z)(K, — Z). [eiicTBuTesIbHO, ecn 3T0 He
tak, To 0 € int &’'(2)(K; — 2). Torma cornacuo 0606mennoit reopeme 06 obparnoii GhyHk-
nun (Teopema 1 §1.4) orobpaxkenue ¢ MeTpHUECKH PErYJISPHO B OKPECTHOCTH 2 OTHOCH-
TenbHO MHOXKecTBa K. CriemoBaresibho, mo npeoxkennio 1 §1.3, &(2) € int &(K; NV)
st 1000t okpecraoctn Voroukn z. Ho, ecoim 2 — JoKaIbHBIH MEHUMYM, TO 9TO IIPOTH-
BOPEYHT MPEJOKEHUIO 1.

Urak, 0 € 09'(2)(K; — 2). MuoxectrBo A = &'(Z)(K; — Z) Bumykso, Kak obpa3
BBIITYKJIOTO MHOYKECTBA [IPU JHHEHHOM oToOpazkennu. Toraa B CHLy KpHTEpHs IPAHHIHOI
roukn (mpeoxkenus 2 §1.1) Ny # {0}, 1. e. cymecTByer HeHyseBoii hyHKIMOHAT 2* €
(R x R™)* rakoii, uro cupaseaiuBo HepaBeHCTBO (2%, 2) < 0 must joboro z € A, uju
(z*,9'(2)(z — 2)) <0 mag moboro z = (z,y) € K x R,. Jlnsa venymeBoro dbyHKIMOHATA
—z*, mosarast —z* = (Ao, y*), 6yZeM UMeTh, HCMob3yst npeaoxenne 1 u3 §1.2 u gemmy
2 3 §1.1

0 < (=2"®'(2)(2 — 7)) = (==, (f'(2), F'(2)) (2 = 2)) = (Mo (), & = ) + Aoy
+ <y*7 F,(/I\)(JZ - ?E\)> = )‘0y + <‘C$(ZE\7 )‘an*)ux - &7\> (2)

s Beex (z,y) € K x Ry

Ecmu x = T, 1o u3 (2) caeayer, uro A9 > 0. IToamarast y = 0, nosydaem BKJIIOUE-
e —L, (T, Ao, y*) € Nk (T), KOTOpoe PaBHOCHIBHO B cUity TOro, 4to (Ao f)(Z),z — T) +
(", F'(Z)(z — 7)) = (Ao fo (@) + (F'(Z))"y", v — ) mepasencrsy (Ao fo(7) + (F'(2))"y", x —
Z) >0 ans Beex x € K.



22

Jokazkem Bropoe yrBepzxaenne reopembl. [Tycrs 0 € int F'(Z) (K —Z). Jonycruwm, 4ro
Ao = 0. Torma y* # 0 u u3 (2) crenyer, aro (—y*, F'(Z)(x — 7)) < 0 gs soboro = € K,
win paBHocwibio, (—y*,y) < 0 ais moboro y € B = F/'(Z)(K — Z), . e. —y* € Np(0).
CrenoBarenbHo, 0 KpuTeputo rpanudsoii Touku 0 € OF'(T)(K — ) B npoTHBOpednn ¢
IPEII0JOXKEHHAEM. O

§2.2. T'nmagkume 3aja4yM C OrpaHUYEHUSAMU THUIA PABEHCTB
2.2.1. IlocramoBka 3aga4n

3J/iech MBI PACCMOTPHUM 33aJ1a4y, SBJIAIONIYIOCH €CTeCTBEHHBIM 0DOOIIEHIEM KJIacCHIe-
CKOI 3aJja4m, 0 KOTOPOi TroBopmJI JlarpamzK, u uccjaeayeM ee HaubdoJee MOJTHO, ITPUBOIS
TaKKe HeOOXOIUMBIE U JOCTATOUYHBIE YCIOBUS MHHHMYMAa BTOPOTO MOPSIKA.

[Tycts X — mopmupoBanuoe mpoctpancTBo, fo: X — Ru F: X — R™. Sazaay

fo(z) » min, F(z)=0 (Py)

HA3BIBAIOT 3a00Y4el ¢ 02PAHUMEHUAMY TUNG PABEHCMNE.
®ynknusg Jlarpanzka 3/ech IMeET TOT Ke BUJ, 9TO U B 3aaade (Fp).

2.2.2. IlpaBuno muoxkutesieir Jlarpan>ka

Teopema 1 (IIpasmio MHoKHATEeH JTarpanzKa — HEOOGXOAUMBIE YCIOBUS MUHUMYMA Tep-
BOro mopsifika B 3ajgade (Py)). Hycmv T — aokanrvrod munumym 6 sadaue (Pr). Ecau
X — banazxoso npocmparcmeo, ynkuua fo u omobpasncenue F cmpozo dugdepenyupye-
MBL 6 MOYKe T, Mo nalidymcs, He pasHble 00HOBPEMENHO HYAI0, muoscumeru Jlazpanica
Ao > 0 u y* maxue, umo

L.(T,20,y") =0 & Nf)(@)+ (F'(Z))y" =0. (1)
Ecau Im F'(Z) = R™, mo \g # 0.

Jlokasamenvemeo. Coornomiennst (1) cpasdy ciaeayer u3 TeopeMbl O HEOOXOAMMBIX YCJIO-
BUsSX MuHHMyMa B 3amade (Fp) mpm K = X, tak kak, odeBuano, Nx(z) = {0} maa
Jgoboro x € X. MeHss 3HaK, MOXKHO CUUTATh, 9TO Ag > 0.

Ilycrs Im F'(Z) = R™. Creaosatensno 0 € int F'(Z) X = int F'(Z)(X — ). Orcroza,
B cusy Teopembl 1 u3 m.2.1.1, mosydaem, ato A\g # 0

]

Ecnu orobpaxkenne F': X — R™ 3amano wabopom byukmmit f;: X — R, 1 =1,...,m,
T. e. F(z) = (fi(x),..., fm(x))T nis moboro x € X, To 3anaua (P)) npuobperaer Bu

fo(z) > min, fi(z)=0, i=1,...,m. (Py)

[Mockonbky suHeiiHbe QyHKIHOHATB HA R™ cyTh BEKTOP-CTPOKHU (A1, ..., Ay) (CM.
. 1.2.2), to dyukius Jlarpamka sagaqu (P) umeer Bug L(z, Ao, \) = > N fi(x), Tae
A= (A1, Am)-
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Caencrsue 1 (IIpasuio muoxkureseii Jlarpan:ka — HeoOXOAMMBIE YCJIOBUS MUHEMYMa
nepBoro nopsiaka B 3agade (P))). ITycmo T — aokaavrod munumym 6 sadave (P)). Ecau
X — banaxoso npocmparcmeo, gynrxuuu f;, i = 0,1,...,m, cmpozo dugdepernuyupyemoy
6 mouke T, Mo Halidymcs, He pasHble 00HOGPEMEHHO HYA0, MHoxcumenu Jlazpanorca
X >0 uX=(A,..., \n) makue, wmo

Lo(Z,00,0) =0 & D NfI(@) =0.
1=0

FEeau sexmopu, f1(Z),. .., fl.(Z) aunedno nesasucumo, mo Ao # 0.

JlokazaTeIbCTBO cpal3y CJeayeT W3 MPeblIylieil TeopeMbl, ecJu y4ecTb, 9To y* =

(A1, ..., Ap) B TO9TOMY ¢ yueToMm JiemMbl 2 u3 §1.1 umeem st tro6oro x € X
0= X (fp(@),2) + (y", F'(@)x) = Mo(f5(@), 2) + Y Nl f1(@),2) = O Nifi(@), ),
i=0 =0

9TO paBHOCUJIbHO IIEPBOMY YTBEP2KACHUIO CJICACTBUA.
ITocsiegnee yTBep:KieHNEe OYEBHIHO.

2.2.3. VYcaoBud MUHUMYyMa BTOPOTO IMOPSIKa

Teopema 2 (Heob6xoaumMbre ycioBrst MUHEMYMa BTOPOTO TOPSIKA B 33/a9€ ¢ OTpaHuIe-
HUSIMU TUTIA paBeHCTB). [Tycmov T — aokasvnod munumym 6 3adave (Py). Feau X —
bararoso npocmpancmeo, gynkuus fo u omobpascerue F deascdv, duddeperyupyemos 6
mouke T u Im F'(Z) = R™, mo natidemeca muoorcumensv Jlaepanoca y* € (R™)* makod,
Ymo

L.(7,1,57) =0 & fo(@)+ (F'(2))"y" =0 (2)

Loo(Z,1,y*)[h,h] >0, V heKerF'(z) &
J(@)[h, k] + (y*, F"(Z)[h,h]) > 0, ¥V h € Ker F'(Z). (3)

Loxazameavemeo. U3 aaxkapl auddepeHnupyeMocTu orobpaxkenuii fo u F' B Touke T
CJIeJlyeT HEeMpPepbIBHOCTh UX TMPOU3BOJHBIX B I, a 3HAYUT, ux crporas auddepenmupy-
eMoCTh B JlaHHON Touke (cM. caegctsue 1 §1.2). CremoBarenbro, paBeHcTBO (2) cpasy
BBITEKAET U3 MPEJbLAYIIel TeopeMbl (Tyie MOKHO CUUTaTh, 9TO Ag = 1).

Jokaxkem (3). Ilycrs h € Ker F'(Z). Orobpazkenne F' yI0BIeTBODSIET YCJIOBHSIM TEO-
pembl Jlrocrepruka (M. ciegctsue 3 §2.2) u nosromy h € ToM (7)) (M(Z) = {x € X :
F(z) = F(Z) = 0}), 1. e. cymectByior € > 0 u orobpaxenue 7: (—¢,£) — X Taxue, 410
Fx+th+r(t)=0mmat € (—e,e) ur(t)=o(t) upu t — 0. Takum 06pazom, 3j1eMEHTbI
T+th+r(t), t € (—¢,¢), nonycrumvbt B (P) 1 Tak KaK T — JOKAJbHBI MUHHMYM B 9TOIi
sagaue, 10 fo(T + th + r(t)) > fo(T) mns mocrarouno manbix mo moayso t. Tenepb mo
dbopmyite Teitopa umeem (yaurbiBas (2))

0< fo(@+th+7r1) — fo(@) = LE+th+r1t),1,y") — L(Z,1,y%)
:%ﬁm(f, Ly )[th +r(t), th+r(t)] +o(t*) = gcm(ff, L, y*)[h, h] + o(t?),

OTKyJa, JeNd Ha 2 U mepexois K npegety npu t — 0, nomydaem (3). O
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Teopema 3 (/loctaTounbie ycaoBus MEHEMYMa BTOPOTO MOPsiIKa B 3a/a4e ¢ OrpaHude-
HUSIMI Tua paBeHCTB). [Tycmo 6 3adaue (Py) X — banazoso npocmparcmeo, Gyrkyus
fo u omobpascenue F deasrcdv. duddepenuupyemv, 6 donycmumots mouke T. Toeda, ecau
natidymes muoorcumens Jazparoca y* € (R™)* u wucao o > 0 maxue, wmo

L,(7,1,y") =0 (4)

Loo(@, 1y )[h,h] > a|[h]l%, ¥ h € Ker F'(T), (5)
mo T — A0KaAbhwd Munumym 6 3adaue (P).
Jlokasamenvemso. Pacemorpum orobpazkenue F'(Z): X — Im F'(Z). Inst uero, oueBui-
HO, BBITIOJHEHBI YCJIOBUS T€OPeMbI 0 mompaske (cM. Teopemy 2 §2.2) B s060il Touke (B

qactHOCTH, B Hyse), Y = Im F’'(Z). CornacHo 3Toii TeopeMe CyImIECTBYIOT OKPECTHOCTD
nyss Vy, orobpaxenue p: Vo — X u koncranta K > 0 takue, 4To

F'(@)(z + ¢(x)) = F'(2)0 =0 (6)

le(@)llx < K[F'(Z)x] (7)

714 BceX T € V.

MozKHO cHHTATh, 9TO B 060N OKPECTHOCTH T eCTh joiycrumbie B (P)) Toukn (nnade
Z Oblma ObI H30JMPOBAHHON TOYKOI M aBTOMATHYECKH JIOKAJTbHBIM MUHEMYMOM). [TycTh
x € Vo u T+ x — monycrumbrii ssement B 3agade (Pp). Torma o dopmyne Teitnopa

0=F(@+z)=F(@)z+ %F"(f)[xw] +o([l]I%)-

Orcrofa ciejyer, 9To JiJIsd JOCTATOYHO MAJBIX T CIHpaBeinBo HepaBeHCTBO |F'(T)x| <
(1/2))|F"(@)|| + 1)||z||%, a Torma u3z (7) momywaem, aTo

lp@)lx < vllzll (8)

e v = K((1/2)[[F"(Z)] +1).
Obosnavast, aug kparkocrn, L(z) = L(z,1,y*) u B = ||£..(Z)|| n yunrsiBas (4),
JIOILYCTUMOCTD TOYKHU T + &, BKJodenue x + ¢(x) € Ker F/'(T) u ouenky (5), 6yjem uMersb

Jo(T+x) = fo(T) = L(T+2) - ﬁ(f)Z%Em(f)[ifﬂO(x)—SO(x)’£B+<P(fv)—90($)]+0(l|$||§()
1

= 5 (Laa(@) |2+ (@), 2+ 9(2)] = 2L0a ()2 + ¢(2), p(2)] + Laa ()0 (2), ¢(2)]) +o(|lz]1%)

2 %(aHaj + (@)% — 2Bz + (@) | xlle@)llx = Blle@)lI%) + olll2]%).

HeTpysHO TPOBEPUTD, UTO B CUJIY ONEHKH (8) BBIparkKeHHEe CIIPaBa MOJOXKHUTETHHO JIJIs
JIOCTATOYHO MAJIBLIX I W MOITOMY T — JIOKAJbHDBIT MUHHMYM. ]

3aMernM, 9TO JOKA3aHO HECKOJILKO GOJIbIIe: CYIecTByer Takoe £ > (0 U OKPeCTHOCTb
ayna Vi B X, uro fo(T+xz)— fo(T) > kl|z||% ana Beex Takux € Vi, 1y1g KOTOPBIX TOUKA
T + z nomycruma B 3ajade (Pp).
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§2.3. Tuagkwue 3amaum ¢ orpanmdyeHusimu Buga G(x) € Q)
2.3.1. IlocramoBka 3aga4n

[Tycrs X — HOopMuposanHoe ipocTpancTBo, T € X, fo: X - R, G: X - R™ u Q —
HEIIYCTOe IMOJAMHOXKeCTBO R™. PaccMOTpuM 3KCTpeMaIbHYO 3a1a9y

fo(x) = min, G(x) € Q. ()
Conocrasum 3anade (Ps) dynryuto Jlaepanoca L: X x R x (R™)* — R, onpejeneHuyto
dopmy.toii
L(x, X, y") = Mo fo(z) + (¥, G(2)),
rae (Ao, y*) € R x (R™)*.

2.3.2. IlpaBuno muoxkuTesieit Jlarpanxka

Teopema 1 (IIpasmio MuoKHATEeH JTarpanzKa — HEOOXOAUMBIE YCIOBAS MUHUMYMA Tep-
BOro nopsijika B 3ajga4e (P)). Hycmo T — aokaavrod munumym 6 sadaue (P). Ecau
X — banaxoso npocmpancmeo, dynkyus fo u omobpascenue G cmpozo duddepeniu-
PYEMDBL 8 MOUKE T, MHOHCECMBO (Q SHINYKAO U 3AMKHYMO, MO HATIYMCA MHOHCUMEAU
Jlaeparnorca Ao > 0 u y* € (R™)*, ne pasrwie 00HOBPEMEHHO HYANW, MAKUE, YN0

Lo(T,0,57) =0 & Xofy(@) + (G'(2)y" =0 (1)

y" € No(G(2)). (2)
FEeau 0 € int (ImG'(Z) + G(Z) — Q), mo \g # 0.

Jlokazamenvcmeo. Ceenem 3agady (P) k 3aja4e Buja (Fy). Bejem HOBYIO €peMEHHY 0
z=(x,y) € Z=X xR™ n nomoxum f(z) = fo(x), F(2) =G(z) —y, K =X x Q.
Paccvorpum 3a1auy

f(z) > min, F(z)=0, ze€K.

Jlerko npoBepuTh, 4TO ecju T — JIOKAJbHBIA MUHUMYM B 3ajade (), TO Touka z =
(Z,G(Z)) — nokaJbHBIE MUHEMYM B JaHHOIl 3amade. Torma cormacHo Teopeme 1 §2.2
HaliyTcst MHOKUTes U Jlarpanxka \g > 0 u y* € (R™)*, He paBHBIe OJJHOBPDEMEHHO HYJIIO,
TaKue, 9To

0<Nf'(2),2=2) + (", F'(2)(2 — 2)) = (Mo fo(@), 2 — 2) + (", G'(Z)(x — 7)
— (= G@) = Mofo(@) + (¢'(@)"y" e =) = (v, y — G(T)) (3)
g Beex ¢ € X ny € Q.

ITonaras 3aecy y = G(T), moaygaem, aro (Ao fi(Z) + (G'(Z))*y*, x — T) > 0 s Beex
x € X u 3naunt, A\ f(Z) + (G'(Z))*y* = 0.

Ecaun x =7 B (3), To moydaem coornomrenune (2).

Jlokazkem mocsegnee yrpepxkaenue teopembl. [lycrs 0 € int (ImG'(Z) + G(T) — Q).
[Mpeanonoxum, uro \g = 0. Torga y* # 0 u u3 (3) caeayer, uro (y*, G'(Z)(z —7)+ G(T) —
y) >0 magasecex x € X mwy € Q, wm (y*,y) > 0 muga seex y € A =ImG' (7)) + G(7) — Q,
T. e. —y* € N4(0) u 3uaunt, N4(0) # {0}. CoracHo KpUTEPUIO IPAHUIHON TOUKH (CM.
upejoxenne 2 §1.1) Hosb — rpanmunas Touka Muoxkecrsa ImG'(Z) + G(Z) — @, uro
IIPOTHBOPETUT MPEINOJOKEHHIO. O
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2.3.3. T'smagkwme 3a/1a9u ¢ OrPAHUYEHUSIMHU THIA PABEHCTB M HEPABEHCTB

[Mycts X — nopmuposannoe mpocrpanctso, fi: X - R, i=0,1,...,m;,u F': X —
R™. 3anaua
fO(x> —>min, fz(x) SO? 1 <i<my, F(I):O (P3>

HA3bIBACTCsl 3adavell ¢ 02PAHUMEHUAMU, 3G046AEMBE DABEHCNEAMYU U HEPABEHCMEAMU
WA 30004€l ¢ 02PAHUMEHUAMY TUNG PABEHCME U HEPABEHCME.

Conocrasum 3agade (Ps) dynkyuro Jaepanoca L: X x R x (R™)* x (R™)* — R,
orpejiesieHHy 10 OPMYJIOit

mi

L, 0, M) =Y Nifilw) + (", F()),

i=0
e A= (A1, ., Ay )-

Teopema 2 (IIpasuio muOXkuTeseil Jlarpanka — HEOOXOIUMBIE YCJOBHS MHHHMYMa
nepBoro nopsiika B 3amade (P3)). Hyemv T — aokasvnol munumym 6 3adave (Ps3).
Ecau X — banazxoso npocmpancmeo, gynrwuuu f;, 1 = 0,1,...,mq, u omobpascernue F
cmpozo duddepenyupyemvt 6 T, mo natidymea muosicumeru Jlazpanoca \g € R, X =
Ay ooy Amy) € (R™)* w y* € (R™)*, ne pasroie 00H08PEMERHO HYAI0, MAKUE, 4IMO

(@) Lo(@ A0, \y") =0 & 2 NS(@) + (F/(@)y" =0;
=0
(b) /\120, Z:O,l,,ml,

(C) /\Zfz(?L‘\)ZO, izl,...,ml.

Ecau Im F'(Z) = R™ u cywecmeyem sexmop h € Ker F'(Z) maxot, wmo (f/(Z), h) <
0 das mex undexcos 1 < i < my, das komopuz f;(Z) =0, mo A\g # 0.

Joxazameavcmeo. Ecan onpenennth otobpaxkenue G: X — R™ x R™ mo dopmyne
G(x) = (B(x), F(x)), rae B(x) = (fi(2),. ., fms (2))" 1 mOM0KHTS Q = R™ X {0}, 10
R™ ={z = (z1,...,%m,) € R™ 12, <0,i=1,...,m}, a0 — Hy/IeBoil 3JeMeHT B
R™, o 3amaua (P3) mpuMer B TouHOCTH B 3a1aun (P).

B HOBBIX 0003HaUYEHUSX, PEAIOJIOKEHUST TEOPEMbI, OUYEBHU/IHO, YIOBJIETBOPAIOT IIPE -
MOJIOYKEHHAM TEOPeMbl O HEeOOXOJMMBIX YCJIOBHAX MHHUMyMa g 3ajgadu (FPs). To-
rJa COLJACHO 3TOH TeopeMe HaiijayTcs MHOkuTenw Jlarpamzxa Ao > 0 u (A y*) =
(A, Ay, %) € (R™)* x (R™)* (BMecTo y*), He paBHBIE OIHOBPEMEHHO HYJIIO, TAKHE,
9TO 171 BeeX x € X CIpaBelInBO PABEHCTBO

0 =X (f5(2), ) + (A y"), (¥'(@)z, F'(Z)x)) = Mo(fo (), )

+ Z A(fi(@), ) + (" F(2)z) = <Z Afi(@) + (F'(2))"y", x> ,

OTKy/1a caeayer (a).
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Yeaosue (2) B HaIEM CJIydae 03HA4aer, 9To
i=1

[Tycrs 1 < iy < my. [oacrasasgs coona y;, = fi,(2)—1ny; = fi(T), ecam i # ig, noxydaem,
aro N\, > 0. D1um gokaszano coornomenne (b). U3 wero Beitekaer, uro A;fi(z) < 0,
i=1,...,my. Honcrasngasa B (4) y1 = ... = Y, = 0, moayuaum, uro y .- A\if;(Z) > 0.
CaemoBarensuo, \;f;(x) = 0,1 =1,...,my, u yrBepxKaenue (¢) T0Ka3aHO.

Hoxkazkewm moctenee yreepxkaenune. [Iycrs Ay = 0. Torga u3 (a) mocaemyer, aro cpean
YUCENT Aq, ..., Ay, €CTh HEHyJeBble, HOO B MPOTUBHOM CJIydae, MOJIyJHIn Obl, 910 y* = 0
(onepartop F' CIODBEKTHBEH U MO3TOMY €10 COTPSAKeHHBI HHHEKTHBEH ).

IIyctb h obnagaer ykazanubiMu coiicrBamu. Torma u3 (a) u Toro, uro h € Ker F'(7)
BoiTekaeT paBenctBo 0 = > " N (f/(Z), h). Ecam A, > 0, T0 f;(Z) = 0 cormacuo (c).
Caemosarensno, (f; (Z),h) < 0, Ho cBoitcTBY h, H MBI IPEXOAUM K HPOTHBOpPedHIO:

2oty il fi(@), h) < 0. O
§2.4. BeinykJjbie 3aga4n

2.4.1. TlocramoBka 3aga4n

[Tycts X — nopmuposanunoe npocrpanctso. Oyuknus f: X — R nasbiBaercsa sunyk-
A01, ecm MHOYKECTBO

epif ={(r,0) e X xR:a> f(x)},

Ha3bIBaeMoe Hadzpagurom [, BBIYKJIO.
Herpyauo mpoBeputh, uto ¢yHKIUS f BHIIYKIa TOTJAA U TOJBKO TOTA, KOTJIA JIJIsT
006X 21,21 € X 1 yrodoro 0 < a < 1 BBINOJIHSIETCS HEPABEHCTBO

f((1 = a)zy + azs) < (1 —a)f(z1) + af(r2),

KOTOpPOE HA3BbIBAETCS HepageHncmeom Henccena.
IIycers fi: X - R, 4 =0,1,...,m — BoImyKJble (DYHKIUU U () — HEIYCTOE BHITYKJIOe
noaMuozkecTBo X. 3aada

fo(x) > min, fi(x) <0, 1<i<m, z€Q (Py)

HA3BIBACTCH 6biNYKA0T 3adauels Wl 360a4ell 8uNYKA020 NPOZPAMMUPOEUHUL.

SamernM, 9TO B 3TOM 3a/1a4e J000H JTOKAIbHBI MUHUMYM SIBJISETCS M TJI00AILHBIM.
JeficTBUTEBHO, TYCTh T — JOKAJIBHBI MUHUMYM, T. €. CYIIECTBYET Takasi OKPECTHOCTh
U rouku 7, uro fo(Z) < fo(x) miag Beex pomyctumbix © € U. Ilyers @ — npousBosibHas
JOIycTUMas Touka B 3ajade (FPy). Hia mocrarouno masibix 0 < o < 1 touku (1 — a)x +
ar = T + a(r — ) npunagnexar U u momyctumsl, Tak Kak (1 — )T + az € @, u 1mo
nepaencTBy Menccena f;(1—a)r+ax) < (1—a)fi(z)+afi(x) <0,i=1,...,m. CuoBa
o mepasencrBy UMenccena, fo(T) < fo((1 — )T + az) < (1 — a)fo(Z) + afo(x), T e.

fo(@) < fo(z).
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Conocrasum 3aaade (Py) ¢gynxyuto Jazpanoca L: X xRx (R™)* — R, onpenesennyio
dopmy.ioit

L(x, Mo, ) = ZAifxx),

e A= (A1, ..., Apm)-
2.4.2. IlpaBujo muOXKkuTeJseii Jlarpan>ka

Teopema 1 (Kapyma-Kyna-Takkepa). 1) Heooxomimvocts. Ecau T — Munumym 6 3a-
daue (Py), mo natidymes mmoscumenu Jlaeparnsca Ag u A = (A1,..., A\p), HE pagHbie
00HOBPEMENHO HYAI0, MAKUE, YN0

(CL) minﬁ(x, )‘07 >‘) = E(/l'\, )‘07 )‘>;

z€Q

(b) )\1207 2:(),1,,m,

Ecau cywecmsyem maxas mouka T € Q, wmo fi(T) < 0, 1 < i < m, mo N\g # 0
(ycaosue Caetimepa).

2) Jocraroarnocts. Ecau cywecmeyem donycmumasn 6 (Py) mouka T U MHOHCUMEAU
Jlazparnoica g > 0 u X = (Ao, A1, ..., Ap), ydosaemesoparuwue yeaosuam (a), (b) u (c),
mo T — pewerue 3adauu (Py).

Jokasameavcmeo. 1) Beemem noBylo mepemennyio z = (z,y) € Z = X x R™ e
y:<y07y17"'7ym)T7HHOJIO}KHM f(Z) :f0($)+ym F( ) = ( ( )+y177fm(x)+ym>T7
K=Q xR},

Pacemorpum 3a1aay
f(z) > min, F(2)=0, z€K.

Jlerko mpoBepuTh, UTO ecaum T — IOOANBHBIH MUHEUMYM B 3ajgade (Pj), TO TOUYKa
Z=(2,9), tne § = (0, —f1(Z), ..., — fn(Z))?, aBasercsa raobatbHBIM MHHHMYMOM B 3TOil
zagaue. Torma, eciu @ = (f, F): X x R™ — R™M 10 &(2) = (f(2), F(2)) € 09(K)
coracHo tpesoxkennto 1 §2.1.

[Tokaxkem, uro MmHOkecrBo ®(K) Bbmykno. Ilyere w; € ®(K), i = 1,2. Ha-
0 J0KazaTh, 4ro s Jjoboro a € (0,1) naifnercs snement z(a) € K Takoit, 4To
@(Z(Oé)) = (1 — a)wl + aws.

[Mycrs 2; = (z5,y') € K rakue, uro w; = ®(z), 1 = 1,
(fo(@), (@), ., fl@)) 1 myers 2(a) = (2(a), u(@)), rae w(a) =
y(a) = (1 —a)y' + ay? + (1 — a)G(z1) + aG(xs) — G(x(a)).

Tax kak muoxkecTBO () Bhimyksio, To z(a) € . Hamee, mockonbky yHKIAN
fo, f1,-- -, fm BBIOyKJIBI, TO u3 HepaBeHcTBa lenccena ciemyer, uro (1 — a)G(xy) +
aG(xy) — G(z(a)) > 0 (mepasencrso moxkoopaunarnoe), T. e. y(a) € RTH u rem ca-
mbiM z(a) € K.

2. Homoxum G(x) =
(1 —a)ry + aze
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Teneps, yunreiBast, aro ®(z) = (f(2), F(2)) = (fo(x) + vo, fr(x) + v1,.. ., fu(z) +
Ym) = G(z) + y moayvaem cooTHONIEHHE

(1—a)w; +aw; = (1—a)®(z1, y") +ad(ze,y?) = (1—a)G(z1)+aG(x3)+(1—a)y' +ay?
= G(z()+(1-)y' +ay*+(1-a)G(21)+aG (x2) -G(z(a)) = G(z(a))+y(a) = ®(2(a))

u 30a49uT, $(K) — BBIIYKIOE MHOXKECTBO.

Tak kak ®(Z) € 0P(K), TO COrMacHO KPUTEPHIO IPAHUIHON TOUKHU (HpeIOKeHHIe
2 §1.1) Haiigercst HeHYJIEBOI BEKTOD, NPUHAJIEKANIMI HOpMaIbHOMY KoHycy N (P(Z2)).
O6o3nauanM gepe3 X\ = (Mg, A, . . ., Ay ) IPOTHBOTIONOKHLI emy BekTOp. Torma (\, &(z) —
®(2)) > 0 s Beex z € K, wim

Ao(fo(x) +yo — fo(Z)) +Z)\i(fi(37)+yi) >0 (1)
i=1
s Beex (z,y) € Q x R rie y = (4o, 1, - - - Ym)-

[Monaras 3mech ¢ =7, yo = 1 u y; = —f;(Z), i = 1,...,m, moaydaem, aro Ay > 0.
Ecm 1 < j <m, 1o nonarass ¢ =2, yo =0, y; = —fi(@) upu i # juy; = —f;(z) + 1
nostydaeM, 9to A; > 0. DTum nokazaHo yreepxkaenne (b) Teopemsi.

Tak kak (b) cnpasemauso, o \; f;(Z) < 0,i=1,...,m. [loacrasaaa s (1) z =T uy =
0, moxydaem, aro » .-, A fi(Z) > 0 u mosromy A, fi(Z) = 0,4 = 1,...,m. YIBepKaenue

(¢) mokazarmo.

Iycrs B (1) y = 0. Torga, ucnoassys (c), Gygem umers » oo N fi(z) > Aofo(Z) =
Yot o Aifi(@) muis moboro x € Q. D10 U ecTb yTBepKAeHue (@) TEOPEMBL.

Hoxazkem ycaosue Caeiirepa. Ecim A\g = 0, To HeHyseBoit MHOXKUTEIb Jlarpanrka
HAXOJUTCS CPEU OCTAJNBHBIX U modToMy (¢ yuaeroM (¢)) L(T,0,A) = D" Nifi(@) <0 =
Yo Nifi(@) = L(Z,0,X), aro npotuBopedut (a).

2) [lycrb * — gouycrumblii sjiement B 3azade (Py). Torua, ucnosb3yst 910 06CTOsI-
TesbeTBO BMecTe ¢ (b), 3arem (a) u (¢), Oynem uMeTh

Nofo() = Aofo(w) + Z Aifi(x) = L2, 20, A) 2 LT, X0, ) = Ao fo()

+ D NFi(@) = Nofo(@),

Hensa na \g, nosydaeM Tpebyemoe. O
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I'masa 3. YciaoBug 3akcTpeMyMa B 3ajJavax
BApPUAIMOHHOIO UCYNCJIEHU 1
ONTUMAJIbHOTO YIIPaBJICHUS

§3.1. 3amaua Maiiepa BapualiMOHHOTO MCYNCIECHUS

3.1.1. IlocramoBka 3aga4n

[Iycts [tg,t1] — xoHewHsIit 0Tpe30K, 3amano orobpaxkenme ¥: R x R" x R™ — R”
(nepemennbix t € R, z = (z1,...,2,)7 € R", u = (uy,...,u,)T € R") u pyuxuun
gi: R" xR" - R, 2=0,1,...,m nepemennnix § € R" u i =0, 1.

B mpocrpanctee Z = CY([tg, t1],R") x C([to,t1],R")" oTHOCHTETBHO TEepemMenHO#
(z(+),u(-)) € Z paccmoTpuM 3a71ady

IN

go(l’(to), x(tl)) — min> T = ¢(t>$7u)v gi(x<t0)7 x(tl))

0, 1<i<
gi(x(to), z(t1)) = 0, 1

m’,
m +1<i<m, (P)

KOTOpasi Has3bIBaeTcst 3adauel, Matiepa eapuayuonnozo ucwucsenus (B MOHTPATHHCKOI
dbopwme).

[Mapa (z(-),u(-)) nazpBaerca donycmumot B 3anade (Ps), ecam &(t) = (t, z(t), u(t))
I Beex t € [tg, 1] M BBIOTHEHBI OPDAHUYEHNS ¢ DABEHCTBAMU W HEPABEHCTBAMU.

Honycrumas napa (Z(+), u(+)) HA3BIBACTCH CAGGLM AOKAAOLHLM MUHUMYMOM B 3a1a9€
(Ps), ecatu cymecTByeT Takast okpecrnocts O B Z mapst (Z(+), u(+)), 9To mj1s 06oi 1o1ry-
crumoit mapsl (z(+),u(-)) € O BuimoaHeHO HepaBeHCTBO go(z(to), 2(t1)) > go(Z(to), T(t1)).

Jl1s1 cokpartenus sanucy nuie ¥ (¢) = (¢, Z(t), W(t)) 1 AHATOTHIHO ISl IPOU3BOL-
HBIX 110 T | U 9TOH BYHKIMH, Gie, = Gie,(T(t0),2(t1)), i = 0,1,...,m, j =0, 1.

B srom naparpade mbl OyjieM 1pejiioiararb, 4To orodpazkenue 1) HellpepbiBHO BMeCTe
CO CBOMMH YaCTHBIMH TIPOM3BOJHBIMU 110 & M U HA OTKPbITOM MHOXKecTBE B G C R X
R™ x R", comepxammmm touku { (¢,Z(t),u(t)) : t € [to,t1] }, a byskmum g;, 0 < i < m,
HernpepbiBHO juddepeHnupyeMbl B OKpecTHOCTH TouKu (Z (o), Z(t1)).

3.1.2. VYpasHeHuu Jdiinepa-Jlarpanxka

Monoxum L(t, z, &, u,p) = (p, t—1(t, z,u)), p € (R")*. Eciiu dpukcupoBanbl GyHKImu
Z(+), u(-) u dyukmua p(-) ma [ty,t;] co smagenuamu B (R")*, 11 COKpAICHES 3alHCH
mutieMm L(t) = (p(t),Z(t) — 1(t)) u aHATOTHIHO AJIsT TPOM3BOIHBIX 1O T, T U U (DYHKITHH

L.

Teopema 1 (HeoGxomumMble yeioBus ¢1a6oro JJOKAJILHOTO MUHAMYMA TIEPBOTO MOPSAIKA B
sagade (Ps)). Ecau napa (Z(-),u(:)) docmasasem caaboili A0KaAbHOIT MUHUMYM 6 3600%€
(P5), mo natidymes nenyaesoti eexmop X = (Ao, A1, - -, Am) € (R™)* u dhynryua p(-) €
CY([to, t1], (R™)*) maxue, wmo Ly(-) € C'([to, t1], R™) u 6vnoanaomes

' Z — nopmuposannoe npocrpancrso ¢ nopmoit [|(z(+), u(-)) ||z = 2l (jo,t],rm) + 1w et ta).87) -
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(@) yeaosue cmayuonapHocmu no :

d ~ ~ —~

— L) T Lo(t) =0 & p(t) = —p()da(t).

(b) yeaosus mpancsepcasvrocmu

Li(t;) = (— Z)\Zgzgj, j=0,1 & p(t Z)\lgzgj, j=0,1,

i=0
(c) yeaosue cmayuonapHocmu no u
L(t)=0 & p{t)fu(t) =0
(d) yeaosusn donoanaowed nescecmrocmu
Xigi(Z(to), Z(t1)) =0, i=1,....,m/,

(€) ycaosus HEOMPUYAMEALHOCTNU,

Yro0bl He yTAXKEJATH M3/JI0KEHUE, PACCMOTPUM 33/1a4y B IOCTAHOBKE, KOTOpas He
SIBJIsIeTCsT CTOJIB 00Imei Kak 3amava (Ps), HO BecbMa cofepzKaTesbHoil. JoKa3aTeabeTBo
00IIIero pe3y/abrara MoTpedyeT JUIIb HEKOTOPHIX TeXHUYECKUX YCJI0KHEHHH TPUBOTIMOTO
HUZKE JTOKA3ATETbCTBA.

Urak, mycth V: R X R" X R" - R*" n ¢g;: R® — R, 2 = 0,1,...,m. PaccmoTrpum
CJEJYIONTYIO 3a/1ady

go(z(t1)) = min, & =¢(t,z,u), x(ty) =x¢, ¢gi(z(t1))=0, i=1,....,m, (P
na npocrpanctse nap (x(-),u(-)) € C([to, t1], R™) x C([to, t1], R").

Teopema 2 (Heobxoaumbie yesioBHst c1a60ro JIOKAJILHOIO MEHEMYMA II€PBOTO MOPSIIKA B
samade (P2)). Ecau napa (Z(+),0(-)) docmasasem caaboldi A0KGADHOT MUHUMYM 6 3a0a4e
(PL), mo natidymes nenyaecoti eexmop X = (Ao, A1, - - s Am) € (R™)* u dhymnryua p(-) €
CY([to, t1], (R™)*) maxue, wmo Ly(-) € C*([to, t1], R™) u 6vnoanaomes

(CL) ycaosue CmMayuoOHapHOCINU no I:

—%Zi(t) + L) =0 < p(t) = —p(t)ha(t),

(b) ycaosua mpanceepcasvrocmu:

ZAng () & p(t) = Zkzgz ),
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(¢) yeaosue cmayuoHapHocmu no u:

~

L.t) =0 < p(t)iha(t) =0.

3amMeTuM, 9TO B COOTBETCTBHH C OOIIMM DE3YJBTATOM, CJIEJ0BAJIO OBl ele CKasaTh,
qT0 HAWeTCs TaKOi BeKTOD it = (U1, ..., M1y) € (R™)*, ato L;i(ty) = p(ty) = . Ho 310
yCJIOBHE MBI He HMHUIIEM, TaK KaK OHO He HeceT HMKAKOW HHMOPMAIMH, IIOCKOJIbKY (i HUA B
KaKue Jpyrue COOTHOIIeHUs He BXOAuT, u ecau A = 0, To p = 0, a Tem cambim 1 = 0.

JloKa3arebeTBY TeOpeMbl IPeIonLIeM OHy JeMMy o muddepeHnupyeMoil 3aBucu-
MocTH perenus auddepeHnuaabHOro ypaBHeHus: OT MapaMeTpa, TOKa3bBATh KOTOPYIO
3/eChb He Oy/1eM, HO OTMETHM, YT0 OHA eCTh HEIOCPEICTBEHHOe CJIeJICTBIE KJIACCHYeCKOI
TeopeMsl 0 HesaBHON dyukmuu (cm. [2], m. 2.3.4).

Huzke mjist cokpaneHus 3amicu GyJeM YacTo MUcaTh T BMecTo T(+), U BMecTo u(-) u

T. 1.

Jlemma 1. ITycmo (Z,1) € C*([to, t1], R™) x C([to, t1],R"), omobpascernue 1p: R x R™ x
R" — R™ ydosaemesopsaem 02060peHHbBIM BbIUE YCAOBUAM 2AG0KOCTU U GYHKUUSL T A6-
asemes pewenuem zadavu Kowu

T =y(t,x,u), x(t)) = o (1)

na ompesxe [to, t1].
Toeda natidemea maxas oxpecmuocmo V- C C([to, t1], R") dynxyuu u, wmo daz ao-
6020 u € V cywecmeyem eduncmeennoe pewenue (-, ro,u) = (-, u) 3adawu Kowu

=yt x,u), x(to) = o, (2)

onpedesennoe na scem ompeske [to, t1]. Hpu smom omobpascenue u — x(-, u), Kax omob-
pasicenue uz Ve C([tg, t1],R"), nenpepueno duddepenyupyemo na V u das ezo npo-
u3600n0T MO U 6 Mmouke U, Komopyr oboswawum T, u das awbozo v € C([to,t1],R")
Pynruyua h = T'v ydosaemsopaem na [ty, t1] duddepenyuanrvromy ypasrenuro

h=Pa(t)h+ Pu(t)o,  h(te) =0. (3)

Jlokasamenvemeo meopemv 2. Jlas napel (T,1) 1 0T00pazkeHust ¢ BBINOJIHEHbB YCJIOBHS
aemmbl 1. Tlyers V' — okpecTroCTh (DYHKIMK U U3 3TO# J1eMMbl. PaccMoTpuM CJie 1y oy 1o
9KCTPEMAJIBbHYIO 33129y OTHOCUTEIbHO IIePEMEHHOM u:

gO('r(thu)) — min? gl(x<t17u>) - 07 1= 17 oM, ucE V. (4)

Touka U jgocTaBiseT JIOKAJIbHBI MHHMMYM B 3TOH 3amade. [leificrBUTEILHO, ecId Ia-
pa (Z,u) sBjsgeTcs JIOKAJIbHBIM MHHEMYMOM B 3ajatde (P7), To, 0 oupejeIeHuio, cy-
wecrsyer rakas okpecrnoctb O C C([to, t1], R™) x C([to, 1], R") sroii napel, uro
go(z(t1)) > go(Z(t1)) mna Beex monycrumvbix nap (x,u) € O.

Tak kak orobpazkenue u +— x(-, ), OYEBHIHO, HENPEPBIBHO B TOYKE U W 110 YCJIOBHUIO

A~

x(-,u) = T, 1o Haiimerca okpectHocTh Vo C V ToukM U Takas, 4ro ecam u € Vp, TO

(x(,u),u) € O.
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[Tycrs rouka u € Vp gonycruma B 3amnade (4). Torma mapa (x(-,u),u) gomycruma B
sanade (P;) u npunamiexur O. Caenosarenbro, go(z(ty,u)) > go(Z(t1)) = go(z(t1,u)) u
3HAYUT, U — JOKAJIBHbI MIHEMYM B 3a1a4e (4).

Ecmu oboznaunts fi(u) = gi(x(ty,u)) u F = (f1, fa, oo f)? (cumrag, uro fo u F
IPOJIOJIZKEHBI TIPOM3BOIBHBIM 00PA30M 3a Hpeesibl V', TO TPUXOJAUM K 3a7ate

fo(u) = min, F(u) =0 (5)

ua C([to, t1], R"), koropas nmeer Bux 3a1aun (Py) u 1yist KOTOPOil U — JOKATbHBI MUHH-
MYM.

Oyukrmuu ¢g;, ¢+ = 0,1,...,m, HenpepbiBHO auddepeHnupyeMbl Kak CyIepIo3uIiuu
HernpepbiBHO auddeperiupyeMbix orobparxkenuii: u — x(-,u) — x(ty,u) — gi(z(t,u))
u nosromy crporo auddepennupyembl B Touke u(-) (cMm. caeacrsue 1 §1.2). Vemobus
caenctus 1 §3.1 BBIIOJHEHDI U CJI€I0BATEIHLHO, HAWAYTCA MHOXKHATEIU Jlarpamxka Ag > 0

u A= (A1,...,\n) € (R™)*, He paBHbIe OJHOBPEMEHHO HYJIIO, TAKUE, ITO
(D Aufi(@),v) =0
=0

st Beex v € C([to, 1], R"), uim paBHOCHIBHO (COTJIACHO T€OpeMe O CYIePIo3uIuu Tud-
dbepennmpyemMbix 0TO6parKeHuii)

O Agl(@()). @) () = (3 Ngl(@(t). ht)) = 0, (%

rae h = 7'v.
[Mycrs dyukmus p € C([tg, t1], (R™)*) asisterca pemenuem 3a1a4n Kotu

p=—piu(t), plt)=- Z Nigi(Z(th)). (7)

Takoe pellleHre CyIeCTBYeT W JINHCTBEHHO 110 TeopeMe O CyNIeCTBOBAHUSI DEIeHNs JIk-
neitnoro nuddepennmanproro ypapaenus. OTCona, B 4aCTHOCTH, CJIEJLYET, 9TO ZZ() €
C*([to, t1], R™).

IIycts v € C([to, t1], R"). Ucnonb3yst paserctso (6), Hadanbubie yeaosus B (3) u (7),
a sareM noxctasiss syecto h(-) u p(-) ux seipaxernns B (3) u (7), Gygem uMerh

0= (3 Mgl (B0)),h(t0) = ~(olts), hlen)) = = [ (0. bo) + (p(e). (1)

to

~ plio) A1) = — [ 00, 0

to

st Beex v € C([to, 1], R"). Bepst v = (quu)T, HOJIy9aeM, 9TO ftil \p(t)iz;u(t)]th =0mu

SHAYMT, p(t)izu(t) = 0 mas Beex t € [to, t1]. Bmecre ¢ (7) 910 q10Ka3bIBAET TEOPEMY. O
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§3.2. 3azmaua Jlarpan»ka BapualMOHHOIO MCYMCJIECHUS

3.2.1. IlocramoBka 3aga4n

IIycrb [to,t1] — KoHeuHBIl oTpe3oK, 3afanbl Gyukmuu fi: R X R" x R" — R, i =
0,1,...,m, norobpazkenne ¢: RxR"xR" — R" (nepemennnix t € R, x = (21,...,1,)T €
R”, u = (uy,...,u,)T € R") u dpynxmuu [;: R® x R* — R, i = 0,1,...,m nepemMeHnbx

&o m &1 Obo3HAUNM

Bi(m(-),u(-)):/t1fi(t,x(t),u(t))dt+li(:1:(t0),x(t1)), i=0,1,....m.

B mpocrpanctie Z = C([tg, t1], R™)x C([to, t1], R") orHOCHTE b HO Nepemennoit ((+), u(-))
Z paccMOTPHUM 3aJIady

Bo(z(+),u()) = min, & = p(t,z,u),
Bi(x(),u(-)) <0, 1<i<m/,
Bi(z(:),u(-)) =0, m'+1<i<m, (P)

KOTODas Ha3bIBaeTcs 3adauet Jlazpanotca 6apuayuontozo ucuucierus, (B NOHTPArHHCKOI
dbopwme).

Honycrumas napa (Z(+), u(+)) HABBIBALTCSA CAGOBIM AOKAABHOM MUHUMYMOM 6 3a0a%e
(Ps), ecnu cymecTByer Takasd okpectHoctb O B Z mapwl (Z(-),u(:)), uro ayra moboit
nomyctumoii mapst (z(+), u(+)) € O Bemonneno nepasenctso By(x(+), u(-)) > Bo(Z(-), u(+)).

CorytanieHns OTHOCUTEIBHO COKPAIIEHHBIX 00O3HAYEHUH AHAJOTUYHBI T€M, KOTOPbIE
ObLIN B TIpebILyIIeM naparpade.

Takzke Kak u B IpeJpLiyineM naparpade Mbl npejnosaraeM, uro dyukuuu f;, 0 <
i < m, u OTOOpazKeHHe  HENPEPHIBHBL BMECTE CO CBOUMHU YACTHBIMH MPOU3BOIHBIME
0 T ¥ U HA HEKOTOPOM OTKphITOM MHO)KecTBe G C R X R"™ X R”, comepKanmm TOIKH
{(t,z(t),u(t)) : t € [to,t1] }, a bynkmun [;, 0 < i < m, menpepoiBro nuddepeHnupyembl
B OKpecTHOCTH TOUKH (Z(to), Z(t1)).

3.2.2. VYpasHeHuu diinepa-Jlarpanxka

Monoxxum L(t, x, &, u, \,p) = > oo Nifi(t, z,u) + (p, & — @(t,z,u)), tne p € (R")* u
A= (Ao, A, e s Ay) € (RMTH*

Ecan dukcuposansr mapa (Z(-),u(-)), Bekrop A\ u dyukmus p = p(-) ua [to,t1] co
snauennsamu B (R")*, ro numenm L(t) = Yo )\iﬁ(t)—l— (p(t), Z(t)—B(t)) m ananormano pus
IPOU3BOIHBIX O X, © U U pyHKIUA L, ij = lig,(T(t0), 2(t1)), 1 = 0,1,...,m, j =0, 1.
Teopema 1 (Vpasuenus Ditrepa—/larpanka — HEOOXOIUMbIe YCIOBHsI CJIaGOr0 MUHU-
MyMa TepBoro nopsiika B 3agade (Fg)). Ecau (Z(+),u(:)) docmasasem caabwiii sokans-
noli murumym 6 sadaue (Ps), mo natidymea nenyaesoti eexmop X = (Ao, A1y ... Am) €
(R™ )y dymryua p(-) € CH[to, t1], (R™)*) marue, wmo Li(-) € C([to, t1], R") u soi-
NOAHANOMCA

(a) ycaosue CmMayuoOHaGpHoCIny, no I:

LT 4 L) =0 e pl) = —p()E(0) + ;Aiﬁxux
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(b) yeaosus mpanceepcarvrocmu:
Zgb(tj):(—l)jixi%, j=01 & p(t»:(—l)fi&l}j, j=0.1,
i=0 i=0
(¢) yeaosue ecmayuonaprocmu no u:
L) =0 & pO)E(0) — 3 AFult) = 0.
i=0

(d) YCA06UA dOTLO./LHﬂTOW@fZ HEMHCECTNKOCTNU.
)\ZBZ(ZE(),ﬂ()) = 0, 1= 1,...,m',
(6) Ycaoeus HEOMPUUATNEADHOCITIU.!

N>0, i=0,1,...m.

YpaBHeHUAMHU Dilstepa—J/larpan:ka 0OBIMHO HA3BIBAIOT YCJIOBUS CTAIMOHAPHOCTH TI0 X
u u.

[Mokazkem, 9T0 HEOOXOIUMBIE YCIOBUST MEHUMYMA B 3a1a4e (Fy) SBISIOTCS CIeICTBIEM
HEOOXOIMMBIX YCIOBHIA MUHUMYMa B 3ajgade (P5). JeiicTBuTebHO, COMOCTABIM 3ajade
(Ps) coienyiory o moCTaHOBKY

Yo(t1) — yo(to) + lo(x(to), z(t1)) — min,
&=t z,u), y=[f(tzu)=__fltzu), . . fmlzuv),
yi(t1) — vi(to) + Li(z(to), x(t1)) <0, 1<i<m/,
vi(t1) — vi(to) + Li(z(to), z(t1)) =0, m'+1<i<m. (F)

[ycrs 2(1) = (x(-),y()) € C([to, t1], R™™™ ). Pacemorpum dynkmuu g;: R x
R+ — R, ¢ = 0,1,...,m, nepemennnix ¢; = (§;,n;) € R* x R™™ j = 0,1, u
otobpazxkenue : R x R+ x R" — R+l pepemennwux t, 2 U u, ompejeaeHHbIe
bopmynamu: g;(Co, C1) = M — Moi + (€0, §1)5 1€ M = (Mjo; M1, - - - 777jm)T7 1=0,1,...,m,
J=0,1, m(t,z,u) = (e(t,z,u), f(t,x,u)). Torna sanaga (P;) npuobperaer Bu 331291
(Ps) ornocureanno nepemennoit (2(+),u(-)) € C([to, t1], R"™™ 1) x C([to, t1], R").

D/eMenTapHas MPOBepKa MOKA3bIBaeT, 9T0 ecar (Z(+),U(-)) — JOKATbHBIN MHHEMYM B
saase (Py), 10 napa. (3(),a(), vie 2(0) = (2(), 5()) 1 5(t) = £(t,7(8), A1), ¢ € [to, 1],
SIBJISIETCS] JIOKAJIBHBIM MEHUMYMOM B 3a1a4e ().

Cornacuo teopeme 1 §4.1, ecoim mapa (2(+), u(+)) mocrapiasger caabblii JOKATbHBIA MI-
HuMyM B 3agade (Pf), To maiiayTest merynesoit Bektop A = (Ao, A1, ..., Ay) € (R™T)* 1
bynkmusa p(-) € CH([to, t1], (R"T™+1)*) Takue, 9T0 BHIIOIHAIOTCS, B YACTHOCTH, YCJIOBUS
CTAITMOHAPHOCTH 110 2:

~

p(t) = —p(t)¢(t)

" yCJIOBUA TPaHCBEPCAJIbHOCTU:

p(t;) = (=1) Z)\z@gj, j=0,1
i=0
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Oynkuuio p(-) MoxHO npeacTasuTh B Buge p(-) = (p(+), ¢(+)) € (R™)* x (R™)*. Torna
YCJIOBHE CTAIHOHAPHOCTH 110 2 PABHOCHILHBIM 00PA30M 3aIIHCLIBACTCS TaK:

p(t) = —p(t)Pa(t) — q(t) fo(t) = —p(t)Pa(t) — Z qi(t) fia (),

rae q(t) = (qo(t), 1 (t), ..., qn(t)) u ¢(t) = 0, a ycaoBus TPaHCBEPCATHLHOCTH TaK

3

p(t;) = (=17 Alig,, j=01,  q(t;)=-X j=0,1.
=0

Taxkum obpasom, ¢(t) = —A u MBI cpa3y MoJaydaeM YCJIOBHS CTAIMOHAPHOCTH 1O T W
YCJIOBUSI TPAHCBEPCAIBHOCTH B TeopeMe 1. R
Yc10BHE CTAIMOHAPHOCTH 110 U B TeopeMe 1 cienyeT u3 cooTHomeHust p(t)iy,(t) = 0.
YeaoBus TOMOTHAIONEH HeXKeCTKOCTH M HEOTPHNATETHHOCTH BBITOTHSIIOTCS OU€BHTHBIM
obpazowm.
Heobxogumble ycaoBus MuHuMyMa B 3a1a4e (Fg) JoKa3aHbL.

§3.3. Kiaccuyeckme 3a1a9m BapuaIlMOHHOTO MCYUCJIECHUS

B 3Tom naparpade, B KauecTBe CJAEJACTBUS JOKA3aHHBIX BBIIIE PE3YALTATOB, Oy/IyT
IMOJIYYCHbI H€O6XO,ZLI/IMBI€ yCjaoBud MUHHMYMa B TpeEX 3aJadaX KJIaCCHUYECKOIr'0O BapHalll-
OHHOI'O HCUYHCJEHHS: B 3aja4e BoJblia, B IpocTeiilneil 3a/jade U B H30IePHMeTPUIECKOM
3aja4e. TpeboBaHHsT OTHOCUTEIBHO IVIAJKOCTH OTOOparKeHu i, BXOAAIMHUX B (DOPMYJIUPOB-
KU 3aJ1a9 He OTOBapHBaeM, TaK KaK OHHU Te Ke, 9To U B o0Imeit 3amade Jlarpam:xka.

3.3.1. 3agaua Boapna

[Tycrb [to, t1] — oTpe3ok wmcnoBoit mpsamoii, 3anana dyakmms L: R X R® x R — R
nepeMennbix ¢, x u & u pyuknud [ R® x R” — R nepemennnix & u &;. 3ajga4da

t1

B(x(.))—[ L(t, (), #(t)) dt + L(x(t), (t1)) — min (B)

to

ornocuTebHO nepementoit () € C([ty, t1], R") naswisaerca sadaueti Boavua.
CrangapTHbIM 06pa30M ompe/iesgercs (caabblil) JOKAJbHBI MEHIMYM B 9TOI 3a/1a1e.

Teopema 1 (HeoGxomumbie ycaosust ciaboro MurnMyMa B 3amade boabna). Feau T(-)
— caabuiti aokarvroit munumym 6 sadaue (B), mo Li(-) € CY([to,t1],R™), dan ecex
t € [to,t1] soinoaneno ypasnenue diaepa:

d ~ ~
ZLa(t) + Lo(t)

U Ycaosus mpaHceepCcaibHOCTIU.,

Li(tj) = (=1, j=0,1.
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Jlokasamenvcmeo. Tlepenmmmenm 3anaay (B) B dopme 3agaun Jlarpanxka (Fg)

t1
B(z(),u(-)) = / L(t,z(t),u(t)) dt + l(z(to), z(t1)) — min, z(t) = u(t). (1)
to
Jlerxo BumeTh, uTo ecam T(-) — caabbril JOKaJIbHBI MEHIMYM B 3aade (B), To mapa
(Z(+),u(+)), vme Z(t) = u(t), mocrapisier caabblil JOKATBHBIH MUHUMYM B 3aa4e (1).
Cormacuo Teopeme 1 §4.2 maifayTess MOOKUTEIbHOE YHCIO \g U byHKIHA p(-) €
C1([to, t1], (R™)*) Takme, 94TO BHIMOMHAIOTCS YCIOBHE CTAMOHAPHOCTH TIO '

~

p(t) = ML (t),
yCJIOBI/IH TpaHCBePCaJIbHOCTH:
p(t;) = (=1 Xlg;, j=0,1,
n yCJIOBI/Ie CTallMOHaPHOCTHU IIO U:
p(t) = AoLu(t) = NoLs(t).

Juddepennupys ypaBHeHHE B YCJIOBUU CTAIMOHAPHOCTH IO U U YUUTHIBasg YCJIOBUE
CTAIHOHAPHOCTH 1O T, MOJyYaeM, Jejsd Ha Ay, YpaBHeHHe Jiiiepa.
Yc10BUS TPAHCBEPCAIBLHOCTH CIEAYIOT U3 BBIIUCAHHBIX YCJIOBUil U TOTO, 4TO P(1;)

~

MoL;(t), 7=0,1. [
3.3.2. Ilpocreiimas 3aga4ya BApUANMNOHHOTO MCYUCIECHUS

[TIycrb [to, t1] — orpe3ok wmcoBoit mpsamoii, 3amana dbyakmus L: R x R® x R — R
HepeMeHHbIX ¢, £ U © u BeKTOphl x; € R”, ¢ = 0, 1. 3agada

J(z(+)) = / 1 L(t,z(t),2(t)) dt — min, x(t;) =z;, i=0,1, (Pr)

to

Ha3bIBAETCsl npocmeliued 3a0aveli (KAGCCURECK020) BAPUAUUOHHOZ0 UCHUCAEHUA.
A1y 3ajauy, Kak u 3ajady Bosbia, paccmarpusaem B npocrpancrse C([tg, t1], R™).

Teopema 2 (Heobxomumbie yciaoBust MunuMyMa B 3agade (Pr)). Ecau T(-) — caabwvii
n0xaavHolli munumym 6 sadave (Pr), mo Li(-) € CY([to, t1],R") u dan ecex t € [ty, 1]
BHINOANHENHO YpasHerue Diiepa

— 2 La() + Lo(t) = 0.

Jlokasamenvemso. Tlepenumem 3anaay (Pr) B dopme 3amaqu Jlarpamnka (FPp)

J(z(-),u()) = / 1 L(t,z(t),u(t)) dt — min, @(t) = u(t),

to

I(to) — Ty = 0, l’(tl) — T = 0. (2)

Jlerxo BuIeTD, 4TO ecm Z(-) — caabblil JOKAIBHBIN MIHEMYM B 3aj1a4e (Pr), To mapa
(Z(),u(+)), vme Z(t) = u(t), mocrapusier caabbIil JOKATHHBIH MUHUMYM B 3aja4e (2).
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Corytacao teopeme 1 §4.2 maiiayrcs, He pPaBHBIE OJIHOBPEMEHHO HYJIIO, UHUCIO Ao H
BekTophl A € (R™)* u p € (R™)*, a takxke Bekrop-pyukmus p(-) € C([to, t1], (R™)*)
TaKhe, YTO BBIOJHSIOTCS YCJIOBHAE CTAMOHAPHOCTH IO T

~

P(t) = AoLa(t),

yYCJoBUA TPpaHCBEPCAJIbHOCTU:

p(to) = A, p(t) = —u,

yciaoBue CTallMOHaAPHOCTH 11O U.

p(t) = XoLu(t) = AoLs(t)
U yCJOBHE HEOTPUIATEJHHOCTH: \g > 0.
BamernM, 910 A\g # 0, TaK KaK B IPOTUBHOM CJIydae U3 YCJIOBHUIl TPAHCBEPCATHHOCTH
U CTAIlMOHAPHOCTH IO U TocjaeaoBago Obl, uro A = p = 0. Temeps muddepennupys
ypaBHEHNE B YCJIOBHH CTAIMOHAPHOCTHU IO U W UCIOJIB3Ys YCJIOBHE CTAIHOHAPHOCTH IIO
x, MOJIydaeM, JeJisd Ha A, ypaBHeHue Dilaepa. YCA0BHS TPAHCBEPCAJIBLHOCTH B KAaIeCTBE
HEOOXOMMMBIX YCJIOBUN HE THUIEM, TaK KaK OHHM HE HECYT HUKAKOH mH(OpMaIuu. O

3.3.3. U3omepumerpmyeckad 3aJada

[Tycrb [to, t1] — orpe3ok duciaoBoil npsamoii, 3agaubl Gynknus f;: R x R” x R" — R,
1 = 0,1,...,m, nepeMennnix t, x u &, Bektopbl z; € R" ¢ = 0,1, u yncna o; € R,
i=1,...,m. 3amaua

J(SB('))=/tlfo(t,x(t),ﬂ'f(t))dt%min, /tlfi(t,ﬂf(t),i(t))dt:ai,

i=1,....m, x(t) =x9, z(t1)=2z1 (I2)

HA3LIBACTCA U30NepumMempuyueckoti sadayer.
D1y 3ama4y TakkKe paccmarpubaeM B mpocrpanctee Cl([tg, t1], R™).
Monoxum L(t,z, &, X) = > o Nifi(t, @), vae A = (Ao, A1y -0\ Am).

Teopema 3 (Heobxommmvbie yciaosust MuanMyMa B 3agade (Iz)). Ecau Z(-) — caabuid
A0KaALHT Murumym 6 3adaue (Iz), mo natidemca makol nernyae6ol Habop MHOMCUME-
et Jazparoca X = (Mo, A, - -, Am), wmo Lg(-) € C'([to, 1], R™) u das scex t € [to, 1]
BUNOANHEHO Ypasrerue Diiepa

Jlorasamenvcmeo. Ilepenmmmem 3amaay (Iz) B dopme 3amaqan (Fp)
t1
J(z(-),u()) = / fo(t,z(t),u(t)) dt — min, & =u,
to

/tt1 filt,z(t),u(t))dt —o; =0, i=1,...,m,
x(to) — Ty = 0, l’(tl) — T = 0. (3)
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feno, wro ecom Z(-) — cnabplii JoKajabHBI MuHEMYM B 3azade ([z), To mapa
(Z(+),u(+)), vme Z(t) = u(t), mocrapisier caabbIil JOKATHHBIH MUHUMYM B 3a1a4e (3).

Cormracao teopeme 1 §4.2 HajinyTcs, He paBHBIE OJHOBPEMEHHO HYJIIO, THCIO0 Ay > 0
i BEKTOPBL A = (A1, ..., Ap) € (R™)*, p € (R")* u v € (R™)*, a TakxKe BeKTOP-DYHKITHS
p(-) € CY([to, t1], (R™)*) Takme, 9TO BBIMOJIHAIOTCS YCJIOBUE CTAIIMOHAPHOCTH TIO T

=0
yCJIOBI/IH TpaHCBEPCaJIbHOCTH:

p(to) = i, p(t) = —v,

M yCJIOBHE CTalUMOHAPHOCTH IIO U:
=0

Huddepennupys ypasuenne B ycioBUI CTAIMOHAPHOCTH 110 U U UCHOJIB3Ys YCJIOBUE
CTAIIMOHAPHOCTH 1O x, mosydaeM (yauTeiBasi, 9to fi,(t) = fi:(t)), ypaBuenue Diinepa.
Yci10BHS TPAHCBEPCAJIBLHOCTU B KauecTBe HEOOXOJMMbIX YCJIOBUN HE HUIIIEeM, TaK KaK OHU
HEenH(MOPMATHUBHBI. O

§3.4. 3amada onTUMAJBHOTO YITPABJIEHUS

3.4.1. TlocramoBka 3aga4n

[Tycro [to, t1] — Koneunslit orpesok, U — memycroe noamuoxkectso R”, 3ajganbr GbyHK-
mun fi: RXR"XR" — R, i=0,1,...,m, u orobpakenne ¢: RxR" xR" — R" nepemen-
ueix t € R, = (z1,...,2,)7 € R, u= (uy,...,u,)" € R") upynknuu [;: R" xR" — R,
1 =20,1,...,m nepemenubix & u &;.

O6o3uaunm uepes PC/([tg,t1],R") cOBOKYIHOCTb KYyCOYHO-HEMPEPHIBHBIX (hYHKIIHIA,
a wepes PC([to, t1], R™) COBOKYIHOCTb BCEX KyCOYHO-HETPEPHIBHO AU(DMDEPEHIIPYEMBIX
dbyuKIwit (T. e. HeIPePBIBHBIX (DYHKINI, Y KOTOPHIX IIPOU3BO/HASI KYCOYHO HEIPEPHIBHA)
Ha [to, t1] co 3nauennsamu coorsercrBenHo B R™ u R™.

ITycrs Bi(z(-),u(+)), i =0,1,...,m, obo3navawr Toxke, yTo u B 1. 4.2.1. B mpocrpan-
cree Z1 = PC([tg, t1], R™) x PC([tg,t1], R") ornocuTensno nepemennoit (z(-),u(:)) € Z;
PACCMOTPUM 33729y

Bo(xz(:),u(-)) = min, &= p(t,x,u), u(t)eU,
Bi(x(-),u(-)) <0, 1<i<m/,
Bi(x(-),u(:)) =0, m'+1<i<m, (P)

npudem paBeHcTBO Z(t) = @(t, 2(t),u(t)) u Braoyenue u(t) € U KOMKHBI BBIIOTHITHCS
It Beex t € [to, 1], ae dyHkms u(-) HeNMpepbIBHA.
Bamaua (P;) HaspiBaeTcs 3adaveds onmumasvrozo ynpasierus. llepemennyio z(-) da-
cTo Ha3bIBAIOT BazoBoii mepeMeHHoi, u(-) — ynpasieruem, napy (Z(-), u(-)) — mpomeccom.
Honycrumbiit nponece (Z(+), u(+)) HABBIBACTCS ONMUMAEALHbM NPOYECCOM WU CUAD-
nom Munumymom B 3amade (P;), ecau cymecrByer takasg okpectHocth O byHKIUH
z(-) B C([ty,t1],R™), uro mas mroboro momycrumoro mporecca (z(-),u(+)), Jast KOTOPO-

~

ro z(-) € O, BoimosHeHo HepaBeHCTBO By (z(-), u(-)) > Bo(Z(-), u(-)).
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3.4.2. Ilpmanun makcumyMma llonTparuma

Monoxum H(t, x,u, A, p) = (p, p(t,z,u)) — >0 o Nifi(t, x,u) (Pynkyua Howmpazuna
sagaun (Pr)), tie A = (Ao, A, .. -5 Aw) € (R™H* u p € (R™)*,

Ecau dbukcuposana napa (Z(-),u(-)), To niasg dbyHknuit u orobpazkeHuil Ha T0ii mape
MOJTB3YeMCsl TeMH 7Ke COKPAIeHHBIMI 0003HaueHuAMH, 9TO U B 3aja4e Jlarpanzxa, Ecm
ere pukcuposana Gyuknus p = p(-) Ha [tg, t1] co 3navenuamu B (R™)*, o nmumem H (t) =
(p(t), o(t)) — >, Aifi(t) I AHAJIOrMMHO [Ist IPOU3BOLHOM 10 2 9Tofl (pYHKIIH.

B sTom maparpade MbI mpeamoaaraeM, 9To CyMIECTBYeT TAKOE OTKPLITOE MHOMXKECTBO
G C R x R", comepxarnee Touku { (t,z(t)) : t € [to,t1] }, uro bynknuu f;, 0 < i < m,
n 0TOOparkeHue (Y HENPEPBIBHBI BMECTE CO CBOeil 4acTHO# Tpou3BOAHON 1mo x Ha V X
U, a dynknuu [;, 0 < ¢ < m, HenpepbIBHO AuddepennupyeMbl B OKPECTHOCTH TOYKHU

(Z(to), Z(t1))-

Teopema 1 (ITpuniun makcumyma [ToHTpsrnEa — HEOOXOAMMBIE YCIOBHS CHIBHOTO MH-

HUMYyMa [epBOro nopgaaka B 3ajgade (Pr)). Ecau (Z(-),u()) — onmumasvnudd npoyecc 6
zadaue (Pr), mo natidymea nenyaecoti eexmop X = (Mo, A1, .-y Am) € (R™H* 4 dhymx-
yus p(-) € PC([to, t1], (R™)*) maxue, wmo swuinoanaomes

(CL) ycaosue CmMayuoOHapHoOCINy no I.

~

() = —Ho(t) & plt) = —p(O)@a() + D Nifialt),
i=0
(b) yeaosua mpanceepcarvHoCmu:
p<tj) = (_1)] Z)\iz\ifja j = Oa 17
i=0

(c) yeaosue marcumyma no u oaa ecex t € [to, t1], ede dynryua u(-) nenpepwena:

max H(t, 2(t),u, \, p(t)) = H(t,Z(t),a(t), \, p(t)),

uelU
(d) ycaosusa donoansowet nescecmrocmu:
ANBi(Z(),u(-) =0, i=1,...,m/,

(6) YCNo6UA HEOMPUYATNEADHOCTIVU.,

U3-3a crnenududeckoro yeaosus (¢) HeoOXOAUMbBIE YCIOBHsI B 3a7a9e ONTUMAIBHOTO
yIpaBJIeHus: OOBIYHO Ha3bIBaIOT “IIpunuyunom maxcumyma IHonwmpazuna”.

JlokazareibCTBO HPUHIUIA MAKCHMyMa, IIPOBEAEM JJIsi 3a/a49d, aHAJOIMIHON MO
crpykType 3anade (P2).
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Nrak, nyctb o: R X R" x R" — R", g;: R" - R, ¢+ =0,1,...,m, u U — nenycroe
noaMHOXKecTBO R”. Pacemorpum cieaytomniyro 3amaqy

go(x(t1)) = min, &= p(t,z,u), u(t) €U, z(ty) = zo,
gi(z(t1)) =0, i=1,....,m, (P})

Ha npocrpanctse nap (z(-),u(-)) € PC([to, t1], R™) x PC([ty, 1], R").
B mannowm cayuae H(t,z,u,p) = (p, p(t, x,u)).

Teopema 2 (HeoGxoaumble yeaoBust CIIIBHOTO MEHEMYMA B 331a4e (Pr)). Ecau (Z(+), u(+))
— onmumasohul npouecc 6 3adave (Pr), mo walidymea wenyreoli sexmop A =
Aoy Ay Am) € (R™H* w dynnyua p(-) € PC([to, t1], (R™)*) makue, wmo ewvinoa-
HANOMCA

(a) yeaosue cmayuonapHocmu no :

(b) ycaosua mpanceepcarvrocmu:
p(h) = =Y Ngi(@(t)),
=0

(¢) yeaosue marcumyma no u oas ecex t € [ty, t1], ede pynryua u(-) nenpepuena:

wma H (1, 5(0), u,p(t)) = H(t.5(1), 7(1), p(t)).

OcHoBaHus JijIs TOTO, YTOObI HE IIMCATH €NIE YCJIOBUE YCJIOBUE TPAHCBEPCAJIBHOCTH B
TOYKE t( Te ¥Ke, 9TO U B COOTBETCTBYIOINIEi 3a/a4ue Jlarpanxka.

Hepeﬂ HEIMOCpeJCTBEHHBIM JOKa3aTEeJIbCTBOM TEOPEMbBI IIpUBEJIEM HEKOTOPbIC OIlpeae-
JeHus 1 chOPMYTHPYEM OJHO YTBEPXK/IEHHeE,

Ilycrs u(-) € PC([to, t1], R"), 7 — Touka nenpepsiBrocta u(-) v € U. Hyst Beex av > 0
TaKWX, ITO U(-) HEMpepBIBHA HA OTpe3Ke [T —a«, 7] onpeaennm dyukmnuio u3 PC([tg, t1], R")
o bopmyJie
u(t), ecom t¢ [T —a,T);

u(t,a;T,0) = {

KOTOPYIO HA3BIBAIOT U204b4amol eapuaruel dbyukuuu U(+), a napy (7,v) — uzoakod. [pu
a = 0 urosbuaTas BapHalus COBIaIaeT ¢ u(-).

[TonsATHEe NTOIBYATOI BApUAIN €CTECTBEHHBIM 00Pa30M PACIIPOCTPAHSICTCH HA KOHEY-
Hblil HAGOp urosiok. Ilycrs k € N u Ny, — coBokynrocTs nap (urosok) (7;,v;) € [to, t1]x U,
1<i<krraety<m <...<Tp <ty 4 TOUKHA T; CYTh TOYKH HempepsiBHOCTH U(+). st
Kaxa0ro @ = (v, ..., a;)" € RE rakoro, uro orpesku [1; — a;, 73], 1 <@ < k, ne nepece-
KAlOTCsl 1 Ha HUX U(-) HempepbiBHA, oupegenanm dbyuximo u3 PC([ty, t1], R") mo dopmyae

v, ecin t € [T —a,T),

u(t), ecmm t¢ U [1i—ay,m);

U5, eciu t €[ —a;,mi), 1 <i <k,

u(t,a; Ny,) = {

KOTOpast TAKKe Ha3BIBAETCS u2oavuamoti sapuayued U(-), a nHabop Nj Ha3bIBaeTCSA naxe-
MOM U20A0%K.
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Jlemma 1 (o makere urosiok). ITyemo (Z(-),a(-)) € PC([to, t1], R™) x PC([to, t1],R"), U
— nenycmoe nodmmoscecmso R”, omobpascenue p: R X R™ x R™ — R"™ ydosaemeopsem
YCAOBUAM 2AA0KOCINU, 02060PEHHBIM GblLE, G PYHKUUA T(+) ABAALTNCA PeUeHuem 3a0a4u
Kowu

T = @(tv Jf,a(t)), :L‘(to) = Zo (1)

na ompesxe [to, t1].

Ecau k € N u N = {(7,v;), 1 < i <k} — naxem uzoaok, mo natidemca makas
okpecmuocmo nyan 6 RE, wmo daa mobozo @ = (o, ..., a,)" € RY, npunadaescauyezo
amotl oxpecmmuocmu, cywecmseyem edurncmeennoe pewenue (-, a; Ni) sadavu Kowu

&= @(t,z,u(t,a;Ny)), xz(ty) = zo, (2)

onpedesennoe Ha 6cem ompeske [to, t1].

Aasa mobozo t € [tg, t1] omobpascernue @ — x(t, @; Ni) moorcem Goimo npodoasiceno
do nenpepviero duddepenuupyemozo omobpadcenus 8 HeKOMOPOT OKPECTHOCU HYAA 6
R¥. Yacmmuaa npoussodnas no o, 1 < i < k, 6 ny.ae 2mo20 omobpascenus, Komopyio
0003Ha"UM T, () = To,(t, 0; Ny, ydosaemeopaem wa [1;,t1] ypasrenuro

Toi(t) = Pa(t)a, (1), 2o, (T:) = (7, T(7:), 01) — (73, T(73), u(7:)). (3)

Jlokasamenvecmeo meopemn 2. Ilyets (Z(+),u(-)) — onTuMaabHBIH Tporecc B 3ajade
(P2, k € N, N, = {(m,v:), 1 < i < k} — naker urosok u u(-,@; Ny) — coorBet-
CTBYIOIAsi UroJibuarast Bapualus yupasjienus: u(-). CorjiacHO JieMMe O HaKere UIOJIOK
Haiiercss Takas okpecrHocTh Hyas V B RF, uwro mas moboro o € V N ]R’_‘; CyIIECTBYET
eauHcTBeHHOE petenne (-, @; N) 3anaan Kommn (2).

ITycts Vy C V' — OKpecTHOCTH HyJs, Ha KOTOpOii oroGpaxkenme o +— x(t, a@;Ny)
HenpepbiBHO guddepennupyemo. PaccMOTprM CIeAYVIONYIO SKCTPEMATBHYIO 3a1a9y OT-
HOCUTEJILHO LIEPEMEHHOA o

go(z(t,@; Ny)) —» min, —a; <0, i=1,... k,
gi(x(ty, aNR) =0, i=1,....,m, a=(ay...,o)" €Vy. (4)

Touka @ = 0 jmocraBisier JOKAJIbHBIIT MUHEMYM B 3TOi 3aa4e. [IpoBepka sroro dax-
Ta, (baKTHIECKH, TaKasl XKe, KaK U JJId 3a/a4u Jlarpanzxka (CM. T0Ka3aTeJbCTBO TOTO, YTO
U — JIOKAJIbHBIH MUHUMYM B 3ajade (4) §4.1).

Bagaga (4) mveer Bug sagaun (Ps), tne X = RE, fo(@) = go(z(ty, a; Ny)), fi(@) =
—a;,i=1,....k g=(91,-,9m) u F(@) = g(x(t1,a;N})) (cnosa, nis dbopmanbHOro
coorBercTBust 3a1a4ue (P3) cantaem, 9o Bee DyHKINH, KakK DYHKIUA &, TPOJIOJIZKEHBI 3a
npeesbl Vg, HAIpuMep, HYJIeM).

Orobpaxkenue F', HenmpepbIBHO AuddepeHnupyeMbl KaK CyHepHO3UIUA HEeIPEPHIBHO
maddepernupyempix orobpaxkenuit: @ — x(ty, a; Ni) — g(x(t1, @; Ny)) 1 mostomy crpo-
ro auddepennupyemsbr B mye (cMm. caegcrsue 1 §1.2). Takum obpaszom, ycaoBusi Teo-
pembl 2 §3.2 BBIMOJTHEHBI W CJIE0BATE/HHO, HalayTCs MHOXKuTenn Jlarpanxa A\g > 0,
= (pr,. .. ) € (RE) S p>0m A= (A,...,\n) € (R™)*, He paBHBIE OJHOBPEMEHHO
HYJIIO, TAKHE, 9TO

(Mfo(0),@) — (u,@) + (A, F'(0)@) = 0 (5)
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st Beex a € R¥.
Tak kak p > 0, To (u, @) > 0 ana @ € RE. Vanresag s1o, nomywaem u3 (5) mo
TeopeMe O cyneprno3uruu auddepeHnupyeMbix 0ToOpaXKeHuit, 4To

m k
<Z )\]gg(/‘f(t1>)7 Z Loy (tl)al> > 07 Va= (ala s 7ak)T S Ri? (6)
=0 i=1
e, HAOMHEM, Ty, (t1) = X, (t1,0;N;), @ = 1,... k. Cornacuo (3) gacTHas 1pOU3BOJI-

Hasl T, (+) 3aBUCHT TOJBKO OT MIOJKHU (T;,V;), TAK 9TO OyJIeM TaKKe IHCATh T, (1) =
Loy (t, O7 Ti, Ui)7 te [TZ’, tl]

Ormernm, 4to coornormenue (6) cupaseaiuso s joboro k € N u mo6oro makera
urosiok Ny ¢ HeKOTOpbIM HabopoM MHOKHUTe aMHE Jlarpanxka A(Ny) = (Mg, A1, ..., Am),
upuideM A(Ny) # 0, HOCKOJIBKY, B IPOTHBHOM Caydae, u3 (5) mocae0BaIo Obl, 4TO U i =
0. Jasiee cuuraem, uro |A(N3)| = 1. Hama Gaukaiimas nejib — 1nokasarb cylecrBoBaHue
Takoro Habopa A = (Ao, A\, ..., Am), |A| = 1, uro coornomenne (6) Gyaer BHIIOJHATHCS C
3TUM A\ 1 JIIOOBIM HaKeToM Urosok Nj.

s makera uroniok N, obosnaunm depe3 A(N}) MHOKECTBO BCEX TAKHX BEKTOPOB
AWNE), [AN%)| = 1, koropsie yaosaersopsitor (6). dcuo, uro A(Nj) — 3aMKHYTOE MOJ-
MHOKECTBO KOMIIAKTa — enHnaHoil cceprl B (R™1)*, Tlokazkem, uTo cemeiicTo A Beex
TaKUX TOJMHOYXKECTB 00pa3yer IMeHTPUPOBAHHYIO CUCTEMY.

IMycrs A(Ny,), 1 < j < s, — npomsso/ibHOe KoHEUHOE MHOZKeCTBO d1emenToB A. TIpo-
BepuM, 910 M5_; A(Ny,) # 0. Tlomoxmm N; = US_ N, (1. e. N} — obbepurenne Hroyiok
u3 makeToB N, 1 < j <5, u | — 4ucao seMeHToB B 910M 06beunennn). Hexoropeie
TOYKH T; MOTYT COBHAJATL M 1I03TOMY N, BOOOIIE rOBOps, He ABISETCA MAKETOM HIO-
JIOK 1O Hanremy onpegenenuto. [ocrymum caepyromum obpaszom. ConocTaBuM Kaskmoii
TOYKe T; TOUKY T;e = T; + i€, vae € > 0. Torma st 70CTaTOYHO MaJIbIX £ Oy/jeM UMeTh
ty < Tie < ... < T <ty H, O4EBUIHO, T;c — T; Ipu € — 0.

Jas kazkaoro Takoro € Habop uromok Ny = {(7ic,v;), 1 < @ < 1} yxe aBager-
Cd MAKeTOM HIOJOK B HAIlleM CMBICJe WU, CJIEJOBATEIbHO, s HErO CIPABEIJIHBO CO-
oruomenne (6) ¢ mexkoropsiM A(Nje)), [A(Nye))| = 1. B cuiy Teopembl 0 Henpepbis-

HOW 3aBucUMOCTH peltenus JudOepeHnuanibHOor0 ypaBHEeHUS OT HAYAJIbHBIX JIAHHBIX
To, (t1,0; Tie, v) = T, (t1,0;7,v;) mpu € — 0 (em. (3)). 3 coobpazkenuii KOMIaKTHO-
CTH MOXKHO CHHTaTh, 9T0 A(Nj()) TakzxKe cxomurcs K HeKoTopomy A(N;), [A(NV))| = 1, mpu
e — 0 u TakuM obpasom, coorHoterue (6) cupasenmuso s zHabopa N; ¢ A(N)).

ITycrp 1 < j < 5. lostokuB B 31oM cooTHomiennu o; = 0 Jyist T€X WHJIEKCOB ¢, JIJIsi
KOTOPBIX (73, v;) He nmpumaiexnt zabopy N, norydnm, uro A(N;) € A(Ny,) u tem
cambim A(N;) € N3 A(NG;).

Urak, coBOKymHOCTH MHOXKeCTB A 06pa3yer MeHTPUPOBAHHYIO CHCTEMY ¥ 3HATHT,
CODJIACHO JIeMMe O HEeHTPHpPOBAaHHOU cucTeme (cm. jemmy 1 §1.1) cymecrByer A\ =
(Aos ALy -+ Am), JUIST KOTOPOTO CHIpaBeiuBo cooTHorenue (6) npu awobom k € N u Jo-
6om nabope Nj. B wacraocru, g awodoro nabopa Ny = {(7,v)}, tae (1,v) € (to,t1) X U
i T — TOYKa HempepoiBHOCTH U(-), 13 (6) caeayer npn o = 1 HepaBEHCTBO

<Z Aig5(x(t)), za(ty, 07, v)) = 0. (7)
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[Tycrb p(-) — pemenne 3anaan Kou st iuaeitnoro quddepenimagbHoro ypaBHeHnst
p=-pP:(t), plt) == Ngi(E(h)). (8)
j=0

Ucnonpsysa mepaserctso (7), HadambHble yenosusa B (3) u (8), a 3aTeM mojcTap/sa
BMecto h(-) u p(-) ux BbIparkenus: u3 coornomenuii (3) u (8), Oysem umern

Zm] ). zalt)) = —(p(t), zalt)) = — / (), 2al®)) + (p(E),alt))) dt
o) 5a(r)) = —{plr). 7)) = (B (. 3(0). ) — 7, AT )

Orcioma caeayer, aro H(7,Z(7),v,p(7)) < H(1,Z(7),u(T),p(T)) Mg Beex ToOUYeK
nenpepbiBaocT 7 dyukmun Uu(-) m v € U. Bmecre ¢ (8) 9T0 m0Ka3bIBACT BCE yTBED-
KIIeHUSI TeOPEMBI. [

§3.5. HeobxomuMmbie M JOCTATOYHBIE YCJIOBUA SKCTPEMYMAa BTO-
poOro mnopgjaka AJid OpocTeiineil 3a/la4 BapUAIMOHHOI'O
NCYUCJIEHUS

31ech uaeT pednb O MPOoCTeiteil 3a/1a1e BapUaIMOHHOTO NCIUC/IeHNUsI, KOTopasi chop-
MyJIIPOBaHa B §4.3 U KOTOpasi, HAIOMHUM, UMEET BH/]

t1

J(z(+)) = / L(t,z(t),2(t)) dt — min, z(t;)) ==z;, i=0,1. (Pr)
to

Panau npocrorsl 3anucu 6yeM mpeanoaarars, 910 n = 1, 7. e. z(-) — obbrunas byHKIus.

B 9TOM ci1yuae IpoCTPaHCTBA HENPEPHIBHBIX, HEMTPEPBIBHO MU dEpeHIupyeMbIX, KyCOIHO

HEIIPEPBIBHBIX M KYCOUHO HEMpepbiBHO AuddepeniupyeMbrx GbyHKIHA Ha OTpesKe [to, t1]

oboznauaem coorsercreenno C([to, t1]), C ([to, t1]), PC([to, t1]) u PC([to, t1])-

Kpome Toro, nosoxum C§([te,t1]) = {h(-) € C([to,t1]) : h(to) = h(t1) = 0} u
PGCy([to, t1]) = { 1) € PC([to, t1]) = h(to) = h(t:) =0},

ITycrs dbukcnposana dynkuusa z(-) € C([tg,t1]). B s3rom maparpadge MbI mpeamno-
naraem, 910 GyHKIHUs L HempepbiBHA BMECTe CO CBOUMH BTODBIMH YACTHBIMHU TPOU3-
BOJHBIMM 110 T M I Ha HEKOTOPOM OTKpbITOM MHOkKecTBe G C R3, comep:KamuM TOIKH
{ (8, 2(t), 2(t)) : t € [to, 1] }-

J17151 BTOPBIX 9aCTHBIX IIPOU3BOJHBIX (AHATOIMMHO TOMY, KAK 9TO OBLIO CIENAHO 1
NEPBBIX NPON3BOAHBIX) HCIONb3yeM O0O3HACHH: Lss(t) = Lya(t, (1), (1)), Lia(t) =
L. (t,2(1), /x\(t)) u Lm( ) = Ly (t,Z(t), Z(t)). B cuy yeaoBuit na L cipaBemso paBen-
180 Ly(t) = Lya(t).

3.5.1. Heobxoaumbie yc/I0BUs SKCTPEMYMAa BTOPOTO IIOPSIKA

Oynkunn (1) € C([to,t1]) u xaxnoit dynkmuu h(-) € PCL([to,t1]) conocrapum
BBIDAZKCHHE

QEO) = [ (Laal®(0) + 2LeaHORE) + Lo lP(0) .

to
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KOTOpast, O4EeBUJIHO, sIB/IsgeTcs KBaapaTudnoil opmoit na PCY([to, t1]).
Ham monaqo6uTest 0/InH TeXHUUECKUil pe3ysibrat, KOTOpbIi npuBeeM 6e3 J0Ka3aTe ib-
crBa (cm. [2], m. 1.4.3).

JIemma 1 (0 CKpYIJIEHUH YIJIOB).

inf{ Q@())(h(-))  h() € PCy([to, ta]) } = inf{ Q@(-))(A()) : A(-) € Cy([to, ta]) }. (1)

Teopema 1 (Kpagparuaubie ycaoBust Muaumyma 1ist 3agaqau (Pr)). Ecau Z(-) — caabuid
AOKGAOHOL Murumym 6 3adaue (Pr), mo das ecex t € [to,11] swnoaneno ypasHenue
dinepa

L)+ L) =
p (t) + L.(t) =0

u das scex h(-) € PCy([to, t1]) cnpasedauso nepasencmeo

Qz(-))(n(-)) = 0. (2)

Jloxazameavcmeo. YcaoBust 310l TeOpeMbl, 0Y€BH/IHO, TAPAHTUPYIOT BBIIOJHEHHE YCJIO-
BHIl TEOpeMbl 0 HEOOXOJMMBIX YCIOBHSIX MHHUMYMAa MEPBOTO HOpsaka s 3agadan (Pr)
(cM. Teopemy 2 §4.3) w TTOSTOMY CIIpaBeIMBO ypaBHeHue Diliepa.

JokazkeM BTOpoe yTBepzKaeHne TeopeMbl. [lyers caagana h = h(-) € Cj([to,t1]). Io-
noxum x(-, a; h) = Z(-)+ah(-), tne a € R. Scno, aro z(-, a; h) € C([tg, t1]), z(t;, ; h) =
x;, i =0, 1. Jlag gocratogno Masbix 1o MoayJtio a muoxkectso {(t,z(t, a; h), &(t, a5 h)) :
t € [to,t1]}, oueBnano, npunagnexkur G u TeM cambiM GyHKIUA x(-, a; h) momycruma B
sanave (Pr).

Tak kKak Z(-) — crabblii JTOKAIBHBIH MEHUMYM B 3a7a4e (Pr), 10 npu (hUKCHPOBAHHOM
h = h(-) byskmua a — f(a) = J(z(,a;h(-))) B HyIe nMeeT JOKAIbHBII MHHEMYM,
Kak (DYHKIHs OJHOTO HepeMeHHoro. Ke npousBojHas B CULy TEOPEMbI O CYLEPIIO3UIUK
auddepernupyeMbix DYHKINE UMeeT BUI

f(a) = / (Lot 7(8) + ah(t), 5(2) + ah(t))t)

to

+ Ly(t, 2(t) + ah(t), 2(t) + ah(t))h(t)) dt.

Kak X0pomio M3BeCTHO, HEOOXOAUMBIM YCJOBHEM MUHMMYMa BTOPOTO HOPSIKA I
dbyuKIMH onHOro mepemennoro « — J(a;h(-)) gBisercs HeOTPHUIATENBHOCTH €€ BTO-
poii mpousBogHO# B Hyse. HemocpeacTBenubie BhrumcseHust mokassiBaot, aro f(0) =
Q(Z())(h(-)) u snauur, mia seex dyuknuit h(-) € C}([to,t1]) cupasemiuBo Hepasen-
crBo (2). B cuny jsemmbl 1 5T0 HepaBeHCTBO chpaBeinnBo u st GyHkuuii h(-) €

PC{([to, t1])- O

JanbHeiiee B 9TOM IIYHKTE CBSI3aHO ¢ IPOBEPKOIT cOOTHOMEHN (2), PABHOCHIBHOTO,
09eBHIHO, TOMY, uTo byHkIwmst h(-) = 0 mocrapisier rrobaJbHBI MEHIMYM B 3a/a9e

Q@@(-))(h())) = min,  h(-) € PCy([to, t1]). (3)

B cuny ogsopoguoctu dyuknnonana h(-) — Q(z(+))(h(:)) bynkuus /f;() = 0 saBsercs
II00AJIBHBIM MEHHEMYMOM (IIPOBEPBTE 9TO). 3HAKOOMPE/IEJCHHOCTH 9TOTO (DYHKIMOHAIA,
HAIPSAMYIO CBsI3aHA € BOIPOCOM CYNIECTBOBAHUS HETPUBUAJIBLHOIO TJ106AIbHOTO MUHUMY-
Ma B 331aue (3).
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IIpenoxxenune 1 ([Tpuanun makcumyma s 3agaau (3)). Eeau dynxyus ﬁ() ABNA-
emcs 2406aav1vM Murumymom sadawu (3), mo natidemesa gynkyus p(-) € PC([to, t1])
MK, 4mo

P(t) = 20 (Dh(2) + 2L (1)R(1), (4)

mM@@u—@Mwﬁ—2ggmﬁu»:pwao—iﬂmﬁ@yaﬁmaﬁ@Mﬂ (5)

u€R

6 moukax t, 2de dyrryus E() HENPEPLIGHA.

Jlokasamenvemeso. Pacemorpum 3agady (3) Kak 3a/1a4y ONTHMATBHOTO yIIPABICHUSI

/ " a0 (6) + 2Ean)u(th(1) + Tea (O)H2(6)) i — i,

to

h=u, weR, h(t)=0, h(ty)=0. (6)

Ecin ﬁ() — ee pelenne, TO mapa (ﬁ(), u(+)), toe u(-) = ﬁ(), SBJISIETCS CUTHHBIM MUHU-
mymoMm B 3ajade (6). Torma coracno reopeme 1 §4.3 maiiayres qucaa Ag > 0, Aj, A9, He
paBHble ojiHOBpeMenHo Hymo, u ynknus p(-) € PCY([ty,t;]) Takue, 4ro crnpaseiuBo
COOTHOIIIEHUE, KOTOPOE MOJIy9aeTcsl U3 ypaBHeHus: (4), yMHOKEHUEM ero IpaBoil 4acTu Ha
Ao 4 J106aBJIeHHeM KpaeBbIX yeaoBwil: p(tg) = A1, p(t1) = —Ag U COOTHOIIEHHE, KOTOPOE
nosyuaercsd u3 (5) YMHOXKEHHEM Ha \g BTOPOTO M TPEThero CJIaraeMbiX CIpaBa U CJIeBa
10/ 3HAKOM MaKCHMYMa.

Ho X\p # 0, Tak Kak B MPOTHBHOM cJiydae, u3 (4) nociaenoBano 6bl, 910 p(+) — KOH-
craHTa, a u3 (5) — 9YTO 3Ta KOHCTAHTA HyJeBas. Torma W3 KpaeBbIX YCJIOBHI MOIYYnM,
910 A\ = Ao = 0, T. e. Bce MHOXKHTe U Jlarpam:ka Hysesble. Ciie10BaTe/IbHO, MOYKHO
CYNTATh, IYTO A\g = 1 M TeM caMbIM IpeII0KeHHe 1 JT0Ka3aHo. O

ITon 3nakoM Makcumyma B (5) cTouT riajikas byHKIHs M0 u, KoTopas B Touke h(t),

rie t — TOYKa HempepbIBHOCTH h(-), JTOCTHraeT CBOEr0 MAKCHMYMa M T€M CAMbIM ee IIPo-
N3BOJIHAA B 3TOI TOYKE PABHACTCH HYJIIO:

p(t) = 2Las(D)h(2) + 2Laa(1)R(2). (7)

Orciona u (4) caemyer, 9To ecu /f;() ecThb perrenne (r100agbHBIT MUHHMYM) 33189 (3),

10 h(-) HeoBXOIIMO yaoBICTBOpSIeT (UTs Beex ¢ € [to, t1], rie dynkmus h(-) nenpepbibua)
CJIEJLYIONIEMY Y PABHEHUTO

d r~ . ~ . . .
= 2 [Las®h(t) + Lia(Oh(t)] + L,

KOTOpOe Ha3biBaeTCs ypasheruem kobu 3amaun (Pr).

Beenem tenepns mekoTopbie omnpenesnenus. [lycts Z(-) — axempemans 3amaqau (Pr),
T. e. T(+) yIOBJIETBOpSIeT ypaBHEHHIO Diijepa JJist 9TOM 3a1a9u.
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(1) Tosopsit, uro Ha dbyHKIUN T(-) BBIIOJHEHO ycaosue Jlescandpa, ecan Em(t) >0
st Beex t € [tg, t1] m ycuaennoe ycaosue Jleocandpa, ecnm L (t) > 0 past Beex
t € [to, ta]-

(2) Ilycte ma Z(-) BuImoOsIHEHO ycuaenHoe yeiosue Jlexanapa. Touka 7 € (tg, 1] Ha3bI-
BACTCH CONPANACEHHOT MOKOT K TOUKE to, €CJIH CYIIECTBYET HeTPHBUAIBHOE DeIe-
uue h(-) € C}([to,t1]) ypasuenus “xobu rakoe, aro h(ty) = h(r) = 0.

(3) T'osopst, uro Ha dynkmun Z(+) BRIIOJHEHO yeaosue Hrobu, ecau B uarepsae (to,t)
HET TOYEK, COMPSIZKEHHBIX ¢ Ty U ycunernnoe ycaosue Skobu, eCiu B MOJTyHHTEPBAJIE
(to,t1] HET TOYEK, COMPSIZKEHHBIX ¢ to.

Teopema 2 (Heobxomumoe yeaosue Jlexannpa). Eeau Z(-) — caabvili Aokasvonvil Mu-
numym 6 3adave (Pr), mo ewnoaneno ycaosue Jleocandpa.

Jlokasamenvemeo. VI3 kBajgpaTudubix yeaopuit MuaumMyMa, (cM. Teopemy 1) ciejyer, 4To
Q(z(+))(h(-)) = 0 pus moboro h(-) € PC}([to, t1]) n snaunr, bynknua h(-) = 0 sBrgercs
pemenneM 3a1a4n (3). Torga cormacHo npeioKeHuto 1 st 370l (hYHKITUN BBHITIOJHAETCS
coorrorenue (5), KOTOpoe B JAHHOM CJIydae O3HA4aeT, 9To NPU KaxkaoM t € [to, t1] DyHK-
st u — p(t)u— Eﬂ(t)uQ Ha R mocruraer makcumyma B Hyse. CireoBaTesbHO, ee epBast
IPOU3BO/IHAS paBHA HYJO, T. €. p(-) = 0, a BTOpas IPOU3BOJHAS HEMOJIOKUTEIbHA, WK
PABHOCHIIBHO, Lz (t) > 0 s Beex ¢ € [to, t1]. O

Jist manbHeHIIX pacCMOTPEHUH TOHAMOOUTCS CJIeyIomas KOHCTpyKius. Ilycrsb
dynxnus z(-) € C’l([to,tl]) aBJgeTcss pemrenneM ypasuenus lkobu (8). ITosoxxmm
y() = Las(-) () + Lo (-)a(-). Cormacuo (8) s1o muddepennupyemasn pynkmus u j(-) =
Liw(1)i () + Lya(-)x(-). Hycrs Bomonneno yemnennoe yeaosue Jlexamupa. Toraa sbpa-
Kasl 4(-) U3 NepBOro COOTHOINEHHs, a 3aTeM MOJICTABJIsIsA €r0 BO BTOPOE, MOJYIAeM, YTO
napa (z(-),y(+)) gBIsieTcs pereHneM CIeAyIoNeil CuCTeMbl THHEHHBIX YPABHEHHH

(9)

BepHo, oveBnIiHO, 1 0OpaTHOE, eCJIn mapa ,y( — pemenne cucrembr (9), 1o x(-) —
pemterne ypapnenusi Slkobu (8).
ITockobKy cucrema (9) aumeiina, TO i JIOOBIX HAYATIBHBIX YCJIOBHH OHA HMEET

eJIMHCTBEHHOE DEIIeHNe, OPEeIeIeHHOe Ha BCeM oTpesKe [to, t1].

Teopema 3 (Heobxomumoe yeiosue Akobu). Ecau T(-) — caabvili A0KaAHOLT MUHUMYM
6 3adave (Pr) u ewnoaneno ycusernoe ycaosue Jleowcandpa, mo sunosneno ycrosue SHxo-
bu.

Joxazamervcmeo. Noxaseisaem ot npornsuoro. Hycrs 7 € (to, t1) u h(:) € Ci([to, t1])
— HeTpUBHAJIbHOE pellieHne ypaBHenns fkobu Taxoe, uro h(7) = 0. TTomoxnm
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WNurerpupysd mo gacrsm, OyjiemM uMeTh

Qe - [ (meﬂw T (RO + zm@)m) i

OTcrona, Tak Kax h(-) yIoBIeTBopsgeT ypaBHeHno SIKOOH, TIoIydaeM, 9To Q(’x\())(ﬁ()) =
0. VI3 kBaapaTHuHbIX yeaoBuit MunnMyMa (M. Teopemy 1) caemyer, ato Q(Z(+))(h(-)) >0
ng moboro h(-) € PCY([to, t1]) u Tem cambim h(-) sengercsa pemmenuem 3aga4n (3). Torna,
KaK yzKe OBLTIO OTMeHeHO BBINTE, 3Ta (GYHKIHA JOIKHA YA0BIeTBOPATD ypaBHeHHIo fkobu
(8) (B Tex ToUKAX t, TyIe MPOU3BOIAHAS E() HenpepbiBHa). [ToKakeM, 9T0 370 HEBO3ZMOKHO.

JleficTBuTenno, 3 ypasuenns dxobu (8) caeayer, uto dynkmus ¢(-) = Laa(-)h(-) +
Li2(-)h(-) neupepbisua. Tasee, ¢ onHoi CTOPOHDI, h(t) = h(t) = 0 qua t € (1, t1] u
nostomy ¢(7+0) = 0. C apyroit, ¢(7—0) = Lz (7)h(7—0) = Lz (7)h(7). 3amerinv Teneps,
9TO E(T) # 0, u60 B NPOTUBHOM CJiy4ae byukIus E() YJIOBJIETBOpsiia Obl ypaBHEHHUIO
gIxobu ¢ nagatpabMHE yeaosuayu h(7) = h(7) = 0. Ho Torma mapa (z(-),y(+)), tae x(-) =
B(-) u y(-) = Liz(-)h(-) + Lag(-)h(-), Gbina 661 pemennenm cucrempr (9) ¢ HAYaJIbHBIMA
yenosusmu x(7) = y(7) = 0 u 3HaunT, B cuity eamuctBennoctn z(-) = h(-) = 0, 4ro
110 IPEIIOJIOKEHHIO He TaK. [Tockoiabky Lgi;(7) > 0 BCiaeacTBue TOro, 4ro BbIIOJHEHO
yeunenuoe ycaosue Jlexxanapa, 1o (7 — 0) # 0 u 3Haunt, GyHknus ¢(-) paspbiBHA B
touke 7. [Tosydernnoe mpoTuBopedne JI0Ka3bIBAET TEOPEMY. O

3.5.2. locraTrouHble yCJAOBHUA IKCTPEMYyMa BTOPOTrO MOpAIKA

Teopema 4 ([IoctaTounbie yeaoBust ¢1a00r0 MUHUMYMa B 3a1a4e (Pr) B TepMUHAX KBa/I-
parugnoit opmst). [Tyems T(-) — donyemuman dynryua 6 3adawe (Pr). Toeda, ecau
Z(+) daa wancdozo t € [ty, t1] ydosaemsopaem ypasneruro lisepa

d ~
—L;(t)+ L.(t) =
SLat) + L(t) =0

u cywecmeyem makoe o > 0, wmo daa ecex h(-) € Ci([to, t1]) cnpasedauso nepasencmeo

t

/ ! (Eii(t)hz(t) + 2L () R(E) () + Em(t)hQ(t)> dt > / 1 P2 (t)dt, (10

to to

mo Z(-) docmasasem caabvili aoKasbHOM MuRUMYM 6 3adave (Pr).

Aorasamenvcmeso. [lokazxeMm cHavaIa, ITO CYIIECTBYeT Takasd KOHCTaHTa ¢ > 0, 94To i
mo6oit byaxunu h(-) € C([tg, t1]), mas xkoropoit h(ty) = 0, cpaBeTMBO HEPABEHCTBO

t

%/tl(fLQ(t)+2\h(t)h(t)\ + B3 (1)) dt < c/

to to

1 h2(t) dt. (11)
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JleficTBUTE/IbHO, UCHOJIB3YS HepaBeHCTBO Komu—-bByHsakoBCKOro, OyjieM uMeThb s

moboro t € [to, ]
t
/ h(t)dr| <
to

h(t)] = _/WMMwsVE?%(Afm@ﬁyﬂ.

to

CretoBaTeIbHO,

/1112( Vdt < (t1 — to) max [BE)P < (t — to)? /1h2(t)dt.

tO te[to tl] tO

Tak Kak, ouenugno, |h(t)h(t)] < (h2(t) + h2(t))/2, To

% /t:l(f'ﬂ(t) + 2|h(t)R(t)| + B3 (t)) dt < /:(h?(t) + h3(t)) dt
< (14 (b —t0)?) /tl B2t dt = c/tl B2 (t) dt.

ITycTs Teneps € > 0 Taxoso, uTo ¢ < a. HeTpyauo NpoBepuTS, YTO CyIECTBYET TAKOe
dp > 0, aro xkomnakt K = { (t,z, ) : |v — Z(t)| + | — Z(t)| < do, t € [to,t1] } upuname-
&Kot G. Oyukiun L (t,x, %), Ly (t, , &) w Ly, (t,z, ) paBHOMEPHO HENpPepLIBHBEI Ha K.
Crenosarenpno naiinerca 0 < § = d(e) < dy/2 Takoe, 410

|Li¢(t,$1,[ﬁ1) — Lg‘gg’g(t7$2,ft2)| <eg, |Lix(t>$1ai1) - Lix(t>$27i2)| <g,
|sz(t,$1,i’1) — me(t,ZEQ,ig)‘ < € (12)

st (¢, @y, @) € K, 4= 1,2, 175 KOTOPBIX |21 — T2| < 0 u |1 — &o| < 0.

ITycrs dbynknua z(-) gomycrnma B 3agade (Pr) u ||2(-) —Z(-)|[ o1 (jo,0)) < 0. Homomxmm
h(-) = z(-)=Z(-) (rorma h(-) € CL([to, t1])). s Beex t € [to, t1] Touxu (¢, F(t)+h(t), T(t)+
h(t)) npunasiexar K u rem cambim G. ITo dopmyne Teitropa

L(t, B(t) + h(t), 2(t) + h(t)) = L(t) + Lo(t)h(t) + L (t)h(t) + ( 2(t,2(1)
+ Oh(t), T(t) 4+ Oh(t))R2(t) + 2L43 (8, B(t) + Oh(t), Z(t) + Oh(t))h(t)h(t)
+ Ly (8, 2(t) + 0h(1), 2(t) + 0h(t))R°(¢)), (13)

rae 0 =0(t) € (0,1).

O6o3naunym gepe3 ¢(t) BoIpazkeHne Mo 3HaKOM nHTerpaa cjaesa B (10). IIpuGasum u
BeraTeM Besnauny (1/2)q(t) u3 npasoit wactu paserncrsa (13). Torma B cuity cooTHOIEHM
(12), 6yaem nmethb

L(t, Z(t) + h(t), Z(t) + h(t)) — L(t) > Lo(t)h(t) + Ly (t)h(t)
1

+ 5at) = S0 + 2RORO)] + 2(0))
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Vurerpupyst 310 COOTHONIEHUE, 3aTEM MHTErPUPYS HEPBOE CJAraeMoe CIIpaBa 110 YacTsaM
u ucnosb3ys onenku (10) u (11), nosryunm

s -z [ (- / u(r)dr + Lalo)) o)

to

t1 t1
+ g/ W2(t)dt — == | R2(t)dt
2 Jy 2 Ji

ITepBoe caraemoe cipasa 3/1eCh PABHO HYJIIO B CHJIY TOTO, 9TO Z(-) YIOBIETBOPSET yPaB-
rernnio Dittepa. CyMMa OCTATBHBIX CIaraeMbIX HEOTPHIATEIBHA B CHIY BbIOOpa €. Takum
obpazom, J(z(-)) > J(Z(-)) ama Beex momycTuMeIX z(-) Takux, 9T0 |[2(-) —Z(-)|| o1 (jt0,01]) <
0 u 3Ha4nT, T(-) — Ccaabblil JOKAIBHBI MUHIMYM B 33ja4e (Pr). O

Teopema 5 (locrarodnsie ycjoBus cJgaboro MEHEMYMa B IpOCTeifiieil 3a1ade B Tep-
muHax yesosuit Jlexanapa u dkobu). Iycms unwmezpanm L nenpepween emecme co
CEOUMU HACTIHBMY NPOUSEOONBMU 00 MPEMBE20 NOPAIKG BKAIOUUMEALHO WA OMKPLL-
mom mnoocecmee G C R3, donycmuman 6 zadave (Pr) dymwxyus T(-) maxosa, wmo
z(-) € C*([to, t1]), T(-) ydosaemsopaem ypasnenuto Jdaepa u na T(-) 6LNOANENVL YCUNCH-
nue yeaosua Jleocandpa u Srkobu. Toeda T(-) docmasasem caabolli AOKAALHOITE MUNUMYM
6 sadave (Pr).

Jloxasamenvcmeo. TlokazkeMm, 9TO B yCJIOBUSX TEOPEMbI ClpaBeninBo HepaBeHcTBo (10).
Torma u3 TeopeMbl O JOCTATOYHBIX YCJAOBUSAX B TEPMHHAX KBaJAPATUIHONU (POPMBI, OUe-
BHJIHO, OYJIeT C/Ie0BaTh yTBePXK/IeHHe JAHHON TeOpeMbl. R

O6oznaunm st KpaTkocT A(-) = Lii(+), B(:) = Lix(:), C(-) = L(-) 1 g0KaxKeM,
qT0O t

Q(h() = / (A1) + 2B0(OR(E) + CORD) di > 0
to
as Beex h(-) € Co([to, t1]).

[Iycrs (x(-),y(+)) — pemenne (9) ¢ ycaoBusmu: z(tg) = 0, y(tp) = 1. fdcno, uro
x(-) # 0, y(-) # 0 m u3 mepBoro ypaBHeHus cjaenyer, 410 &(ty) = E;; (to) > 0. Kax yxe
OBLTIO OTMedeHO panee, x(-) sBsercd pemenneM ypasuenust SIko6u (cum. (8)). [okaxkew,
4To crupaseuBa HopMyIIa

" : (t) i
Q) = [ aw (it - T o)) . (14
to :U(t>

3aMeTHM, UTO BEJIHYIHHA CIPABA UMEET CMBIC, TTOCKOIBKY B CHJIY YCHICHHOTO YCJIOBHS
Axobu byukuus x(-) He obpaimaercs B HOITb Ha (o, 1], a oTHOMmEeHWe h(t)/x(t) cTpemuTCs
K KOHeYHOMY npeseny npu t — o (corstacuo npasuiy Jlonurass).
O6ozuaunm depes [ (h(-)) marerpan cupasa B (14). Mmeem
(1) (1)

I(h()) = /tl (A(t)iﬂ(t) — 2A(t) =2 h(t)h(t) +A(t)—h2(t)) dt.

z(t) z*(t)
[IpounTerpupyemM Mo 4acTsiM BO BTOPOM CJIaraeMOM. DTO BO3MOMKHO B CHJIY TOTO, UTO
dbyukmus A(-)z(-)/z(-) muddepennupyema na (to,t;]. lelictBurensno, dbyuxmun z(-)
yJIOBJIETBOPsieT ypaBHEeHWIO f1KOOU, KOTOpPOEe B HOBBIX 0D03HAYEHUSIX MMEET BU/I
d

-= [A()x(t) + B(t)z(t)] + B(t)z(t) + C(t)z(t) = 0. (15)
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Bripazkenune B KBajgpaTHbIX CKOOKax jnuddepennupyemo, a nockoabky dynkmusa B(-)z(-)
Takzke guddepeniupyeMa B cuay ycaopuii reopemsbl, To 1 byukiuus A(-)i(-) muddepen-
nupyema. Creposarensuo, dyukius A(-)z(-)/z(-) mubdepennupyema ua (to,t;]. Uraxk,
110CJIe HHTEIPUPOBAHUA 110 YACTSIM II0JIy JaeM

I(h()) = /: (A(t)h2<t) + (% (A(t)%) +A(t)§zg;) h?(t)) dt.

[Tpeobpasyem Boipazenue nepes h2(t), nuddepennupys nepsoe cjaaraeMoe, Kak OTHOIIE-
Hue 1ByX yHKuii, 3aTeM ncnonb3yst ypasuenne (15) u dbopmyny anddepernupoBanus
npou3sBesieHust GYHKIWHA (MITPUX, KAK U TOYKA, OOO3HAYAET MPOU3BOIHYIO 110 1)

(A2l — 2(DAWI) 1) (AWDi)
200 A T

_ (Bl + BOHO + Ct) _ o

o) '

[Toxcrasisist TOTy9eHHOE B MPEIbIAYIEe PABEHCTBO U HHTETPUPYST IO TACTIM, TTPUXOIAM

I(h()) = / 1 (A@#R() ~ B @) + Cm ) d

to

8

_ /tl (A2 + 2B@AOA(E) + COR)) dt,

to

KOTOPOE O3HAYAET, YTO BHINOJHEHO paseHcTBO (14) m Tem cambim Q(h(-)) > 0 ma
Co ([to, ta])-

[Tokaxkem Temnepn, aro orcioga ciepyer (10). s mroboro 0 < a < mingep, ] A(t)
dbyukmus A, (-) = A(+) — « nonoxurTenbHa Ha [to, t1]. s TAKAX (v PACCMOTPHM CHCTEMY
(9) ¢ samenoit A(-) = Liz(+) na Ag (). Iyetb (24(-), ya(-)) — €€ pelenne ¢ HAMATBHBIME
yernoBuAMI: T4 (tg) = 0, ya(to) = 1. Tak xak A,(to) < A(tp), TO U3 MEPBOTO ypaBHEHUS
9TOM cucTeMbl HOJLydaeM, 4To T4(ty) = A7l (ty) > A71(ty) > 0. Orcrona Jierko ciesy-
er cymecTBoBanne Takoro € > 0, 910 x,(t) > 0 anst t € (fo, €] u BCex yKazaHHBIX .
I[To Teopeme 0 HENPEPHIBHOI 3aBUCUMOCTH pernenust andepeHuaIbHOr0 yPaBHEHHsT OT
IapaMeTpoB MoaydaeM, uto o (-) — z(-) mpu a — 0 B C([to, t1]). Pynknus z(-) mo-
soxkuTesNbHA Ha (o, t1], MOCKOJIBKY OHA He OOPAIAeTCsi B HOJIb HA ITOM MPOMEXKYTKE, a
ee HPOU3BOJIHAN B HYyJIE MOJIOXKUTEIbHA. Torma /st J0CTaTouHo Majibix a > 0 dyHKIun
Zo(+) OyayT mOMOKUTENBHBI HA [€, 1] 1 3HAUNT, HA (t), t;]. PUKCHpYEM TaKoe & U TPOBOJISI
Te JKe PACCYKJEHHUs, 9TO U BhIIIe ¢ 3aMeHOil x(+) Ha T4 (+), moaydaem, 9To

Qu(h() = [ (a0 + 2BOIONE + D)t > 0

to

s Beex h(-) € Ca([to, t1]). Cnenoarennsmo,

t1

Q(h(-)) :Qa(h(.))Jroz/tl h2(t) dt > a/ h2(t) dt,

to to

T. €. CIpaBe i IuBo HepaBeHCTBO (10), 4To, Kak GbLIO OTMEYEHO BhIIIe, JOKA3BIBAET TeOpe-
MY. O
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