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1. BBEJIEHUE

Boinykuibiit anajim3 — pasjiesl MaTeMaTUKH, B KOTOPOM HM3Y4al0TCs
BBIITYKJIbIE€ MHOXKE€CTBa, BbIIIYKJIbIC beHK]_[I/II/I " BBIIIYKJIbIE€ 9KCTPEMaJIb-
Hble 3a/lauu. BuInyKJ/Iblil aHa/iu3 uMeeT BechbMa Pa3HOO0pa3Hble MPH-
JIOZKEHNA B TEXHUKE U 9KOHOMUKE. MHOFI/Ie HOPpUJIOZKEHUA CBA3aHbBI C
3aJladaM ONITUMHU3AIlUN, KOTOPbhI€ TTPU HAJUYUU BBIMYKJJIOCTH MOTYT
pemrarnses 60J1ee IpoCTo.

2. BBINIYKJIBIE MHOYKECTBA
[Iycts X — smueitnoe npocrpancTso. Ecim x,y € X, T0 MHO)KEeCTBO
[z,yl={zeX:z=1—-a)z+ay, 0<a<1}

HA3BIBAETCS] OTPE3KOM (COETUHSIIONINM TOYKA T U Y).

HemycToe MHOKeCTBO A HA3BIBAETCH BLIMYKJBIM, €CJIH I JTIOOBIX
r,y € A [z,y] € A. Tlycroe MHOKECTBO CYMTAETCS BBIIYKJIBIM 110
ONPEICTICHUIO.

[Iycts 24, ...,2, € X. Touka

(1) x:Zajxj, a; >0, Zajzl,
j=1 j=1

Ha3bIBAETCsI BBIMYKJ/IO KOMOWHAIMEH TOYEK T1,. .., Ty.

Ipenmoxkenne 1. Ecau A — sunykioe mMHoxHcecmeo, mo A100a:4 6vi-
NYKAGA KOMOUHAUUA MOYEK T1, . .., Ty € A npunadasescum A.

Jokxazameavcmeo. JloKa3aTenbCcTBO MPOBEJAEM HHAYKIHEH M0 YUCTy
touek. [Ipu n = 1 yrBepkienue ouesuHo. [Ipejiioioxkum, 410 yrBep-
JKJIeHHe BepHO Jijisd JII0OO# BBINYK/IOM KOMOUHAIMU U3 He OoJiee, deM

n — 1 Touek. Ilycrs mmeercs touka z Buga (1). Ecim «; = 1, To
r=x1 € A Ecm oy < 1, nojoxkum
~ Q; .
ozj:—J, j=2,...,n.
1— (0%}

B cuny Toro, aro

n
E Oéj = 1,
Jj=2

n3 MnpeamnoJjozKenund MHAYKIUNU BbITEKa€T, 9TO

n
5 = Z&jxj c A.
j=2

Torna u3 Buimyksoctn A ciaepyer, 4To
T = Zajxj =z + (1 — ) Z ——z; = + (1 — )T € A

. — 11—
J=1 Jj=2

g



4 K. FO. OCUITEHKO

Brimykmoii o6o104ukoit co A muOokecTBa A C X HA3BIBAETCS MHOZKE-
CTBO BCEX BBIMYKJIBIX KOMOWHAIUI €ro Touek

n
c0A = xEX:x:Zajxj:xl,...,xneA, a; >0,
=1

iOéj:]., n €N
j=1

Cpean Bcex BBITYKJIBIX MHOYKECTB, COJIEPZKAIINX JaHHOE MHOYKECTBO
A C X, cymecTByeT HauMeHbIIee, T.e. TO, KOTOPOE COIEPXKUTCS B JIFO-
OOM BBIIYKJIOM MHOXKeCTBe, cojgepxKaimem A. [lefictBuresibHo, cemeii-
CTBO BCEX BBIMYKJIBIX MHOKECTB, cojiepzkammx A, He mycTo (B HEro BXo-
auT, HanpuMep, Bce npoctpancTBo X ). Ilepecedenue Bcex MHOMKECTB
9TOTO cemMelicTBa GyJeT BHIMYKJIBIM (T.K. TepecevdeHne JTr60ro cemeii-
CTBA BBIIIYKJIBIX MHOXKECTB — BBIILYKJIO), cofep:KamuM A 0 HanuMeHb-
M. JIoKaxKeM, 9TO 3TO MHOKECTBO COBIAJIAeT ¢ co A.

IMpennoxkenne 2. Mruootcecmeo co A AGAAEMCA HAUMEHDUUM GBINYK-
ABLM MHOHCECTNBOM, codepocausum A.

Zoxazameavcmeo. U3 npejpioxkenusi 1 BhITEKaeT, YTO €CJIM HEKOTOPOE
BBIIIYKJIOE MHOYKECTBO COJEP’KUT A, TO OHO CONEPIKUT JIFOOYIO BBITYK-
JIyI0 KomMOuHanuio tovyek u3 A, a 3uHauut, ono comepxkur co A. Cie-
JIOBATEJIbHO, IEPeCevYeHne BCEX BBIIMYKJ/IBIX MHOXKECTB COAEPXKUT CO A.
Ocraock moka3aTh 9T0 €O A BBIIYKJIO, B 9TOM CJIydae OHO COBIIAJET
¢ ImepeceveHneM BCeX BBIMYKJIBIX MHOXKeCTB, comepzkarux A. Pacemor-
PUM JBe IPOMU3BOIbHBIE TOUKH CO A

n m
xr = E OéjZL‘j, E 5;’%-
7=1 j=1

s moboro « € [0, 1] umeem

n

(1—a)x+ay = Z(l — a)ajz; + Zaﬁjyj.

j=1 j=1

Tax kakx
n m
E (1—-a)a; + E afj=1—-a)+a=1,
i=1 i=1
TO MbI HOJIYYU/IA BBITYKIYI0 KOMOUHAIIMIO TOUEK L1, - - -y Ly, Y1y - - - 5 Y,
KOTOpasl IPUHAJIEZKUT CO A. O

CaencrBue 1. Muoscecmeo A asasaemces SbnykAbM 6 MOM U MOALKO
6 mom cayuae, ecau A = co A.

IIpennoxkenune 3. Ecau A u B — vnykavie mHodcecmea, mo
co(AUB)={rzeX:z=(1—-a)at+ab:a€ A, be B, a€l0,1]}.
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Jokasameavcmeo. VI3 onpenenenus BHIMYKIOH OOOJOYKH BBHITEKAET,
uaro (1 — a)a+ ab € co(AU B) anga seex a € A, b € Bu a € [0,1].
[Iycrs x € co(AU B). Toraa

n m
=Y ai+ Y By,
j=1 j=1
e Ti,..,Xn €A, Y1, . Ym € By, .,0, >0, 61,...,08,>0m

Z Q; + Z Bj = 1.
j=1 j=1
[Tonoxxum
m
j=1

[Tpeaosoxkum, uro 0 < a < 1. Torya x = (1 — a)a + ab, rue
n m

a{. .

j J
a= xj, b= — ;.
1—a”’ a”’

B cuny Toro, aro

m
E & _ § & -1
— - Y
— 1 -« o
Jj=1 Jj=1
a € A,ab e B. Tlpu a = 1 wmm a = 0 MOXKHO HENoCpeJICTBEHHO
yOeIuThCsI, YTO CIPABEJIUBO TO YKe MpeJ/iCTaBIeHue. U

[Toamuozkectso Y C X nHazbiBaercs: adPUHHBIM TOITPOCTPAHCTBOM
X, ecmu g 006X , Yy € Y Touka (1—a)r+ay € Y npu Beex o € R.
Addunnoit komOMHALIKEH TOYEK T1, ..., T, HA3BIBAETCS TOYKA

n n
(2) x:Zajxj, Zajzl, ag, ..., o, €R.
=1 j=1

ITpenmoxxenue 4. Ecau Y — addunnoe nodnpocmparcmeo, mo ao-
baa apdurnas KOMOUHAUUA MOYER L1, ..., Ty € Y npunadsescum Y .

Jokazamenvcmeo. JlokazaTeqbCTBO TPOBEIEM WHAYKIIHEH M0 YUCTY
touek. [Ipu n = 1 yrBepxienne oueuino. [Ipesiiosoxkum, 4ro yrep-
JKJIeHHe BepHO Jijis JII0OO# BBINYK/IOM KOMOMHAIMU U3 He OoJiee, deM
n—1 rouek. [Tycrb nmeercst touka x Buga (2) un > 1. Cpean aq, . . ., oy
HAliIeTCsT OTJIMIHOE OT enHuIbl. Be3 orpanmvenust OOIMTHOCTH MOYKHO
cauTaTh, 4ro (1 # 1. Ilomoxum

~ Q;

o

j j=2,...,n.

1—0&1,

n
E oy = 17
=2

B cuny Toro, uto
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U3 IpearnoJIOozKEeHud NHAYKINUU BbITEKAET, 9TO

n
T = g a;r; €Y.
Jj=2
Torma u3 Toro, uro Y addurHOE MOANTPOCTPAHCTBO CJAEAYET, ITO

r = Zajxj =+ (1 —ap)T €Y.
=1

O

MuoxkecTBo Beex addUHHBIX KOMOWHAIMA TOYEK M3 MHOXKecTBa A
HaspiBaerca adpdunnoit odbonoukoii aff A muoxkecrsa A

n n
aff A = xGX:x:Zajxj:xl,...,xneA, Zozjzl, neN
j=1 j=1
Cpean Bcex apDUHHBIX MOAITPOCTPAHCTB, COAEPKAIINX JAHHOE MHO-
kectBo A C X, cymecTByer HaMMeHbIIee, T.e. TO, KOTOPOe COAEPAKUTCH
B J1I000M apGUHHOM MOANPOCTPAHCTBE, cogepxkamiem A. JeiicTBurein-
HO, ceMeiicTBO Bcex aPUHHBIX MOAIPOCTPAHCTB, CoAepzKaIux A, He
mycTo (B HEr0 BXOJAUT, HAIPUMED, Bee mpocTpancTBo X ). Ilepecedenne
BCEeX MHOKECTB 9TOr0 ceMeiicTBa O6yaeT apUHHBIM MOITPOCTPAHCTBOM
(T.K. mepecederue T060r0 cemeiicrBa adGUHHBIX MOAMTPOCTPAHCTE —
addUHHOE TOAIPOCTPAHCTRO), copepKamuM A u HauMenbum. J{oka-
JKeM, 4TO 9TO MHOXKeCTBO coBuajaer ¢ aff A.

IIpennoxkeuue 5. Mnoowcecmeo aff A asasemces naumenvuwum agh-
Punnvim nodnpocmparcmeom, codeporcausum A.

Zoxazameavcmeo. U3 npepioxkenusi 4 BhITEKaeT, YTO €CJIM HEKOTOPOE
adpunHOE NOANPOCTPAHCTBO COAEPKUT A, TO OHO COLEPKUT JHOOYIO
adpduHHYI0 KOMOMHAIMIO TOYeK U3 A, a 3HauuT, oHO cojpepxKutT aff A.
CanenoBaTe/ibHO, Iepecevdenne Beex aUHHBIX MOIIPOCTPAHCTB COIeP-
xut aff A. Ocranocs nmokasars uro aff A asngerca addunabIM 1M0-
MPOCTPAHCTBOM, B 3TOM CJydYae OHO COBIIQJIET C IepecevueHreM BCeX
adDUHHBIX MOANPOCTPAHCTB, cojgepxKamux A. Pacemorpum jse mnpo-
u3BoJIbHbIE ToukK aff A

n m
xr = E OéjIj, E Bjyj'
Jj=1 Jj=1

s sioboro o € R umeem

(1—-—a)x+ay = Z(l — o)z + Zaﬁjyj.
=1 j=1

Tak Kak
n

Z(l—a)aj+2a6j:(1—a)+a:1,

=1
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TO MBI IOy 9T aOUHHY IO KOMOUHAIIAIO TOUEK X1, - - - s Ty Y1y - - - 5 Yims
KoTopagd npuHame;kuT aff A. O

CaencrBue 2. Mnoosicecmeo A saeasemes addumrmvim noonpocmpa-
CMBOM 6 MOM U MOALKO 6 mom cayuae, ecau A = aff A.

ITpenmoxkenue 6. Kaoswcdoe addunnoe nodnpocmparncmso Y C X
npedcmasasemcs 6 eude Y = a+ Ly, 2de a — npoussosvhas mouka u3
Y, a Ly — aunetinoe nodnpocmparcmeo us X, npuvem Ly onpedeaeno
00103HaAYHO (He 3asucum om a).

Aokaszamenvcmeso. Ilycts a € Y. Tlomoxum
Ly ={zeX:z=y—a, yeY}

Jlokaxkem, uto Ly — auHeiiHoe nojampoctpancTtBo X. Ilycts x € Ly.
Torna © = y —a, rne y € Y. Jlna moboro A\ € R B cuty Toro, 4ro
Ay + (1 —ANa €Y, umeem

AM=ANy—a)=Ay+(1—Na—aéecLy.

[IycTh Tenepb 1,22 € Ly n X1 = Y1 —a, a o = Yo—a, TAe Y1, Yo € Y.
Tak xak (y1 +42)/2 € Y, 10
r1 + T2 _ + Y2
2 2

V3 moKa3aHHOIO BBIIIE, MOJOXKHB A = 2, MOJIy9aeM, 9T0 X1 + To € Ly.
[Toozxxum

—GELy.

My ={zeX:x=y—0b, yeY},
rie b € Y. B cuny Toro, uro b — a € Ly, numeem
b+Ly=a+b—a)+Ly=a+Ly =Y.
CaenoBarenbro, My = Ly. O

Pasmepuocthio addunnoro moampocrpancTsa Y Ha3LIBAGTCS pas-
MEpPHOCTBH COOTBETCTBYIOIIErO JTMHEHHOTO IMOAIPOCTPAHCTBA, Ly :

dimY = dim Ly.

PasMepHOCTBIO IPOU3BOJLHOIO MHOXKECTBA A Ha3BIBAETCA pasMep-
noctb ero adpdunnoi obosmouku aff A:

dim A = dim aff A.
[Tockonbky co A C aff A, To

dim A = dimco A = dim aff A.
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3. TEOPEMA KAPATEOIOPU

Teopema 1 (Kapareomopu). Ecau dimco A = d, mo w0601 snemenm
muoocecmea co A npedemasasemes 6 6ude 8uNYKAOT KOMOUHAUUY HE
boaee, wem d + 1 anemenma mmoorcecmea A.

Joxasamenvcmeo. Tlonoxum Y = aff A. Torma dimY = d. Ilycrs

n n
x:Zozjxj, a; >0, Zajzl, n>d+2.
=1 j=1

Torna sseMeHTBI T — T1, ..., T, — T IPHHAIIEKAT JTHHEHHOMY IIPO-
crpanctBy Ly (cM. mpejioxkenue 6), pasmepHocTb Koroporo d. Cieno-
BaTE/IbHO, OHU JIMHEHHO 3aBUCUMbI. 1€M CaMbIM CYLIECTBYIOT B, . . ., B,
HE BCE paBHbIC HYJIIO, JAJId KOTOPBIX

Zﬂj(l‘j — 1'1) = 0.
j=2

[ToJtoxkum
n
71:_25]" P)/j:/ﬁjﬁ ]:2aan
j=2
Torna
n n
2w =0, Y % =0,
j=1 J=1
npuIeM i, . ..,V, He Bce paBHBI HYT0. ClegoBaTebHO, CPEIN UHUCe T
Y1y« - Vn CYHIECTBYIOT OTpUIATE/IbHbIE Yncia. [TycTh
) Q; «
a:mln{——Jzyj <O} =_—*,
J Yk
Torma a; + ay; > 0 gna seex j = 1,...,n. Kpome Toro,
n n

= (a;+ay)z;, Y (a;+ay)=1

j=1 j=1

Tak kak oy + a7y, = 0, TO x upejcTaB/IsgeTcs B BUJIE BbIYKJION KOMOU-
Haruu u3 n— 1 rouku. Ecim n—1 > d+1, 10 mpoaoszKas 3TOT IPOIEce
MPUIEM K TOMY, 9YTO X TPEICTAB/ISIETCS B BUJE BBIMYKJ/I0H KOMOWHAIIUN
ne Gosiee, uem d + 1 3emenTa MHOXKecTBa A. O

[Iycte X — nuHeiiHOE HOPMHUPOBAHHOE IIPOCTPAHCTBO.

Teopema 2. Bunykaas 000404KG KOMNAKMA 8 KOHEYHOMEPHOM MPO-
cmpancmee X ABAAECMCA KOMNAGKIMOM.
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Joxasamenvcmeso. Ilycts dim X = d, A C X — gommakt. lokaxkem,
9T0 c0 A — KOMmakT. /Ijist 3TOro a0ocTaTovHO J0Ka3aTh, YTO M3 JIHO-
Goit nocnenosarensnoctn {rp} C co A MOXKHO BBHIOPATH OMIOC/IEN0-
BaTEJbHOCTb, CXOAMILYIOCS K HeKoTopoili Touke u3 co A. ITo Teopeme
Kapareomopu

d+1 d+1

T = E QiTri, Tgj € A, Ak > O, E Qg = 1
Jj=1

J=1

Tak kKak A — KOMIAKT, TO B MOCJEI0BATEJILHOCTH {Tf1} CyIIeCTBYeT
TO/IIIOCTIEIOBATEIBHOCTD, CXOAMNIAACA K HEKOTOPOi Touke y; € A, a B
STON HOAIOCIEOBATENBHOCTH B { (g1 } CYIIECTBYET MOAIIOCIIE0BATE b=
HOCTb, CXOAsmaAcsa K Hekoropomy uncay o1 € [0, 1]. He orpanuuunsas
OOIIHOCTH, MOXKHO CYUTATh, YTO Ty —> Y1 U Q; —> Qv 1pu kK — 00.
AnajiornvaHo, Mepexos K MOAIOCIe0BATEIHHOCTIM, MOYKHO CIUTATD,

9TO Tpj — Yj U Qpj — o npu k — oo mydg moboro j = 2,...,d + 1.
[Ipu sTOM
d+1 d+1
Ty — g a;y;, o >0, g a; = 1.
Jj=1 Jj=1
DTO O3HAYAET, UTO TPEIeTbHAs TOUKA TIPUHAJIEKAT CO A. O
Konnueckoit KomMOuHAIINEH TOYEK L1, ..., T, HA3BIBAETCI TOUKA

n
ng T, O, ..., 0 > 0.
j=1

MHO>)KecTBO BCeX KOHMYECKUX KOMOMHAINIA TOYeK 3 MHOXKecTBa A Ha-
3bIBaeTCd KOHU4YecKoil 060J10uKoil cone A MHOxkecTBa A

n
coneA=<SzxeX:x= g ;X x,..., 0, €A, 0 >0, nEN
j=1
HanmomuuM, 4urTo JjimHeiinoii 060/104K0ii MHOXKeCTBa A Ha3blBaeTCs
MHOZKECTBO BCeX JIMHEHHBIX KOMOMHAIMIT 57IeMEeHTOB 13 MHOXKecTBa A:

n
lin A= xEX:x:Zajxj:xl,...,anA, ajeR, neN
j=1

Teopema 3 (Kapareomopn s KoHHYeCKOl ob6onoukn). Ecau
dimlin A = d, mo woboti snemenm muosncecmea cone A npedcmae.ns-
emcs 6 sude KoHuveckot Kombunayuy He boaee, uem d AUHETHO HE3a-
BUCUMDBLT INEMEHMOE MHOHCECMEA A.

Hoxasamenvcmeso. Ilyctn

n
ng T, O, ..., 0y > 0.
j=1
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Ecmu x4, ..., x, nuHeiino He3aBUCUMEI, TO n < d U BCe J0Ka3aHO. Ecimn
9JI€EMEHTHI X1, ..., T, JAHEHHO 3aBUCUMBI, TO HAlIyTCs HE BCe paBHbBIE
HYJIIO Y1, ..., Vnp TAKUE, 4YTO

> e =0
j=1

Bes orpanndenus oOIMHOCTH MOYKHO CHUTATD, YTO CPEJIU Y1, . . . , Y €CTH
oTpHIATEIbHBIE YNCIa (€CIM OHU BCE MOJIOKHUTEThHbBIE, TO MOKHO Pac-
CMATPUBATH —71, ..., —7Vn). LIyCTh

Torna aj +ay; >0 gnascex j=1,...,nnu

n

T = Z(Oéj + av;)x;.

j=1

Tak Kak oy + a7y, = 0, To * TIpe/icTaB/IgeTCSI B BUIe KOHUIECKONW KOM-
ounanuu u3 N — 1 Touku. Ecam 3Tu 371eMeHTsl TUHEHHO 3aBUCUMBI, TO
HPOOJIZKAS STOT IIPOMECC MPUAEM K TOMY, YTO T HPEJICTABIACTCA B BH-
Jie KOHMYIeCKOoil KoMOmHanum He Oojiee, yeM d JMHEHHO He3aBHCHMbIX
3JIEMEHTOB MHOZKecTBa A. O

4. TEOPEMBI PATOHA 1 XEJIJIA

Teopema 4 (Pagona). Iyemv X — auwnednoe npocmparcmeo u
dim X = d. Tozda ar060¢e Koneurnoe mroostcecmeo us X, codeparcausee He
menee d—+2 mouek, moscem bvms pa3dumo na 064 HENEPECEKAIOULULCA
MHOHCECTMBA, BVINYKABLE 000A0UKU KOMOPHIL NEPECEKANOMCA.

Zoxazameavcmeo. Tlycth gaHbl TOYKHA T, . .., Ty, 1 > d+ 2. BekTOpb
To — T1,...,T, — T, — JHHEHHO 3aBHCHMBI, T.K. UX He MmeHee d + 1.
CaenoBaTebHO, CYIIECTBYIOT (o, . . ., (,, HE BCE PAaBHbIE HYJ/IIO, TAKUe,
qTO0

ITomoxkum

Nmeem
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upudeM [, . . ., 5, He Bce paBHBI Hy/I10. [loMensgeM nHymepaiuio u 6yaem
CYUTATD, ITO [, ..., 0m >0, a B, ..., 0y < 0. Ilomoxum

ﬁ:Zﬁ]:— Z ﬁ]’ A:{l'l,...,f]?m}, B:{xm+1,...,$n}.
j=1

j=m+1

Torma

(3) S yri= > v
j=1

j=m+1

tney; =p;/B,j=1,...,mu~y;=—0;/6,j=m+1,...,n Ipunuem

Y= D> wm=1
j=1

j=m+1

Taknm 06pa3om, BhITyKJIast KOMOHHAIWS B JIEBOI YacTh paBeHCTBa (3)
JIEZKHUT B €O A, a BIyKJIast KOMOMHAIHS B IPABOii YacTh paBeHcTBa (3)
nexut B co B. Tem cambim co AN co B # (). O

Teopema 5 (Xesiu).

1. Ecau dm X = d u 6 X umeromea n > d+ 1 svinykivs mHo-
otcecms, aobvie d + 1 u3 xKomopur umerom obwyro mouwky, mo u 6ce
MU MHONHCECTNEA UMEWM, 0OULYIO MOUKY.

2. IIycmv X — aunetinoe nopmuposarroe npocmparcmeo, dim X =
d, T — wnexomopoe beckoneuwnoe mroscecmeo undekcos u {Aqtaer —
cemeticmeo 3aMKHYMBLE 8LINYKALLE Nodmmoscecme X, no kpatined me-
pe 0010 u3 Komopwux Komnaxmmo. Tozda ecau arboe nodcemeticmso u3
d + 1 mmoorcecme umeem obwyro Mouky, mo u 6ce cemelicmeo umeem
00ULY10 MOYUKY.

okasamenvcmeo. 1. Bynem moKa3bIBaTh yTBeP:K/IeHNE NHIYKIUE MO
yncry MHOKecTB n. [Ipm n = d + 1 yrBepxKenune odeBumano. [lycts
n > d+2 u TeopemMa JJOKa3aHa I JTOOBIX 77 — 1 BBIMTYKJIBIX MHOYKECTB.

O6o3naunM manHBIe MHOXKeCTBa depe3 A;, j = 1,...,n. lng kaxkaoro
k=1,...,n Bo3bMeM IPOU3BOJIbHYIO TOUKY
n
TE € ﬂ Aj
j=1
i#k

(10 IPE/IOIOKEHUIO HHLYKITHH 9TH [epecedenus He mycrbl). Tak Kak
n > d+ 2, To K TOYKaM Ty, ..., T, npumernma teopema Pamona. C
BO3MOYKHOIT nepeHyMepanueil To4eK MoJIydaeM, 9To CyIeCTBYeT HATy-
pajibHOe Yucao m < n — 1, Iy KOTOporo MHOXKecTBa co{Z1,. .., Tm}
i co{Zmi1,..., Ty} UMEIOT OOIIYIO TOUKY x. ToUKa z; mpu Bcex j =
1,...,m OpHHATEKHUT KazKIOMY U3 MHOXKECTB A.,i1,...,A,. B cuny
BBIITYKJIOCTH 9TUX MHOYKECTB KayKJI0€ U3 HUX COMEPKUT CO{T1, ..., Tm}.
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CrieioBaTeIbHO, KayKI0€ U3 9TUX MHOXKECTB COAEPKUT TOUKY r. AHa-
JIOTUYHO JOKA3LIBAETCS, UTO KarKJa0e 3 MHoxkecrs Aq, ..., A, coxep-
JKUT TOYKY . TemM caMbIM JIOKA3aHO, 4TO y BCeX MHOXKecTB Aq, ..., A,
nMeeTcs o0Iasd TOYKA.

2. Ilycts A,, — KOMIakTHOE MHOXKECTBO. U3 1 ciremyer, aro roboe
KOHEYHOE CeMefCTBO M3 MHOMKECTBA 3aMKHYTBHIX MOJIMHOXKECTB B, =
Ay N Ay, o € I, conepxaniuxcs B Ay, umeer obmyio Touxy. [Ipes-
IIOJIOXKUM, 9TO BCEe ceMeiicTBO He mMmeeT oOIeil Touku. Torma MHOZKe-
crBa {X \ Ba}acz — OTKpBITHIE U 00PA3YIOT MOKPHITHE KOMIIAKTHOTO
MHOXKeCTBa A,,. B cly KOMOAKTHOCTH U3 3TOrO MOKPBITHSI MOYKHO
BoiOpaTh koneunoe mokpbitne {X \ By laez,. Ho Torma xoneunoe ce-
MeicTBO { By tacz, HEe MOxer mmerb o0mieil Touku. [Tosyuennoe mpo-
THBOPEUYHE JOKA3bIBACT YTBEPKIACHHE 2. O

5. BBIMYKJIBIE ®VHKIINU. TEOPEMA KAPYIIA-KVYHA-TAKKEPA

MsI Oy1eM paccMaTpuBaTh (DYHKIUN, KOTOPBIE IPUHAMAIOT HE TOJTb-
KO KoHeuHble 3HaueHnsd. C 9TOii 1eIbI0 BBOAUTCS MOHATHE PACITHPEH-
noit mpsamoit R = R U {—oo} U {+o0o}. Apudmerndeckue oneparun u
HEPABEHCTBA [IJIsI 9JIEMEHTOB PACHIMPEHHOI TPAMOii TIOHUMAIOTCS CJ1e-
JytomuM 00pazom: —o0 < a < 400, a € R, a + (£00) = +00 a9 Beex
a € R,

+oo, a >0,
a(+o0) = ¢ 0, a=0,,
Foo, a <0,

+00 + (+00) = 400, —00 + (—00) = —00. B
[Tycrs X — suneitnoe npocrpanctso u f: X — R. Muoxkecrsa

domf={xe X: f(x) <400},
epif ={(z,0) e X xR:a> f(z), r € dom [}

HA3BIBAIOTCSI COOTBETCTBEHHO 3(MDMEKTUBHBIM MHOKECTBOM H HaJrpa-
dbukom (wmu sturpadom) dbyukiun f. OyHrmuo f HA3BIBAIOT COO-
crennoii, ecm dom f # ) u f(x) > —oo npm Beex z € X.

Oynkmna f: X — R nasbiBaeTcsl BBINYKJION, ecu ee Haarpaduk
BBITYK.J10e MHOXKecTBO B X X R. Herpyano nmpoBeputh, uTo (byHKIHSA
f BBIILYKJIa TOr/IA U TOJIBKO TOTJA, KO Jjis JI0bIX 21, Lo € dom f u

siroooro 0 < a < 1 BBINOJIHSIETCSI HEPABEHCTBO
f((1 =)z +axs) < (1 —a)f(x) + af(z),
KOTOPOE HA3bIBAETCS HEPABEHCTBOM Menccena.

Teopema 6. Ilycmo X — aunetinoe HOPMUPOBAHHOE NPOCMPAHCINGO U
f: X = R — dsaotcdu dugpdpepenuupyema na X. Tozda f — svinykian
dynryua mozda u moavko mozda, kozda f"(x)[h,h] >0 daa ecex x €
X uecex h € X.
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JToKa3aTebCTBO 3TOMH Teopembl TpuBoaAUIOCh B [1, Teopema 18, cTp.
31].

[ycrs X = R%u f: R? = R. Econ f — nBaxapl nuddepenmpyena,
1o f"(x) — reccuan f B TOUKE T

O f 0*f 0*f

6_56%@) 0x107 T 0x1074 (z)
" il (x) ﬁ(x) . l (x
(@) = | 92902, 03 0x9014
. @2f ......... 32f ............. 8 z'J'c .....
8[)301@561 o 0xd8x2 * o @_ﬁ?i(x)

Cnenctsue 3. Ecau dynruyus f: R — R deasicow duddepenyupyema
na RY, mo ona seasemces 6vnykioti 6 MoM, U MOALEO 6 MOM CAYYAE,
ecau ee eeccuan 6 aoboti mouxe v € R ydosaemesopaem ycaosuro

AT f"(x)h > 0

ons 6cex h € R (mampuya zeccuana 6 a1060t mouke A6A7€MCA HEOM-
puyamesvho onpedenerol).

IIycte X — BemecTBeHHOe suHeitHOe mpocTpaHcTBO, fj: X — R,

j =0,1,...,m, — Boinykible pyHkuuu u A — Heycroe BbILYKJIOE
moAMHOZKeCTBO X . 3aady
(4) fo(zr) = min, fj(zx) <0, j=1,....m, z€A

HA3bIBAIOT BBIIYKJION 3a/ia4eil nau 3a/1a4eil BbIILyKJIOrO IIPOrPaMMHUAPO-
BaHUSI.
CesizkeM ¢ 3ajadeil (4) caepyronryto dyukimio Jlarpanxka

L(z,\) = Z)\jfj(iﬂ)v

re A = (Ao, AL, ..., Am) — HaBOp MHOXKHUTe el Jlarpanzxa.
Umeer mecro caepytomas reopema (cm. |1, Teopema 20, crp. 34]).

Teopema 7 (Kapyma—Kyna—Takkepa). Ecau T — munumym 6 3adane
(4), mo natidemes maxoti nenyaresoti nabop mmoscumenetds Jlaepanoica

A= (Ao, ALy .-y Am), MO BHINOAHEHDL CALIYIOUUE YCAOBUA
(a) mingea L(x, ) = L(Z, ) (yerosue murumyma);
(b) \; >0, 7=0,1,...,m (ycrosue neompuyamesbHocmu,);
() \ifj(@) =0, j=1,...,m (ycarosue donosnsowets nesrcecmroc-

Ecau cywecmeyem donycmumas 6 (4) mouka T u Habop MHOMCU-
meneti JTazpanorca X = (Mg, M1, - .., Am), Y008AEMBOPAIOULUE YCAOBUAM
(a), (b) u (¢) u npu amom Ng > 0, mo T — pewenue 3adavu (4).

Ecau natdemes mouka T € A makaa, wmo f;(T) < 0,1 < j < m,
mo Ao # 0 (ycaosue Caetimepa,).
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6. CYBAUD®DEPEHIINAJ

[Tycrs X — Jsmneitnoe HopMupoBaHHOe npocrpancTBo, f: X — R,
T € X u dynknua [ koneuna B rouke T. Cybauddepennmanom pynk-
mun f B TOUYKe T HA3BIBAETCS MHOYKECTBO (BO3MOKHO ITyCTOE)

of(x)={z" e X*: f(x) — f(Z) > ("2 — ), Ve € X }.

IMpennoxkenue 7. Cyboduddepenyuan Gynruuu A6aaemces oinyKAbLM
MHOAHCECTNEOM.

Jokxazamenvcmeo. Ecnu cydonuddepeHiuman — mycroe MHOXKECTBO, TO
YTBEPZKIEHUE BBHITEKAET M3 TOrO, UYTO MYCTOE MHOYKECTBO — BBIIYKJIO.
[Tycrs cybauddepennuan dbyakuuu f B TOUKe T HE LyCT U T], x5 €
Of (). Torpa nis Beex © € X
fla) = f@) = (z1,2 =), f(z) = f(@) = (23,2 — 7).
Orcroga upu Beex a € [0, 1] nuveem
(L=a)(f(z) = f(@))+a(f(z) - [(Z) = 1—a){z], 2 —T) +alr;, 2 —T).
CrnemoBaTebHO,
f@) = f(@) = (1 — a)a] + axy, x — 7).

Dto o3mauaer, uro (1 — a)x + axy € 9f (). O

s dyukuun oxuoii nepemennoit cybauddepennuan Jf(Z) sto co-
BOKYIHOCTh yIJI0BbIX KO3bduuuenTos k, npu KOTOPHIX IPAMbIE Y =
kx+b, npoxoagamme yepes rouxy (Z, f(Z)) nexar nox rpadpuxom dyHk-
Yy = f(z)
IIpumep 6.1. Ilycrs f(x) = |z|. Torma

O] = {Signx, x #0,

[—1,1], z=0.
Ui y = x|
0 T
Puc. 1

Ha puc. 1 n306pazkeHbl HECKOJIBKO JHHUIT, TPOXOJLAIIAX YePe3 TOUKY
(0,0) ¢ yrioBeiMu Kodddurmenramu u3 Muoxkectsa 0|z| npu x = 0.
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ITpumep 6.2. Ilyctp X — JuHeiiHoe HOPMHPOBAHHOE TPOCTPAHCTBO
u f(z) = ||z||. Haiizem cnauana 0f(0). Iockonbky f(0) = 0, To u3
onpeiesienus cyouddepennualia BbITEKAET, 9TO

of(0) ={z" € X*: ||z|]| > («*,2), Ve € X }.
[TokazkeM, 9TO €JMHAIHBII AP CONPAKEHHOTO MPOCTPAHCTBA
BX*={z"e X" ||z*| <1}
conepxurcsa B 0f(0). HeiictBuresnbro, ecin x* € BX* 1o musa Beex
reX
(2%, ) < 2" ||[|z]} < [J]].

Ecmu teneps z* € 9f(0), To z* € BX*, u6o ecom ||z*|| > 1, To cy-
mectByer © € X takoif, uro [|z]| < 1 u (z*,z) > 1 > |[|z|. Uraxk,

nokazano, uro Jf(0) = BX*.
Haiigem reneps Of(xg) npu zg # 0. Umeem

Of(xo) ={a" € X ¢ ||z|| = ||@o|| = (2", & — x0), V2 € X }.

[Tpeaosozkum, aro * € Of(xg). IogcraBus x = 0, mMOJy4nUM, YTO
(x*,20) > ||wo||. C mpyroit cTOpoHBI, eCaH MOJACTABUTL T = 2X(, TO
HoJIyIuM, 49To ||20|| > (2%, zo). CraemoBarenvuo, (x*, xo) = ||zo||. Torma
st BeeX © € X JIOJIZKHO BBIMOJHSATHCS HepaBeHCTBO |z|| > (2%, ).
Kak Ob110 1moka3aHo Bbliie, 370 03Hadaer, 4yro r* € BX*. Herpymno
yoeauThes, aro ecmu ¥ € BX* u (2, x9) = |20, To z* € If(x0).
Taxum obpasom, upu zg # 0

Of(xo) ={a" € BX": (2", z0) = ||zo]| }-

Caenyioree mpejiozKeHHe MOKa3bIBaeT, uTo cyoauddepeHiuan 1o0-
CTATOYHO eCTeCTBEHHOE OOOOIeHNe MOHATHS IIPOU3BOIHON HA BBIIYK-
Jible OYHKITUN.

IIpennoxenue 8. [ycmv X — aunedinoe HopMuposanmoe npocmpa-
cmeo u f: X — R — swnykaaa pynxuua, dupdepenyupyemas 6 mou-

ke T. Toeda Of(x) = {f'(Z)}.

Zoxazameavcmeo. Ilycts x € X. g a060ro g0oCTaToqHO MaJIoro
a > 0 mmeem 1o HepaBeHCTBY llenccena

f(1=a)z+ax) < (1-a)f(Z) +af(z),
OTKY/1a
f@+ale—17)) - f(@) < a(f(z) - f(2)).
B cuny muddepennupyemoctu byHKnun f B TOUKe T HMeeM
a(f'(@),z = Z) + o(a) < a(f(z) — f(7)).

Cokpamas Ha « ¥ mepexojd K mpejeny npu « — 0, moaydaem, 9To

f'(x) € 0f(2).
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O6paruo, eciu z* € Jf(Z), To ana awboro x € X u modoro t > 0
nveeM f (7 +tx) — f(Z) > t(z*, x). CnemoBaresbHo,

tf'(Z), x) + o(t) = t(z”, z),
T e. (f'(Z),z) > (z*, x) nag moboro x u 3nauur, z* = f'(I). O

[Iycts X — smueitnoe mHopmupoBanuoe npocrpanctso u f: X — R
— cobcrennas gyukius. Paccmorpum 3a1ady

(5) f(z) = min, z€ X.

Teopema 8 (Pepma B cybubdepennuanbuoit dhopme). Touka T €
dom f saeasemcsa enobasvnoim munumymom 6 3adave (5) moeda u
moavko moeda, xoeda 0 € Of(T).

Jlokazamesvemeo. Eciu T — riobanbubiii MuaumymMm, o f(x) — f(Z) >
0= (0,2 — ) mas qwodoro z € X, 1. e. 0 € Of(T). Ecu 0 € 9f(T), 1o
flz)—f(Z) >0,z —2) =0, v e. f(z)> f(Z) mus moboro x € X. O

N3 mpeanmoxkennsa 8 m TeopeMbl 8 BBITEKAET

CaencrBue 4. Ecau 6 sadaue (5) [ — swnykaaa Pynryua, dudde-
PEHUUPYEMAH 6 MOouKe T, MO0 T — 2A00aAbHbT MUHUMYM 6 TOM U
moavko 6 mom cayuae, ecau ['(T) = 0.

ITpenmoxxenune 9. Ecau X — aunednoe HOPMUPOBAHHOE NPOCTPAH-
cmeo u Yy ewnykaol cobemeennot dynrkuuu f: X — R 6 mouke
Z € dom f saokarvrwll MunUMYM, MO 6 MouKe T U 2400aAbHbIT MUHU-
MYM.

Jokasamenvcmeo. Ilycrb T — JIOKAJIbHBIA MUHAMYM, T. €. CYIIECTBYET
takag okpecrHoctb U toukn T, uro f(Z) < f(x) ana Becex z € U.
[TycThb Tenepsb & — Npou3BoAbHASA TOUKA u3 X . [ TOCTATOUHO MATIBIX
0 < a < 1 roukn (1 — )T + ax upunamiexkar U u nosromy (1o
nepasencrsy Henccena) f(7) < f((1—a)T+axr) < (1—a) f(Z)+af(z),
orkyaa caeayer, uro f(7) < f(x). O

IIpeanoxkenune 10. Fcau X — aunetinoe HOPMUPOBAHHOE NPOCMPAH-
emeo, f: X — R — cobemeennas ewnykaaa Gynkyui U 048 Heko-
mopozo x* € X* 6 okpecmuocmu mouku T € dom [ ewnoamnsemca
HEPaBeEHCMBE0

(6) fl@) = f(@) = (@, 2 - 7),
mo z* € 0f ().

Jlokasamenvcmso. @yukunsa g(x) = f(x)— f(Z) — (x*, x —T) asnsercs
BBILYKJIOH M B TOYKE T UMeEeT JIOKAJIbHBbIH MHHUMYM, PaBHBIA HYJIO.
13 npemoxkenust 9 caegyer, 4ro T — ria00aJbHBIT MUHUMYM, T.€. JJIs
Beex ¢ € X BoimostHsIeTCs: HepaseHcTBo (6). D10 u o3Hadaer, 4To ¥ €

af(2). O
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7. CYBAUD®PEPEHIIMAJIBHOE NCUYUCJEHNE. TEOPEMA
MoOPO-POKA®EJIJIAPA

Teopema 9 (Mopo-Pokadesnapa). Ecau fi, fo: X — R — cobemeen-
HOLE GLINYKABE PYHKUUL, TOMA Obl 00HA U3 KOMOPHLT HENPEPLIEHA 6
mouke T, mo

I(f1 + f2)(@) = 0f1(T) + O fa().
Joxazameavcmeo. Jlokaxkem, 910

0f1(%) + 0f2(%) C (fr + f2) (7).

[lycrs z* € 0f1(T) + 0f2(T). Dro o3Hauaer, 4TO CymECTBYIOT T] €
0f1(Z) u ok € 0f2(T) rakume, uro z* = x} + 3. Vmeem

(fr+ f2) (@) = (i + f) (@) = (2%, 2 = &) = file) = fu(Z) — (21,2 = 7)
+ fa(x) = f2(Z) — (23,2 —T) 2 0.
Crenosarensuo, z* € I(f1 + f2)().

Jlokaxkem Tenepb, 4To

O(fi + f2)(&) C Of1(Z) + O fa(Z).

Be3 orpanmdennst o0IHOCTH MOYKHO duTarh, uto f1(Z) = fo(Z) = 0.
Ecau 9710 He Tak, TO MOXKHO PacCMOTPETh (DYHKIUH

91(r) = fi(z) — fi(@), g2(7) = fa(x) — fo(@).

JokazkeM, 4TO ecau

(7) 0e€d(fi+ f2)(@),

1o Haiigerca ¢ € 0fi(T) rakoit, uro —x* € Jfy(T). U3 (7) caeayer,
970 1JIsd BeeX & € X

(8) (fr+ f2)(@) = (fr + f2)(@) = 0.
Bynem cuurarn, uro fo HenmpepbiBHA B . Ilomoxkum
A={(z,v) :x edom f1, v < —fi(z) },
B=epifo={(z,u):x€domfo, u> fo(z)}.
OTHU JBa MHOXKECTBA BHITYKJILI U HenmycThl. OHE He mepecekaroTes, Tak
Kak u3 Toro, 4ro (z,v) € A caenyer, yaurbiBas (8), uro v < —f(z) <

fo(z). Tem cambim (z,v) ¢ epi fo = B. IIockobKY fo HenpepbiBHA B T,
OHa OTpaHHYeHA B HEKOTOPOi okpecTHoCTH U 310l Toukn. [Tomoxkum

M = sup f(z).

zelU

Torma oTkpbITOE MHOXKECTBO
V={(z,0):xeU,v>M}

nexut B epi fo. Crenoarennno, int B # (). Ilo nepsoii Teopeme oTe-
aumoctu (eMm. [1, Teopema 11, crp. 22|, [2, cTp. 243]) mHO)KecTBa A U
B MOXHO oTneuTh, T.e. cymecTtByior ¥ € X* u A € R, He paBHbBIE
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OJIHOBPEMEHHO HYJIIO, TaKue, UTo Jist JTo0bX (11,v) € A u (x9,u) € B
BLIIIOTHACTCA HEPABEHCTBO
9) (", 1) + M < (2%, 29) + Au.
[onoxkum B (9) 1 = 29 =7, v < 0, au = fo(xe) = fo(Z) = 0. Torna
(x*,7) + Av < (2", 7).
Crenosarenbao, Av < 0, a Tak kak v < 0, mogygaem, aro A > 0.

Ecan npennonoxuts, aro A = 0, To u3 (9) nosysaem

su 5 x) < inf (2% 2).
medo£f1< ’ >_m€domf2< ’ >

[Tockoabky x* # 0, a guneiinast GyHKIMs, OTJIHIHAS OT TOXKJIECTBEH-
HOT'O HYJIsl, HE MOYKET HPUHUMATh MHUHUMAJIbHOI'O 3HAYEHHS BO BHYT-
penHeit Touke, TO

(*,2) < sup (2",z) < inf (2% z) < (2" 7).
z€dom fi ze€dom fa

[Tostyuennoe nporuBopedre nmokasbipaer, 9o A # 0.
[Iyctb 21 =2, v < 0, 29 € X, u = fo(xs). Torma uz (9) moaygaem
() + M < (2%, x9) + A fa(xs).
Yerpemiisisi v K HYJIIO, 110JIy4aeM
(x*,7) < (2", x29) + Afa(x2).
Orcroma
fzg) > (=X"ta*, 2y — 7).
CrnemoBarensno, —A~'z* € 0f2(T).

[Tycrs Teneps 9 = T, x1 € dom fi. Torpa ang moboro v < — fi(xq)
BBIOJTHSIETCS HEPABEHCTBO

(%, x1) + Ao < (2, 7) + Mfo(T) = (2", 7).

Yerpemnsst v K fi(21), moaydaem

<$*,.f171> - )\fl(ajl) < <.T*, §:\>7
orkyaa A~ tz* € f1(%). Tem cambiv gokaszano, uto 0 € O f1(Z)+0 f2(T).

IIpeamonoxum, uro z* € O(f1 + f2) (7). Ilomoxkum

9(x) = fi(z) — (2%, —T).
Herpyano y6eaurhes, aro 0 € (g + f2)(Z). Tlo nokazanHOMy BbImIe
0 € 9g9(x) + Of2(x). Tem campbiv Haiimercs T° € Jg(T) Takoii, 41O
—2* € 0fy(Z). Bruouenune ¥ € 0g(T) o3HavIaeT, YTO BHIMOTHSICTCS
HEPABEHCTBO
CrenoBarenvuo, * 4+ 7% € 0f1 (7). [losromy x* € 0f1(Z) + 0f2(z). O

CaenctBue 5. Fcau [ — svinykaras Gynkyus, HENPEPuI6HaA 6 Movke

z, mo Of () # 0.
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Jokazamenvemeo. OTMeTHM cHavas1a, 9TO (GYHKIHA [ B CHIY Helpe-
PBIBHOCTH B TOUKe T sIBJISIeTCs cOOGCTBeHHOf (mokazkuTe!). O6o3HATIM
vepe3 0{T} unanKaTOpHYI0 (DYHKIUIO TOUKH T

o{T} () = {

0, x =1,
+00, T #17T.

Oyuknus 6{T} apasercss cOGCTBEHHON BBHIMYKJION (DYHKIHET U HETPY/I-
HO y6eaurbes, uro 00{x}(Z) = X*. Paccmorpum dyuxuuio f + 6{T}.
N3 Teopembr Mopo—-Poxkadesuiapa nojydaem

X" =0(f +{z}) (&) = 0f(x) + 00{x})(x) = Of (T) + X".
Orcona cnenyer, aro 0f (Z) # (. O
8. TEOPEMA JIVBOBUIIKOTO-MUJTFOTUHA

Teopema 10 (/Iy6osunkoro-Mwumornna). Ecau fi,..., fn: X - R —
cobemeennbie 6unyKAble GYHKUUL, HENPEPLIEHDIE 6 MouKe T, U

f(@) = max{fi(z),..., fu(2)},

7@ = oo Jos@)).
j€l
e 1= (i 1@ = F(@).
oxazameavemeo. CHagaia paccMOTPUM CJIydail, KOraa

H(T) = ... = ful@) = f(Z).

Jokaxkem, 9TO
(10) co(U afj(as)) C f (7).
j=1

ITycrs 2* € 0f;(7) upu nexkoropoMm j, 1 < j < n. Torma ms Beex x € X
f(@) = fi(x) =2 f;(@) + (2%, 2 = 7) = f(2) + (2", 2 — 7).
Cuenosarenbho, z* € 0f (7). Tem cambiv 0f;(T) C Of (7). Orcrona

Jor@ c s @)

B cuny Beinykiaoctu cy6auddepenmmana (eM. npenioxkenust 7 u 1)
nmveer Mecto (10).
[Iycrs * € Of (). Tonokum

vi(z) = fij(x) — f;(&) = ("2 —Z), j=1,...,n
g xazxmoro k= 1,...,n pacCMOTpUM CHUCTEMY HEPABEHCTB

() <0,
) {mﬂs) <0, jAh
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[IpeamosioKum, ITO A0 BCeX k 3TU CHCTEMBI COBMECTHBI U 0003HAYUM
qepes Iy KaKoe-Iu00 pelrenne KaxkKaI0il u3 3Toil cucreMbl. PaceMoTpum
TOYKY

Torma nmpu kaxxkaom k= 1,....n
1< 1
Pu(T) < ;wk(ﬂfg) < —en(ar) <0.
Orcrona
(@) = f(7) — (2%, 2 =) <0,
9TO HPOTUBOpeYuT ToMy, uro z* € Jf (). CnenoBarenbHo, HaijigeTcs
k, 1 < k < n, naa xoroporo cucrema (11) Gymer mecoBmecrHa. 113
HenpepbiBHOCTH byHKUMA f;, j = 1,...,n, B TOUKe T CJIeIyeT, 9TO
CYIIECTBYeT OKPeCTHOCTH U TOUKH Z, B KOTOPOil Bce dbyHKImn f; Ko-
Heunbl. Torga juts Takoro k skcrpeMalibHas 3a/1a4a

rp(r) = min, ¢;(x) <0, j#k xeU

Oyzner nmers pemenne 2. [To Teopeme Kapyma—Kyuna—Takkepa (Teope-
Ma 7) HaiigyTes Aq,..., A\, > 0, HE Bce paBHbBIE HYJIIO, /I KOTOPBIX
npu Bcex x € U

D Npi(x) = Np(@) =0
P =1

N3 npepjioxkenust 9 BoITEKaET, 9TO 3TO HEPABEHCTBO BBITIOJIHACTCS JIJIsT
Bcex * € X. Be3 orpanunvenust OOIIHOCTH MOYKHO CYUTATh, YTO

n

Z,\j:L

J=1

Torma mony4daem, 9to s Bcex © € X

D Aifilx) = ) Nifi(@) — @t 2 = 7) > 0.
j=1 Jj=1

CrenoBarebHo, mosb3ysich Teopemoit Mopo—Poxkadenapa, moxydaem

x” e@(ZAfJ) me]
_ Z vor@) < o Jos@ ).

Paccmorpum Temeps obmuit corydait. Homoxum J = {j : f;(7) <

f(@)} m g( ) = maX;e; fi(z). B cuny mempepniBHOCTH (byHKImﬁ fis
j=1,...,n,BToUKe T CyIeCcTBYeT OKPECTHOCTL V TOYKHU T, B KOTOPOi
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fi(xz) < f(x) mna seex j € J. Torma B okpecrnoctn V' dbyukiun f u g
coBnayator. 113 npepnoxenus: 10 nomygaem, aro 0f(Z) = dg(x), a mia
0g(T) HyKHOE PABEHCTBO yKe JOKA3aHO. O

9. CYBAN®O®EPEHLNAJIBHAS ®OPMA TEOPEMBI
KAPVIIA-KVHA-TAKKEPA

[Iycts X — smmefiHOoe HOPMHpPOBaHHOE IPOCTpaHcTBO, fi: X — R,
7 =0,1,...,m, — BblIyKJible coOcTBeHHble (pyHKIuu. Paccmorpum 3a-
Jady

(12) fo(x) = min, f;(z) <0, j=1,...,m, ze€X.

Teopema 11 (Kapyma-Kyna-Takkepa B cy6auddepernuaabHoi
dbopme). Mycmov T € X — munumym 6 sadave (12) u dynwyuu f;,
j =0,1,...,m, — nenpepvienv. 6 mouxe T. Tozda natidymca wucaa
Aj>0,5=0,1,...,m, makxue, wmo

Z)\jzl, )‘j j(/I\):O,j:L...,TTI,,

j=0

0e i )\Jafj(/l'\)

=0
Zoxazameavcmeo. Paccmorpum pyHKIUIO

f(@) = max{fo(x) = fo(Z), fi(x),.... fm(2)}.

Touka T gBasgerca TI00ATLHBIM MUHHMYM 3Toi ¢dyuxnuun. leiicTBu-
TeJIbHO, eI OB B HEKOTOPOil TOUKe T € X BBIMOJIHAIOCH OBl HEPABEH-
cro f(x) < 0, 10 910 03Hauas0 Obl, uro fo(T) < fo(T) u f;(T) < 0,
j=1,...,m, 910 nporuBOpeYnT MUHUMAJIbHOCTH T B 3aja4e (12). To-
riaa u3 reopembl @epma B cybuddepenimanbHoii hbopme (Teopema 8)
crenyer, uro 0 € Of(Z). Tlo Teopeme ly6osunkoro-Mummornnaa (Teo-
pema 10) mmeem

7@ = eo(Jo5@))
jer
rie I = {0}U{j: f;(x) =0, 1 <j < m}. Takum oGpazom (cM.
npeatoenne 3), nainyrea x; € 0f;(7), j € I, Taxkume, 4To

0=> Naj, Y N=1 X>0 jel

jel jel

Octanocs monoxkuth \; = 0 qyst j ¢ 1. O
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10. IBOMCTBEHHOCTb. CONPAKEHHBIE OVHKIINN. TEOPEMA
DOEHXEII-MOPO

B Borpocax, cBg3aHHBIX ¢ U3y4YE€HHEM BBIIYKJIbIX 00beKTOB (BbIHyK—
JIBIX MHO2KECTB, BbIITYKJIBIX (byHKI_LI/Iﬁ 1 BBIITYKJIBIX 9KCTpeMaJIbHbIX 3a-
Jad), BaXKHYIO poJsib urpaer dpenomen JpoiictBennoctn. OH 3aK/II049a-
€TCA B TOM, YTO KazKIOMY BBIITYKJIOMY O6’beKTy MO?KHO COITIOCTaBUTH
JIBOMCTBEHHBI{ BBIITYKJIBIH 00bEKT, KOTOPBIil TECHO CBS3aH C UCXOITHBIM
U COBMECTHOE MX MCCJIe/IOBaHUe, KaK IPaBUo, ObIBAeT BeCbMa ILIO0/I0-
TBOPHBIM.

[Iycte X — nmHeitHOe HOpMHpPOBaHHOE HpocTpaHcTBO. HamoMHmM,
YTO Ir'aliepiyIoOCKOCTbIO Ha3blBa€TCA MHOZKECTBO

H={zeX:(z"z)=7v}, 2"e€X* ~eR

[M'unepmiockocTh pazbuBaeT BCce MPOCTPAHCTBO HA JIBA MOJTYIPOCTPAH-
cTBa

H o ={zeX: (@ x)<~v}, H ={zxeX:{(z"z)>v}

B ocHOBe IBOWCTBEHHOCTH BBIYK/IBIX MHOYKECTB JIEYKUT CJI€/Ty FOTIN T
daxT. Beimykmoe 3aMKHYTOe MHOYKECTBO B JTHHEHHOM HOPMUPOBAHHOM
upocrpancrse X JIOIyCKaeT JBOiiHOe onucanue: nepsoe (Ha si3blKe HC-
XOJ[HOT'O TIPOCTPAHCTBA) €CTh MPOCTO ONpPe/IeJIeHIe BhIIYKJIOCTH U 3a-
MKHYTOCTH, BTOpOe (Ha sI3bIKe CONPSI’KeHHOTO TpocTpaHcTBa X *) co-
CTOUT B TOM, 9TO 9TO MHOYKECTBO SIBJISIETCSI TIEPECEIEHNEM BCEX MOJIY-
POCTPAHCTB, €ro cojepzKamux. /lokaxkem mocienee yTBepzKIeHue.

Ilpenmoxxkenune 11. Bunykaoe samkHymoe mHoOHceECTNBO 6 AuHEl-
HOM HOPMUPOBAHHOM NPOCMPAHCINEE ECMNb NEPECEYEHUE BCET NONYNPO-
CMPAHCMB, COOEPAHCAULULT IMO MHOHCECTNEO.

oxasamenvemeo. Ilycrb A — BblyKJ/10€ 3aMKHYTO€ MHOXKECTBO B JIU-
HeitHoM HOpMupoBaHHOM mpoctpancTse X . Obo3naunm gepe3 B nepe-
cedeHne BCex MOJIyIPOCTPaHCTB, cojepxkamx A. Tak kak KaxKjgoe u3
MOJIYITPOCTPAHCTB COJAEPKUT A, TO M UX TIepecevYeHne TOXKe COAEPIKUT
A, r.e. A C B. TlpeanonoKum, 9To CylecTByeT Touka T € B, He npu-
uaiexkamag A. [To Bropoii Teopeme ormenumoctu (|1, Teopema 12,
crp. 23|) MHOKeCTBO A U TOYKA T CTPOrO OTAETUMBI, T.e. CYIIECTBYeT
HeHy/1eBoit (byHKIMOHAT ¥ € X, 171 KOTOPOTO

sup(z*, z) < (2", 7).
z€A

Torna maiinerca € > 0 Takoe, 4TO JUIs U1 BeeX © € A
(z%,2) <,

riae v = (z*,7) — . Tem caMbIM HAIIOCH TOJYTPOCTPAHCTBO, COJEP-
Kamee A n He comepzkalee T, 4TO IPOTUBOPEYUT TOMY, YTO T IPUHA/I-
JIEZKAT BCeM IIOJIyIIPOCTPAHCTBAM, CoJepzKamuM A. O
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Oyuknusa f: X — R Ha3bIBaeTCs 3aMKHYTO, €CIIH MHOKECTBO epi f
3amMkHyTO B X X R.

BoisicHuM Temepb, KaK aHATUTHIECKH MOYKHO HHTEPIPETHPOBATH TOT
dakT, uTo HaATpadUK BHIIYKI0# 3aMKHYTON (DYHKIINKA eCTh Iepecede-
HUE BCEX COJEPZKAIUX ero MOJIyIPOCTPAHCTB.

Hanomuum, uro dynknus a(z) = (z*,x) + o, rae 2* € X* a a € R,
HasbiBaeTcs agpOUHHOI.

Teopema 12 (o nmoroveunoit Bepxueii rpann adbduHHBIX OYHKIWIL).
Qynruyua f: X — RU{+oo} asasemes svinykiol u samrxnymot mo-
204 U MOABKO Mo20a, K0204 0HA ECMb NOMOUEUHAS: GEPTHAA 2PAHD Q-
purnur pynryut, ne npesocrodausux f.

Jloxasamenvemeo. Ecin f — morouednast BepxHss I'paHb ceMeilcTBa
adGuHHBIX DYHKINI, TO ee HaArpaduK ecTh nepecedenne Haarpadu-
KOB 3TUX (DYHKIHIi, KOTOPbIE, OUYEBU/IHO, BBIITYK/IBl U 3aMKHYTHI U TO-
SToMy (hyHKIUS f BBIYKIA U 3aMKHYTA.

O6parno, nycrs dbyuknus [ Bblnyk/aa u 3aMkayTa. BEcm f(z) =
+00, TO OHA €CTh, HAIIPUMEpP, IOTOYEUHbIH 1peje1 KoHcraut. [lycrb
dyukius f He paBHA TOXKIECTBEHHO +00 U Ty € X, ap € R Takue, uro
ag < f(zo). dcuo, aro (xg, ap) ¢ epi f. [To Bropoii Teopeme oTaeuMo-
cru (|1, Teopema 12, ctp. 23|) naiinerca x* € X* u v € R, ne pasubie
O/THOBPEMEHHO HYJTIO, TaKHe, ITO
(13) sup ({27, ) + ya) < (27, 20) + Y.

(z,o)€epi f
Samerum, uro 7 < 0, 160 B IPOTUBHOM CJIydae, yBeJIUUUBasl (v, IPUIILIT
Obl K IPOTUBOpPEYHUIo ¢ HepaBeHcTBOM (13).

[Tycrs f(z0) < +oo. Ioacrasasas Touky (zo, f(zo)) € epi f B (13),
nosydaem, 910 Y(ag — f(zo)) > 0. Ho ap — f(z9) < 0 m mosromy
B gaHHOM ciydae v < 0. MoxHo cunrarh, uro v = —1 (mess, ecin
HeobxouMo, 0be dactn HepaseHnctsa (13) ma —v). Torga, obo3nadast
Yepe3 ¢ BEPXHIOW rpaib B (13), 9T0 HEPABEHCTBO MOXKHO 3aIHCATDH B
BH/JIe IBYX HEPABEHCTB

(14) (", x0) —c>ap, (z52)—c<a V(r,a)€epif.

Pacemorpum adbdunnyo dyaknuo a(z) = (x*,z) — c. Ecom f(x) =
+00, 1o, oueBuaHO, a(xr) < f(x). Eciu f(x) < 400, T0O U3 BTOPOro
uepasencrBa B (14) npu o = f(x) cnenyer, uro a(x) < f(x). Takum
00pa30M, 9TO HEPABEHCTBO BBINOJIHAECTCS i Becex © € X. V3 nepBoro
nepasencrsa B (14) caenyer, uro oy < a(xg), n 3a4nT, o < a(xgy) <
f(xp). Beibupast ap ckosib yroauo 6,mu3ko K f(zg), moaydaem, 4To BO
BCeX TOYKaX, I'/ie (];)yHK]_[I/Iﬂ f KOHE€YHa, OHa €CTh IMOTOY€YHAsA BEPXHAA
rpafb cemeiicrBa adpGUHHBIX QYHKIMH, He TPEBOCXOIANNX f.

[Tycrs Tenepb f(x9) = +00. s j10oKa3aTe/IbcTBA TEOPEMBI B 9TOM
caydae HaJIo JiIs J11000ro oy € R moctpouth adpdunnyio (pyHKIHIO, He
IPEBOCXOSINY0 f, 3HAUYeHHE KOTOPOil B TOUKe xg OosbIle «p. Ilycrh
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ap € R. Ecyin B (13) v < 0 (Kak u BbIIIe, CIATAEM TOTJIA, UTO Y = —1),
to u3 (14) BuiTekaer, uto a(zg) = (x*,x9) — ¢ > ap U BCe TOKA3AHO.
Eciu ke v = 0 (orgessionias ruiepiiockocTsb “seprukaibia”), 1o (13)
3allUIIETCAd TaK

(15) (", x0) —c>0, (2"2) —c<0 V(r,a)c€epif.

[TIo mokazamHOMY BBINIE cylecTByeT addunHas GYHKIHUI ¢, KOTOpas
Bcioay He mpeBocxoautT f. Jlnsg xaxmoro p > 0 pacemorpum adbdun-
nyto dyukuuio a,(r) = a(z) + p((z*, ) — ¢). I3 Broporo nepasencrsa
B (15) caeayer, uyro sra QyHKIUS TaKzKe BCIOLY HE MpeBocxoaut f, a
u3 nepsoro, uro a,(ro) = a(xg) + p((x*, xo) — ¢) > ap aIst gocraroy-
HO Oosbmux p. Utak, f ecTth morodednasi BepxHsisi TPaHb ceMeicTBa
adPuHHBIX DYHKINI, ee He TTPEeBOCXOIINX. U

Mycrs f: X — R. ®ynxuns na X*, onpeesnseMast paBeHCTBOM
(16) J1(@7) = sup({a”, 2) — f(x)),
e

Ha3bIBAETCSI CONpsizKeHHOW K f mim mpeoOpasoBanumeM JlexkaHapa—
Qenxensg—HOnra.
PaccmorpuM HeKOTOpBIE TPUMEDHI.

ITpumep 10.1. ITycrs X = R. Torga X* = R u (z*,z) = 2*z. Tna
f(z) = € umeem

r*Inx* —a*, x>0,

f(x") = sup(z*z — €*) = < 0, ¥ =0,
z€R
+00, x* < 0.
IIpumep 10.2. Ilycts X = R? ¢ mopmoit ||z]| = /2% + ... + 22. Toraa
X* = (RY)* u

PAR; £
1
fx) ==Y |’y 1<p<oo
P
nMeem
1
fa) =22ttt S+o=1

Oyukust f* ecTh BEpPXHsIS IPaHb BHIMYK/IBIX 3aMKHYTHIX (DYHKINT
(x*,z) — f(x). IosTomy Haarpaduk f* ects nepecevenue HaarpahbukoB
STuX (GYHKIHIL, T.e. MepecevdeHne BLIMYKJIbIX 3aMKHYTBIX MHOZKECTB.
Snaunt, f* — BBINYKJIas 3aMKHYTast (DYHKITHSI.
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Bropoii conpsikennoii Xk f HassiBaercs ¢gpyukmus f*: X — R, ompe-
JiesisieMasi paBeHCTBOM

f7(x) = sup ({z%,x) — f*(z7)).
r*eX*
[To Tem ke coobpazkeHusIM, ITO ObLIN MIPUBEIEeHBI BhIIe, f** — BBIIYK-
Jlast ¥ 3aMKHYTast (pyHKITHS.
Eciun f — coberBennast (DyHKIMS, TO U3 OLPEIEJEHUN BbITEKAIOT
HEepPaBeHCTBA

(%, 2) < fo) + [7(27), (2% 2) < [H(a7) + 7 (),

KOTOpbIe HasbiBaroTCsa HepaBeHcTBamu FOnra. Kpome toro, f(z) >
f*(x), rak xak f(z) > (a*,x) — f*(2*) mna Beex z* € X* u cre-
JIOBATE/ILHO,

f(@) = sup ((2%,2) = [*(27)) = [ (2).
TreX*
Cuterytomuii pesysibrar 06 yeJoBuE COBIaeHus f ¢ ee Bropoii conpsi-
JKEHHOM cy1yzKuT 62301 TeOpun JIBOMCTBEHHOCTH BBIYKJIBIX (DYHKIIHI.

Teopema 13 (®enxens-Mopo). Iycmo f: X — R U {4o00}. Tozda
= f" 6 mom u moavko mom cayuae, Ko2da [ ewnyria u 3amMKEHYMA.

oxasamenvemeso. Eciu f = f**, To Kak ObLTO 0OTMedeHO, f** BIIyK.Ia
U 3aMKHYTa, I09TOMY U f TAKOBA.

JlokarkeM, 9TO TpPHU YCJAOBUU BBHIIYKJIOCTH W 3aMKHYTOCTH f WMeer
mecro pasenctso f = f**. Ecim f(x) = +o0, 10, oueBugno, f**(x) =
+o0. Ilycrs f # +o0. [To gokazanHoMmy cymiecTByeT Takast adppuHHast
dbyuknusa a(z) = (z*,x) — «, aro (z*,z) — a < f(x) ans Beex z € X.
DTO PaBHOCUIBLHO TOMY, UTO

a = sup((z*, x) — f(x)) = f*(27).

zeX

Tax xak 1o teopeme 12 f — BepxHssd rpaHb TakuX (GYHKIHNA, TO I
Becex r € X

(17) fl)=sup ((z",2) —a).
T*E€X*, acR
a>f*(x*)
[TockobKy f He paBHA TOXK/IECTBEHHO +00, TO f* HUT/Ie He 00pAIaeTCst
B —00 1 modToMy B (17) BMecTO o MozkHO B3aTh f*(2*). CiremoBaTesib-
HO,

f(x) = sup ((z%,2) = f*(27)) = [ (x)

rreX*

s Beex x € X. ]
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11. IBOICTBEHHOCTBb SKCTPEMAJIBHBIX 3AJIAY.
JIBOMICTBEHHASI 3AJTAYA K 3AJAYE JIMHENHOI'O
IIPOTPAMMUPOBAHUA

[Ipumenum teopemy QPenxenss—Mopo K HOCTPOEHUIO JBONCTBEHHBIX
zasad. [lycte X — juHeitHoe HOpMupoBaHHOE TipocTpancTtBo 1 f: X —
R. Paccmorpuwm 3a1aqay

(18) f(z) = min, z€ X.

Bkutounm ee B ceputo “nogobHbIX” eii 3agad (MM, Kak TOBOPST, “BO3-
myTnm” aHHyto 3ajaqy). Todanee roBopsi, mycrh Y — JnHeiiHOe HOP-
MIpOBaHHOe mpocTpancTBo U dynkuns F: X x Y — R Takosa, uTo
F(z,0) = f(z) nus Beex x € X. Kaxaomy y € Y conocraBnm 3a1ady

(19) F(z,y) - min, z € X.

CewveficTBo Taknx 3a7a4 HasbiBaeTcs Bo3vymenueM 3sazjaqn (18), a
dbynkmusa S: Y — R, conocrasnsioniast y € Y 3uadenue 3amaan (19),
HasbIBaeTCst S-pyHKued jgannoro cemeiicrsa. fcuo, uro S(0) — 3na-
JeHwe NCXoaHoi 3amaun (18).

Kak yxke 6110 ormedeno, S*(0) < S(0), a eciu S-byHKIHsI BbI-
IyKJIa U 3aMKHYTa, T0 10 Teopeme Penxesnsi—Mopo S**(0) = S(0). Boi-
HuIIeM 3aJady, 3HaYeHneM KOTopoii sapigerca seiumduna S**(0). Io
OTIPE/TIEJIEHHIO

5*(0) = sup (=5"(y"))-
yreEY*
Hautee,
S*(y") = sup((y", y) — inf F(z,y))
er zeX
= sup  ((0,2) + (v y) — Fla,9)) = F*(0,y").
(z,y)EX XY
Takum o6pa3oMm, 3a1a4a, 3HaYeHHe KOTOPOoii paBuo S*™(0) mmeeT BHI
(20) —F*(0,y") > max, y"e€Y".

Basaua (20) HassiBaeTcs aBoiicTBeHHOIT 3a1a4eil K (18) (oTHOCHTETH-
HO 3aJIAHHOTO BO3MYIIEHNU ).
[ycrs ¢* € (RY)*, A — marpuna pasmepa n X d u b € R™. Bazauy

(21) c-r—min, Ax>b x>0,

HA3BIBAIOT 3aJaveil JIMHEHHOrO MpOorpaMMHUpOBaHUs (B HOPMAJTLHOM
dopme). 3aech © € R, a HepaseHCTBA MOHUMAIOTCS TIOKOOP/IMHATHO.
B repmunax obmieit nocranosku 3xech f(r) = ¢* - x, korma Az > b,
x> 0wu f(xr) =400 B IpOTUBHOM CJIyUae.
Brimumiem gBoiicTBeHHYO 33129y K (21) OTHOCHTENEHO BO3MYIIIEHHUST

(22) ¢ -xr—min, Ar>b+y, x>0,



BBIIIYKJIBI AHAJIN3 27

rae y € R" (re. F(z,y) =c¢* -z, korma Ax >b+y, x> 0u F(z,y) =
+00 B MPOTUBHOM cJiyuae). Mmeem

F*(0,y")= sup (y"-y—F(z,y))=sup(y*-y— inf " x)
(z,y)ERIXR™ yeR™ Aﬂ;%bgry
Azx>b+y
>0, yeR™

sup(y* - (Ax —b) — c* - x), ecam y* >0,

+00, ecJiu He Tak.
Hauaee,
sup(y” - (Az —b) — ¢ - x) =sup((y"A—c") -z —y" - b)
x>0 x>0

—y*-b, ecom y*A—c* <0,

+00, eCJIu He TaK.
Takum obpaszom,

—y* b, ecim y*A <c*, y* >0,

+00, €CJIl He TakK,

F*(0,y") =

U CJIeJI0OBATEIBHO, IBOMCTBEHHAA 3aa9a UMEET BUJL
(23) Yy -b—max, yAZc, y">0.

MpbI 0KazKeM HEKOTOpbIE TEOPEeMbl, KACAIOIIUEeCs CYIIeCTBOBAHUS Pe-
mennit B 3ama4ax (21) u (23), a Tak:Ke TBOMCTBEHHBIX CBsI3€il MEXKIY
uumu. [lepes srum HaM TOTpeOyeTCst PsiJi TPeIBAPUTEIBHBIX Pe3yIbTa-
TOB.

[Tycts X — snmueitnoe npocrpancrso. Hemycroe muoxkectso K C X
Ha3bIBaeTCsI KOHYCOM, ec/in st Becex © € K u Bcex a > 0 ax € K.

MuoxkectBo K C X Ha3bIBaeTCsd KOHEYHOIOPOXKIEHHBIM KOHYCOM,
€CJIN CYIIEeCTBYIOT L1, ...,T, € X Takue, 4TO

K = cone{zy,...,z,}.

IIpennoxkenne 12. B aunetinom HOPMUPOBAHHOM NPOCMPAHCMEE KO-
HEYHONOPOHCOEHHBLT KOHYC 3GMKHYM.

Joxazameavcmeo. Ilycts X — JiuHeiiHOE HOPMUPOBAHHOE MPOCTPAH-
CTBO, T1,...,T, € X u K = cone{xy,...,X,}. JloKa3zaTeabcTBO MpOBe-
Jem uHaykKiumei mo n. lpu n =1

K={zeX:z=ar, a>0}.

Ecim z; = 0, To, oueBugano, konyc K 3amkuyT. llpeamonoxum, 4to
x1 # 0 m agry — T upu k — +oo. Torma mociemoBaTreabHOCTD
{||agz1]|} orpammuena, m ciaemoBaTeNbHO, MOCTEIOBATENLHOCTD { v}
orpanmdena. Bribepem m3 Hee CXOIANIYIOCS TOIMOCJIETOBATETHHOCTD.
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Bes orpanmuennsa oOGIMHOCTH MOXKHO CYHTATH, UTO (v — & IpH k —
+00. Nmeem

[7 = aa || = [[7 = apzy = (@2 — ) || <7 = apan || + [ — a2 ]|

B cumay Toro, 94To mpaBylo 4acThb 3TUX COOTHONICHUII MOXKHO CIeIaTh
IpH JOCTATOYHO OOMBIIMX A CKOJIb YTOJHO MAJIOH, T = Q.

[TycTh yTBep:KAeHue BePHO s KOHYCOB, HOPOXKICHHBIX 12 — 1 TOY-
KO, n > 2, x1,...,x, € X u K = cone{xy,...,x,}. Jokaxkem 3a-
MKHYTOCTh KOHyca K. Eciin konyc K cojepKuT TOYKU —L1, ..., —Tp,
10 K — KOHEYHOMEPHOE TOANPOCTPAHCTBO, U CIeJI0BATEIHHO, 3aMKHY-
TOE MHOXKECTBO. B IPOTUBHOM CJIydae CymecTByeT TOUKa U3 MHOYKECTBA
—r1,...,—ITy, KoTopas He npuHaaie;kut K. [TycTh maas onpegenenno-
cTH 310 Oyaer —x,. Torma

K={reX:z=2"+ar,, ¥ €K' a>0},

k
rae K' = cone{xy,...,x,_1}. lycrs 2% = 2/ + a2, — nocaenosarenn-

HOCTH TO4eK n3 K cxomamasacsa K HeKoTopoit Touke T € X. Jlokazkewm,
yro T € K. Eciu noc/ieioBaTeibHOCTD {(} HeorpaHuveHa, TO U3 Hee
MOZKHO BBIOpDATDH IIO/IIIOC/IEI0BATETLHOCTD, CTPEMSINyocsa K +00. be3
OTpaHUYeHHsT OONMIHOCTH OY/IeM CUUTATh, UYTO (v — 400 IpH k — +00.
Torna, momesuB Ha (v M MOJAB3YACH TEM, UTO CXOISIIASCT MOCIEI0BA-
TEJLHOCTH TOUEK OFPAHMYEHA, IMOJIYIHM

k
ol k

T
— 4z, =— —0.
677 (6773
Tem caMbIM
1k
T
— = =T,
Qg

B cuay zamkuyrocrn K’ rouka —x, € K' C K, yro uporusopednt
C/IeJIAHHOMY paHee MPeoJIoKeHn 0. Takum 06pa3oM, 1mocseoBaTes b-
nocth {y} OorpaEmveHa, m CIEIOBATENIBHO, W3 HEE MOYKHO BHIODAThH
cxongmyiocst. Bygem canrarh, uto ap — @ npu k — +00. Toraa

% — apx, = T — ax,.

B cuiy samkuyroctn K ¥ —ax, € K'. Tem camMbim cyliecTByeT TOUKa
k' € K', nna xoropoit T — ax, = k'. 9ro oznauaer, uro T = k' + ax, €

K. U

Teopema 14 (cymecrBoBanus). Ecau snavenue sadawu (21) ((23))
KOHEWHO, MO OHA UMEEM PEULEHUE.

Jlokasamenvcmeso. Haanem ¢ 3amaun (21). PaceMoTpuM MHOZKECTBO
24) K={(y,a0) eR"xR:3z R 2>0, - v <a, Az>y}.

Herpynno yb6eaurbes, uro K — Boimykjabiii konyc. [lokaxkem, aro K
— KOHEYHOMOPOXKIEHHBIH Kouyc. Ilycrs (y,«) € K. Torma naiigercs
r € RY x> 0, gag xoroporo ¢* -z < a u Az > y. CiieqoBaTesbHoO,
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naiiayTrea takue 3y > 0u 8= (B1,...,68,)7 >0, ut0 ¢* 2+ fy = an
Ax — f =y. Ilepexoasd K KOOPIMHATHON 3aIMCH, CIATASL, ITO

1 ai; ... Qg

* .

=(cr,.y0), z= 1], A=|............ ,
xd anl and

HOJIyYaeM
d n
(y:0) = Y @&+ > Bibarji,
j=1 =0

riae fj = ((alj, e ,anj)T,cj), j = ]_, e ,d, £d+1 = ((O, e ,O)T, 1),
Sava2 = ((_17 ce >O)T70)> oy &dnyl = ((07 SR _1)T70)'

Taxum obpazom, K C cone{¢y, ..., q1nr1}- Herpyano ybeaurnes, aro
§ € Knpuscex j =1,...,d+n+ 1. Ina s170ro Hamo B3ATh T; = 1 1
xr,=0,ecm k # j,upun j=1,....d;anpu j=d+1,...,d+n+1
Hago B3arh * = 0. Tak kak K dBjsercsd BBILYKJIBIM KOHYCOM, TO
cone{&y, ..., &arnr1} C K. Tem cambiv jrokazano, uro K — KOHEYHO-
HOPOXKAeHHBII Konyc. V13 npeaioxkenns 12 BBITEKAET, YTO OH 3aMKHYT.

[Iycts & — 3uauenue 3agaum (21). Torma cymecTByeT mocjienoBa-
TenbHOCTh {2*} monmycrumbix B 3ajade (21) BEKTOPOB, /It KOTOPBIX
nocieoBaresibuocTh {af}, of = ¢* - 2% exomures x @. Tax xak BexkTO-
por ¥ onycrumer B 3a7aue (21), To (b, af) € K. losromy Touka (b, Q)
npuHajyiexuT 3ambikannio K. B cuny samkayrocru K (b,a) € K.
DTo 03HAuUaeT, uTo Haiinercs BekTop 7 € RY Takoii, utro T > 0, AT > b
u ¢*-T < @, HO MOCJIe/IHee HEPABEHCTBO CTPOIMM OBITH HE MOYKET (HHa-
ve 3Ha4Yenne 3a7a49n (21) OGbLI0 ObI MEHBIIE (), MOITOMY T — peIlleHHe
(21).

st 3ay1a4m (23) Ha0 paccMOTPETb KOHYC

Ky = {(+",0) € R)*xR: Jy" € (R")", y" >0, y"-b > a, y"A < 2 }.

B ocrampHOM cxema paccyzKieHuii ocTaeTcs TOil Ke, KaK U B MPEeJbIIY-
meM CIydJae. U

Teopema 15 (apoiicrBennoctn). /aa sadaw (21) u (23) cnpasedau-
64 CACOYIOULAA ANLMEPHATNUBA: AUDO SHAMEHUA IMUT 300aY% KOHEUHDL,
PasHYL U 6 KacIol u3 NUT CYuecmeyem pewenue, Aubo 6 0010l U3 HUL
MHOHCECTNEO QONYCIMUMBLEL INEMEHNOE NYCMO, G 6 OPY20T UAU MHOHCE-
cmeo JONYCMUMBLL IAEMEHMOE NYCTNO, UM €€ 3HAYEHUE DECKOHEYHO.
I[Tyemv T u y* donycmumoie snemernmol 6 3adavax (21) u (23). Tozda
OHU ABAAIOMCA PEUEHUAMY IMUT 3000 0204 U MOALKO Mo20a, K020a

(25) ¢ F =70

oxasamenvcmeo. PaccMoTpnM ceMeiicTBO 3a7ad, 3aBUCAIINX OT Y €
Rn

(26) ¢ -x—min, Ar>y, x>0.
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O6o3uaunM gepep S S-PYHKIUIO STOTO ceMeicTBa

: *
S1(y) = xzo}nszyc -

Hokazkem, ato epiS; = K, riue kKonyc K onpejesen paBeHCTBOM (24).
[Iycts (y, ) € epiS;. Dro ozmagaer, uro Si(y) < a. Ecmu Si(y) =
—00, To Ang moboro a € R (1, B wacTHOCTH, A7 ) cymecTsyeT & € R?
takoit, uro Az > y, x > 0 u ¢* -z < a. Cneposarensno, (y, o) € K.
Ecmu S;(y) xoneuno, To mo teopeme 14 CymecTByer pemenue 3agaum
(26), T.e. Taxoit T € RY uro T > 0, AT > yu c*-T = Si(y) < a. Snauur,
u B 3roMm cayuae (y,«) € K. Tem cambim jokazano, uro epiS; C K.

[Tycrs Tenepb (y, ) € K. D10 3HAUAT, YTO CYIIECTBYET TaKoil T €
R?, nna kotoporo z > 0, Az >y u ¢*-x < a. Cremosarennno, Si(y) <
a, u 3Ha4nT (Y, @) € epiS.

Nrak, nokazano, 4o HaarpadukoM GyHKININT S IBISeTCS KOHyC K.
B cuny Toro, uto K — BBIIYKIOE U 3aMKHYTOE MHOYXKECTBO, (DYHKIIAS
S1 — Bbinykia u 3amMayTa. Jis S-dynxknun 3agaun (22) umeem

S(y) = Si(y +b).

[Tosromy dyHKIMs S TaKkzKe sBJISIeTCsl BHIULYKJIOH 1 3aMKHYTOI.

Ecim S: R" — RU {+0o0}, To no reopeme ®@enxens—Mopo (reope-
ma 13) S(0) = S*(0), a S**(0) — 3nauenue aBoiicrBennoii 3amaun (23).
Ecau 0 € dom S, To 3navenust 3a1a4 (21) u (23) KOHEIHBI, PABHBI U 1O
TEopeMe CyIeCTBOBAHUsI y KazKJIO| W3 HUX CYIeCTByeT penterne. Ecim
0 ¢ dom S, to S(0) = S™*(0) = +o0. CiremoBaresbHO, MHOKECTBO J0-
IYCTHMBIX 9JIEMEHTOB B 3a7ade (21) mycTo, a 3HaUeHHE JBOHCTBEHHOI
3a1a49n O€CKOHEYHO.

[Iycrs cymectByer yo € R™, maa koroporo S(yy) = —oo. B sTom
cayuae S*(y) = 4o00. CuepoBarenbuo, S™(y) = —oo. D10 03HAUAET,
4T0 33ja9a (23) HecoBmecTHa. Herpyano ybenuThes, 9T0 B paccmar-
puBaemoM caydae S(y) = —oo aust Beex y € dom S (mokarxkure 310!).
[Tosromy ecm 0 € dom S, To S(0) = —oo, T.e. 3Hauenne 3amaqan (21)
Geckoneuno, a ecqim 0 ¢ dom .S, To S(0) = +00, U CJIeI0BATETBHO,
3ajada (21) HecoBMeCTHA.

[Iycte T u y* aBasorest pemenusivu 3a1a4d (21) u (23). Torma mo
JTOKA3aHHOMY BBIIIE (TIOCKOTBKY 3HAYEHHs] KOHEUHbBI) 3HATCHUS 33124
COBIA/IAIOT, T.€. BBIIOJHACTCS PABEHCTBO (25).

[Iycte T n y* momycrumbr B 3agadax (21) u (23) u cupaseiuBo
paBeHCTBO (25). [Ijist IpOM3BOJIBLHBIX JOMYCTHMBL B 3a1a49ax (21) u (23)
BEKTOPOB T ¥ y* uMmeem

x> (YA x=y" - (Ax) > y" - b.
HOSTOMy JJId BCeX AOIMYCTUMbBIX T

crr>yb=c"-T.
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Orcroma BbITeKaeT, 4To T — perenne 3agadn (21). VI3 aHaaornaubx
COOTHOIICHHIA
yveb=c-T>y"b

BBITEKAET, 4TO y* — pernenue 3agaqu (23). O

12. PABJIMYHBIE ®OPMBI 3AJIAY JIMHENHOTO
IPOT'PAMMUPOBAHNS I COOTBETCTBVYIOIINE
JBOVCTBEHHBIE 3A/JAYNU

Mub1 pacecmoTpenn 3aaady JUHEHHOTO NPOrpaMMHUPOBAHWS B HOP-
masbhOil opme (21). CymiecrBytor u apyrue HOpMbI TOil 3a1a4H.
Ilyers ¢ € (RY)*, A — maTpuna pasmepa n X d u b € R™. 3agaay

(27) ¢ -x —min, Ax >0b,

Ha3bIBAIOT 3a/1a4eil JIMHeHHOro IporpaMMUpOBaHusS B obmieir (popme.
HamomunM, uto o € RY, a HepaBeHCTBa MOHNMAIOTCS TTOKOOPIHHATHO.

Baaqy
(28) ¢ +x—min, Ar=0b, x>0,

Ha3bIBAIOT 3a/la4yeil JIMHEeHHOIO LPOrpaMMUPOBAHUA B KAHOHUYECKON
dopwme.

Bagaun B pa3andHbiX GOpMax JErKO CBOAATCS APYT K APYTY MyTeMm
BBEJCHUS JOIOJTHUTE/ILHBIX MePEeMEHHBIX ¥ U3MEHEeHHeM MaTpuilbl A.
[Tokazkem /Il IpUMepa CBeJIeHHe 3aa9u B HopMasbHOil hopme (21) K
3aj1aue B KaHonudeckoii (popme (28). [lonozkuM T = (Tgi1, .-+, Tain)®
Torna 3agada (21) MoxkeT OBITH 3alUCAHA B BHUJIE

¢+xr—min, Ar—2x2=0, x>0, =2>0.

Beenem obosmauenns: ¢ = (c¢*,0), T = (2,7)7, A = (A — I). Teneps
3aja4a (21) 3anuniercs B Buje
¢-T - min, AT =0b, T>0.

Ormernm, 9TO BO Beex Tpex dhopMax 3a1ad JUHEHHOrO IPOrpaMMI-
posanus ((21), (27) u (28)) oTbicKanue TOYHOI HUZKHEH IDAHE MOZK-
HO 3aMEHUTH HA OTHICKAHWE TOYHOIl BepXHeil rpanu (MIpOCTOi 3aMeHO
BEKTOpa ¢* Ha —c* 3a/1a1y MOXKHO CBECTH K OTHOMY U3 PACCMOTPEHHBIX
BUJIOB).

Jl1st moJty denust IBORCTBEHHBIX 3a/1a4 K 3a4a4dam (27) u (28) ux a0
CBECTH K 3ajiade B HOpMasbHOH dopme (21), aBoiicTBeHHast K KOTOPOii
yxke usBecra (23). Haunem ¢ 3agaun (27). IIpeacraBum BekTOp 2 B
BUJIe PA3HOCTH JBYX HEOTPHIATENbHbIX BekTopos T € RY n T € RL.
Torna 3agaua (27) 3anuimercsa B Buje

T —c-r—min, Ar—Ar>0b, >0, T>0.

Bpena obosmauenns ¢ = (c*, —c*), 7 = (z,7)7, A= (A — A), nepenu-
IIeM 3Ty 33729y B BHJIE

¢ -7 —min, Az>0b, 7T>0.
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JIBoiicTBeHHAst K 9TOH 3a1aue uMeer B (cM. (23))
y*-b—max, y*A<Lc, y*>0.

Jlerko ybemurhbcs, aro ycaosue y* A < ¢ o3Hadaer paBeHCTBO y* A = .
Tem caMbiM JIBOHCTBEHHO# K 3ajade (27) gBJsieTcs 3agada

(29) y*-b—max, y'A=c, y">0.

Paccmorpum Teneps 3a1ady JHHEHOIO IPOrPAMMHEPOBAHUS B KAHO-
argeckoM Buje (28). Ee MoxHO 3ammcars Tak

c-r—min, Ax>b, Ax<b, x>0.

ITonoxkus

HEepenuIIeM Ty 3a/1a4y B BHJIE
¢ -x—min, Az >b, x>0.
Torna aBoiicTBeHHasE 3a/a4a UMEET BU/L
7 -b—omax, A<, 7 >0.

Ecyim 3anucars ¥ B Buge y* = (y*,y*), To ra 3a1aua npumer Bu

" —7y)-b—max, (Y —yHA<Z<c, y >0, y=>0.
Tak kak 000t BEKTOpP MOYKHO IMPEJICTABUTH B BHUJE PA3HOCTH JIBYX
HEOTPUIATETHHBIX BEKTOPOB, JIBOHCTBEHHAS 33/1a9a B OKOHYATETHLHOM
BUJIe IpUHUMaeT (hopmy
(30) y b —max, y*A<c.

W3 npoBeIeHHBIX paccyzKJieHuil 1 TeopeMbl 15 BbITEKAeT

Caencrsue 6. [Tycmo T u y* donycmumuvie sremernmos 6 3adauar (28)
u (30). Toeda oHu ABAAOMCA PEWEHUAMU IMUL 30044 MO20a U MOABKO
mozda, Kozda

(31) ¢ F=7 b

13. BBINIYKJIBIIT AHAJIN3 U TEOPUS JINMHENHBIX HEPABEHCTB

JIBoiicTBEHHOCTH B 3a/ia4axX JUHEHHOTO MPOrPaAaMMUPOBAHUS U COOT-
BETCTBYIOIINIT Pe3yJIbTaT O PEelleHusiX B JBOHCTBEHHBIX 3a/a4axX (Teo-
pema 15) MO3BOJIAIOT JOCTATOYHO JIETKO MOy IaTh KPUTEPUH CYIIECTBO-
BaHUS PeIeHnil B psjie 3a/1a4 U3 TeOPUN JUHEUHBIX HEPABEHCTB.

Teopema 16 (Muukosckoro—®@apkama). I[lycms A — mampuua pas-
Mmepan X dubeR" Jlra mozo wmobv. cucmema

Axr =10

umena pewenue x > 0, neobxodumo u docmamouno, ¥mobv, dad 2100020
y* € (R™)* maxoeo, wmo y*A < 0, swnoansnrocwy nepasercmso y*-b < 0.
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Jloxazameavcmeo. PacecmMoTpuM 3a1a4qy
(32) 0-2x—min, Ar=05b x>0.

9T0 3aa49a JUHEHHOrO MPOrPpaMMUPOBAHNS B KAHOHHYECKOI (hopme.
JIBoiicTBeHHOM K Hell aBasgeTcs 3ajada

(33) y*-b— max, y"A<O.

[To Teopeme aBoiicTBeHHOCTH 33/a4a (32) mMmeer perrenue (a TeM ca-
MbIM MHOXKE€CTBO €€ JJOIIYyCTUMBbIX 3HAQ4YEHUU He IIyCTO, a 3Ha4Y€eHue 3a/a-
91 PABHO HYJIIO) B TOM ¥ TOJBKO TOM CJiydae, Korja 3a1ada (33) mveer
peritenne, pasuoe mysto. [locaearee o3nadaer, aro y* - b < 0 mis Bcex
y* € (R™)*, ynosiaersopsronux yciaosuio y*A < 0. O

Teopema 17 (Ku ®ausa). Mycmsv A — mampuya pasmepa n X d u
b € R™. Jlas mozo wmobvl cucmema HEPAGEHCNE

Ax <b

uMena peutenue, Heobrodumo u docmamouro, 4wmobv, das Awboz2o y* €
(R™)* makoeo, wmo y* > 0 u y*A = 0, 6wnoinAI0CH HEPABEHCMBO
y* b > 0.

Jloxazameavcmeo. Paccmorpum 3aiady
(34) 02— min, —Az > —b.

9TO0 3aja4da JUHEHHOro IporpaMMupoBaHus B obOrmieit dhopwme. /IBoii-
CTBEHHOI K Heil gaBadeTcd 3a1a4a

y* - (—=b) » max, y*(—A)=0, y*>0.
DTy 3ama9y MOKHO MEPEnucaTh B BHIE
(35) y*-b—min, y*"A=0, y*>0.

[To Teopeme apoiicTBenHOCTH 33/a4a (34) umeer perrenue (a TeMm ca-
MbIM MHO2KECTBO €€ JIOIyCTUMbIX 3HAYEeHUIl HE IyCTO, a 3HAUCHUE 3a/1a-
Y1 PABHO HYJIIO) B TOM M TOJBKO TOM CJlydae, Korja 3a1ada (35) mveer
pemenne, paBaoe Hy/0. [lociexnee o3nagaer, aro y* - b > 0 mis Bcex
y* € (R™)*, ynosnersopsironux yciaosuio y*A =0, y* > 0. O

Teopema 18 (Teitna). I[Tycms A — mampuya pazmepan X d u b € R™.
JIas mo2o wmobbl cucmema HepaseHcms

Ax <b

umena pewenue x > 0, neobxodumo u docmamouno, ¥mobv, dad 1100020

y* € (R™)* makozo, umo y* > 0 uy*A > 0, 66n0AHANOCH HEPABEHCMEO
y*-b>0.

Jokxazameavcmeo. Paccmorpum 3aiaqy

(36) 0-2 — min, —Ax>-b, xz>0.
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9TO0 3ajlada JUHEHHOTO MPOrpaMMHPOBaHHSA B HOpPMaJbHON (opMe.
JlBoiicTBeHHOM K Hell aBIgeTcd 3aJa4a

y* - (=b) > max, y*(—A)<0, y*>0.
DTy 3aja4y MOKHO HepenucaTh B BUJIE
(37) y*-b—min, y*A>0, y">0.

[To Teopeme aBoiicTBeHHOCTH 331ada (36) wMmeer perrenne (a TeM ca-
MBIM MHOKECTBO €€ JOMYCTUMbIX 3HAYCHHIl He [MyCTO, a 3HAUYCHUE 33/1a-
Y PABHO HYJIO) B TOM H TOJBKO TOM CJydae, Korja 3amada (37) uveer
pemenne, paBHoe Hy/0. [locneanee oznadaer, aro y* - b > 0 mig Bcex
y* € (R™)*, ynosrersopsitonux yeaosuio y*A > 0, y* > 0. O

14. ITIPUMEPHI 3AJIAY JIUHENHOTO ITIPOIPAMMIPOBAHUS

1. 3agaya oONTUMAJHLHOTO MJAHWPOBAHUSA IIPOU3BO/ICTBA.
[Ipeanpusitiie BbilycKaeT d BHIAOB HPOAYKIMH, HOTPEOJISAS IIPU STOM
N BUIOB ChIpbs. st BBIMyCKa €IMHUIBI k-rO BHIa TPOAYKIWH, k =
1,...,d, 3aTpaumBaercs ay; €AMHUIL j-TO CHIPbd, j = 1,...,n. Cymmap-
HBIIE 00bEM J-TO BHJIA CHIPb, HAXOJSAIIETOCAd B PACHOPAKEHHH IIPe]I-
npuatnd paseH b;. [Ipubbiie ¢ mpomssoacTsa k-ro BHIA IPOIYKIUH
paBHa 7 pyOJieit. 3ajgaua 3aKJII09a€TCAd B TOM, YTOOBI HOJYIUTH MaK-
CUMAJIbHYIO TPUOBLTL MPH YCJIOBUU, UTO PACXOJ ChIPbS HE MPEBBICUT
TOT, KOTOPbI HAXOJUTCS B paclopsizkeHun upeanpusarus. [lycrs xp —
IPOU3BEIeHHBIT 00beM k-ro Buga npoaykmuu. Torga obirast npuObLIb
paBHa

d
T
rer= E kT, = (r1,...,1rq), T=(T1,...,2q) .
k=1
[Torygaem ciemayromyro 3a1ady

d
r - X — max, E ag;xr < bj, j=1,...,n, x>0.

k=1

OTa 337a4a 0YeBUIHBIM 0O6PA30M CBOJUTCS K 3aja4e JIUHEHHOTO MPO-
IPAaMMEPOBaHus B HOpMaJibHO{T dopme (21).

2. TpancnopTHada 3axada. llmeercs n KapbepoB € IECKOM U 1M 110-
Tpebureieil, KOTOPHIX HAM0 0becednTh meckoM. C k-ro kKapbepa MOKHO
YBE3TH aj, TOHH IeCKa B CyTKH, & j-My MOTPeOUTe/II0 HyKHO b; TOHH 1ec-
Ka B cyTKH. [Ipm 3TOM mepeBo3Ka OHON TOHHBI TIeCKa ¢ k-TO Kapbhepa j-
My IOTpeOuTe 10 00X0auTes B ¢, pyoseit. Tpebyercsa obeciednTs Beex
noTpebuTesieil, 3aTpaTUB MPU ITOM HAMMEHBIITYIO BO3MOYKHYIO CYMMY
nener. Obo3Hauad depes Tyj KOJTUIeCTBO HecKa, B3ATOro ¢ k-ro Kapbepa
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JUTSL IEPEBO3KU J-MY MOTPEOUTEITIO, MOTYyIaeM CJEIYIONIYIO 33/1a9y:

(38) Zchjxkj%min, Zxkj:ak, k=1,...,n,
k=1 j=1 j=1
Zxkj:bj, j=1....m, x,; >0, k=1,...,n, j=1,...,m.
k=1
[Tosozxkum
C*:(01176127"'JCl'I’)’L?’"JCTL17CTL27"’7CTLm)7
xr = (ZEll,ZL‘lQ, oy Timy e oo 9 Lnly Ln2y - - - ,xnm)T,
11 1 0 0 . 0 00 0
0 0 011 1 00 0
A 0 0 00 0 . 0 1 1 1
110 010 . 0 1 0 01’
0 1 0O 0 1 . 0 0 1 0
0 0 1 00 1 00 1
b= (ay,as....,an,b1,ba ... byt

Torma 3amada (38) 3anuimercss B KAHOHUIECKOi hopme
c"-r—min, Azr=0b, x>0.

3. 3agaua Ha MuHUMAKC. IIycTn ¢, ..., c; € (RY)* B, ..., B, € R,
A — marpuna pasmepan X d, b € R" n

f(z) =max{cl -z —B1,...,c, -2 — B}, =cR™
PaceMoTpuM ¢ieiyontyo 3a1ady
(39) f(z) = min, Ax=05b, z>0.

QOyuxius f He sBisercs JUHERHOl 1 nodToMy 3aa4a (39) He siBjsieTcst
3a/iadeil JIMHEHHOTO ITPOrpaMMUPOBAHKS, HO €€ JIEI'KO CBECTH K TaKO-
BOIi, BBE/Is1 JOTIOJHUTENIbHYIO Tlepemennyto. [Tokazkewm, aro 3amaua (39)
SKBUBAJCHTHA 33,/1a4€

(40) gy = min, cr—F; <wa, j=1,...,k, Ar=0b, x>0

JleiicTBuTenbho, nycth = (Z1,...,%4)7 — pemenne 3agaqn (39).
Torpa (T1, ..., 24, f(Z))T — pemenne samaau (40), Tak Kak ecju 1peji-
[OJIOZKUTH HPOTHBHOE, TO CYIIECTBOBAJ Obl BEKTOP X, JOMYCTUMbBIH B
sagaue (39), piag koroporo f(Z) < f(Z), 4T0 NIPOTMBOPEUUT IPEIIOJI0-
JKEHUIO O TOM, 9TO T — perienne 3a1aan (39).

Eciu mpeanonoxuTs, 9to (T1,...,Tq, Tqp1). — pelieHne 3a1a4qm
(40), To BeKkTOp T = (T1,...,T4)" — momycrumpiii B 3ama4e (39). Ec-
JIA OH He dBJ4eTCd pelleHrueM ITOH 3aJa4u, TO HalJeTcd JOIYCTUMbII
B Heil BekTOp T = (T1,...,24)7, g xotoporo f(T) < f(T) < Tgy1.
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Torna BexTop (Z1,...,%4,Tas1)’, tae Tqy1 = f(T), aBagerca gomy-
crumbiM B 3amaue (40), a I HETO Tgyq < Tgi1, 9TO TMPOTUBOPETUT
IPETOI0KEHNIO 00 SKCTPEMAIBHOCTH BEKTOPa (T1, . . ., T, Tas1) )

15. KPATHUE TOYKU B 3A/IAYE JINHETHOT'O
[IPOT'PAMMUPOBAHUS

[Iycts X — smmeiinoe mpocrparctBo u A C X. Touka z € A
Ha3BIBACTCA KpaiiHeil Toukoii muoxkecTtsa A, ecam u3 toro, 4ro r =
(1 — a)zy + axy upu nekoropoix o € (0,1) u z1,x2 € A BbiTexkaer, 4ro
X1 = Zy. VlHBIME cjIOBaMU, TOYKA T HE SBJISIETCS BHYTPEHHEH TOYKO
HUKAKOTO OTPe3Ka ¢ KOHIAMU, TIPUHA IeKauvu A.

Muoxectso B R?, 06pasoBannoe nepecedenneM KOHeTHOTO YHC/Ia MO-
JIYIIPOCTPAHCTB, HAa3bIBaeTCs MOIIIPOM. B 9acTHOCTH, MHOYKECTBO J10-
IYCTHMBIX TOUYeK B 331a4e (27) (kak u B J1000i 1pyroil 3a1a4e JuHei-
HOTO MPOrPAMMUPOBAHUS, TAK KAK OHH DABHOCUJIBHBI) SIBJISIETCS TIOJIA-
yapoM. KpaitHue TOYKN TOJIU3Ipa HA3BIBAIOTCS €r0 BepIunHaMu. JIerko
HOHATDH, 9TO MUHUMYM JIMHEITHON (DYHKIMM, €C/id OH KOHEYEH, JOCTH-
raeTcs B BePIIUHAX MOJIHI/IPA.

Takum obpasom, Jijist pellieHust 3a/a4 JIMHEHHOro MMpPOrpaMMUPOBa-
HUsI HAJIO TTepedpaTh BCe BEPIIMHBI U BHIOPATH Ty, 3HAYEHUE B KOTOPO
MUHUMU3UPYEMOii JInHeiHO# (QyHKImn MuHUMAILHO. OJHAKO B MpH-
KJIAQ/THBIX 33/[a9aX YUCJIO BePIINH MOXKeT ObITh OUeHb 00JIbImuM. B ¢Bs-
31 C 9TUM BO3HHKaeT 3ajada “mesecoobpaszHoro” mepebopa. OgHa u3
TaKWX MPOIEIYD W HA3BIBACTCS CUMILTIEKC-METO/IOM.

Bynem paccmarpuBaTh 3a1a9y JUHEHHOTO TPOTPAMMUPOBAHUS B Ka-
HOHUYeCKOiT dopme (yist yaoberBa paccMaTpuBaeM 3a/4ady MaKCHMU-
3a1um)

(41) ¢ -r—max, Ar=0b, z>0.

Hanomnuwm, urto 3mech ¢ € (R?)*, A — marpuna pasmepa n X d u
b e R"
poitcTBennoii 3amaveii k (41) steasiercst 3amaqa (em. (30))

(42) y*-b—min, y*A>c".

Ipenmoxkenne 13. ITycmo sexmop ¥ = (z1,...,74,0,...,0)7 € RY,
1, ..., x5 > 0, — donyemumni 6 3adave (41). Toeda v asasemcs
kpatined moukotl mroscecmsa donycmumoir exmopos 6 (41) 6 mom u
MOALKO 6 MoM Cayuae, ecau cmoabube al, . .., a* mampuyo A aunetino
HE3ABUCUMDL.

Jokazamenavcmeo. 1lycth v — Kpaiingsa Touka. Jlokazkem, 9T0 cTOJIOIBI

a',...,a* marpunpl A muHeiHO He3aBUCHMBEL. IIpemosozKuM IpOTHB-

Hoe. Ecim cronbust a', . .., a" nuHeiino 3aBucuMbI, TO HaiimTyTCs He BCe
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paBHBIE HYJIO Aq, ..., \; TaKHe, 9TO

k
Z )\jaj =0.
j=1

Tem cambim AN = 0 171 BexTopa A = (Mg, ..., A\, 0,...,0)T € R To-
I7a TOUKa ¥ + tA dBIgeTcd JOMYCTHMOM 71 BCeX t TOCTATOTHO OJIH3-
knx K Hymo. OTciofa cieyeT, 9To ToUKa & He aBaseTcsd Kpaiireii. [To-

Jyamin nporusopedne. Takum obpazom, croomst a', ..., a* nuneitno
HE3aBUCUMBbI.
[Tyctb Tenepb crosibisl a',. .., a" jnueiino nesasucuMmbl. Jlokazem

TOorjga, 49To AONMyCTUMad TOYKa T — KpaﬁHHH TOYKaA. Hpe,ZLHOJIO)KI/IM
npotuBHOe. B TakoM cjiydae CyIecTBYIOT JIONYCTUMbBIE TOYKH Y U Z,
y # z, uw aucyao t € (0,1) takume, uro x = (1 — t)y + tz. 13 sroro
paBeHcTBa 1 TOro, uto * = (xq, ..., 71,0,...,0)T ay, 2z > 0, BbITeKkaer,
aro y = (Y1, Y, 0,...,0)T, 2= (21,..., 2,0,...,0)T. B cuny roro,
uro Ay = bu Az = b, nonyuaem A(y — z) = b. 10 03HAUAET, UTO

k
> (g —=z)d =0.
j=1

Tem cambiM cTosIOIE al, . . ., a* muneitno 3asucnver. [logydanim nporu-

BOpeYHe. U

Tak kak 4UCJI0 JIMHEHHO HE3ABUCUMBIX CTOJIONOB HE MOXKET IPEBbI-
maTh YUCJIa CTPOK MATPHIBI, TO U3 TpeaaoxKenus 13 ciaemyer, 91O
KpaifHsisi TOYKa COJEPKUT He oJiee 1 MOJIOKHUTETbHBIX KOOPIUHAT.

Bagada (41) HasbiBaeTCsl HEBBIPOXKIEHHO, ecam Jrobast KpaiHsst
TOYKa MHOYKEeCTBA JOMYCTUMBIX 3HAYEHUIl COEPIKUT POBHO 7 TIOJIOXKH-
TeJIbHBIX KoopauHat. Eciau b = 0, To merpyano ybeaurbes, aro z = 0
— Kpaiiussg Touka. [losToMy B HEeBBIpOXKIeHHOI 3amade b # 0.

IIpennoxxenune 14. ITycmv (41) — neswposicdennasn 3adaua v T =

(r1,...,2%,0,...,007 € RY 2q,...,2p > 0, — donycmumas mouka 6
amot s3adave. Tozda
a) k>n,

b) mouka x AsaseMCA KPAlHeld Mmoukol MHONCECMEA DONYCIMUMbLE
ANEMEHMO6 Mo20a U MOoAbKO mozda, kozda k = n.

Jlokazamesvemeo. a). Tlpeanonoxum, uro k < n. Torga us teope-
MBI 3 cJeayer, 9To Haiiayrca s < k JHHEHHO HE3aBHCHMBIX CTOJIO-

noB a’',...,a’s marpunsl A m takme Bi,...,0, > 0, 94TO 37IeMeHT
Yy = (y1,-..,Ya), B KOTOPOM
_ ﬁéﬁ j - js-
Y; =

07 j%{jl?"'ajs}a
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ABJIETCA TOMyCcTUMBIM. V3 mpeamoxkenus 13 BbITEKaeT, 4TO y — Kpaii-
Hssl TOYKA, HO OHA COAEPXKUT S < k < M MOJOKUTETbHBIX KOOD/IUHAT,
YTO MPOTHBOPEYUT IIPE/IIOIOKEHUIO O HEBBIPOKIEHHOCTH 3a/1a49u (41).

b). Ecmn v = (z1,...,24,0,...,0)7 — xpaitnag Touka, To 1m0 onpe-
JIeJIEHUI0 HEBBIPOYKIEHHOM 3a/1a9u kK = n.

[Tycts k = n. Ecaun cronbuwt al, . .., a" marpunst A muHeitno 3aBucu-
MBI, TO U3 TeOPEeMbI 3 BBITEKAET, YTO HaiiIeTcd KpailHsasd ToYKa ¢ p < N
YUCITIOM TOJTOZKUTETHHBIX KOODAMHAT, YTO MIPOTHBOPEYUT HEBBIPOXK IEH-
nocru 3aaun (41). IlosTomy cTobupl at, . . ., a™ TuHeAHO He3aBHCUMBL.
Torna u3 nmpeamoxkenns 13 caemyer, 9TO ¥ — KpallHAS TOUKA. Il

16. CUMILJIEKC-METO/] PEIIEHUS 3AIAY JIMHEVTHOT O
[IPOTPAMMUPOBAHUS

[IpuBeneM cxeMy pelreHus 3a7a49 IO CHMILTIEKC-MeTOy. bymaem pac-
CMAaTPUBATh HEBBLIPOKJICHHYIO 3a/1a9y JHHEHHOTO TPOrpaMMUPOBAHUS
B KaHoHH4ecKoit popme (41).

[Tycrs pama Kpaiibsiss touka © = (T1,...,2,,0,...,0), z; > 0,
Jj=1,...,n (misa yno6cTBa 3amncu CXeMbl PelieHus CAuTaeM, 9T0 HOJIO0-
JKUTEJbHBIE KOOPANHATHI CTOAT mepBbivu ). OMH U3 METOIOB HAXOK 1€~
HHS HaYaJIbHOM KpaiiHeil Touku OyaeT onucaH Huzke. BekTop x MOXKHO

npeJcTaBuTh B Buje T = (x4, 2)7, mie Ty = (x1,...,2,)7, 7, > 0, a
T=1(0,...,0)7 € R, Ananormano MaTpuiy A MOKHO MpeICTaBUTD
B Buge A = (A, A), tie marpuna A, coctouT u3 cToabuoB a',. .., a".

3 npejioxkenust 13 BoiTekaer, 410 Marpuiia A, HEBbIDOK ICHHASL.
[TocrponM cuMIUIEKCHYTO TaOJIMILy Jilst 9TON KpaitHeil Touku (cM.
puc. 2).

c* c1 | ... | cn Cn+1 . Chy . Cd t

bazuc b(xy) [ al | ... a™ | a*t | ... | aFo | at

1
a C1 X 1 PN 0 T1n+1 .e T1ko ‘e T1d tl
a’° Cjo Lo 0 e 0 Ljo,n+1 e Ljoko e Ljod tjo
a” Cn Ty 0O [...] 1 Tnn+1 e Tk e Tnd tn
* * | an+1 * | ko * | d
z Cp Ty | C1 | ... | Cn|Cp ey |G
0O |...]0 Ant1 Ag, Ay

Puc. 2. Cummiekcnasa tabanna

CraestaeM psj mosiCHeHHin K 3Toit Tabsmie. B mepBom crosibne, Ha-
quHaAsg C TPeThbeil CTPOKU 1Mo N + 2 0003HaUYeHbI DA3UCHBLIE BEKTOPDI,
COOTBETCTBYIOIIHE MOJOKUTETBHBIM KOOPIMHATAM KpaiiHeil Touku (B
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HameM caydae 310 a', ..., a"). Bo BTopoM cToa6le Ha COOTBETCTBYIO-
MIIX MeCTaX CTOAT 3HAUYEHHS ¢; BEKTOpa €' ¢ TeMHU yKe HOMepaMH, UTO
U CToJIOUb! @’ .

[Tocsteganii cToJiber 3aloHIeTCsl IPU UCCJIeI0OBAHUN CUMILIEKCHOM
TAOJINIIEL.

B mepBoit crpoke, HauMHAST ¢ YETBEPTOrO CTOJIONA, CTOAT SJIEMEH-

THI C1, . .., Cq. BTOpast CTpOKa, HAYMHAS C TPETHEIO CTOJIONA, — BEKTO-
pl b,al, ..., a?. Ilog HEMH — pa3jioxKeHHe 3THX BEKTOPOB IO GA3HCY
at,...,a". $lcno, 9ro B cury Toro, uTo Az = b,

n
_ Jo .
b= E a’x;.
=1

Tem cambivM pasjiozkeHHEM BEKTOpa b SIBJISIETCS BEKTOP X HEHYJIEBBIX
KOOpJuHAT Kpaitneir Touku x. [IpemmoiokumM, 910 BEKTOPbHI ak, k =
1,...,d, mMeloT ciemyIolIee pasIoKenne mo 6aszucy al, ..., a"

n

. .
a® = E a’ x ;.

J=1

Takum obpaszom, a* = AyzF, n caegosarensno, A = A, X, tae

11 ... X14

X=1|.............

Tnl Lnd
— MaTpuia pasJoxKenuii BekTopos al,...,a? no 6aszucy a',...,a", a
2% — croabupl sroit Marpunel. Torna X = Ab_lA. OueBuiHO, YTO NpH
k =1,...,n pasnoxenus BeKTopos a* TpuBnanpusl: a¥ = a”. [Tostomy

Marpuma X Ha caMOM Jejie UMeeT BT

1 ... 0 Tin+l --- T1d
X= |
0 ... 1 Zpny1 - Tna
[Mosoxum ¢ = (c1,...,¢,). B npeanocienueii crpoke z B crosbie
O/, BEKTOPOM Zp, 3alIUIIeM 2o = Cp, - Tp. 10TJa 2zp — 3HaUYeHue PyHKINO-
HaJa B HAUAJIBHOIN Kpaitneil Touke x. [Tog Bekropamu af, k =1,...,d,
3amumem z = ¢ - ¥, To ecThb
*
z=(21,...,24) = ¢, X.
OueBnano, uto 2z, = ¢, upu k =1,...,n.

B nocsieneit crpoke A, HauMHAS ¢ 9eTBEPTOrO CTOJIONA, 3aIUChIBA-
eTCsl PA3HOCTHh MEKJIy SJIEMEHTAME MPEANOC/Ie/IHeil CTPOKU U JIeMeH-
TaMu nepBoit crpoku: A = z — ¢,

Haee ciemyer uccie0BaTh CUMILIEKCHYTO TaOJIAILY.

ITpengyoxxenne 15. Ecau A > 0, mo sexmop x — pewenue 3adavu
(41), a sexmop y* = c; A" — pewenue deoticmeennoti sadawu (42).
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oxazameavcmeo. Yenosue A > 0 osmauaer, uro z > c*. Tem ca-
MeiM ¢; X > ¢*. llogcraBisasa BeIpazkeHme ¢ depe3 y*, HOTydaeM, ITO
y* Ay X > c¢*. CuepoBaresbno, y*A > ¢*. Takum obpasom, y* — noiry-
cruMblii ementT B 3ajade (42). Kpome Toro,

crrx=c =y Ay-z=9y" Ay, =y"-0.

U3 crencrBus 6 (¢ COOTBETCTBYIOMMME 3aMEHAME SKCTPEMATBHBIX 3a-
Jad ¢ MUHEMYMa HA MAKCHUMYM W HA00DOPOT) BBITEKAET YTBEPIKJICHUE
TIpe/II0XKeHU . Il

Ipennoxenne 16. Ecau das nexomopozo k A, < 0 u ¥ < 0, mo
gnaverue 3adavu (41) pasro +0o0.

Llokasameavcmeo. Tlomoxum

0
x(t)=ax—t| | +te

0

(e1,...,eq — anounmuecknii 6asuc B R?). B cuay Toro, uro 2% < 0,
x(t) > 0 ps Beex t > 0. Kpowme Toro,

Az(t) = Az — tAya® + tAe, = b — ta® + ta* = 0.

Buaunt, x(t) — gomycTuMblii 31emenT npu Beex ¢ > 0. Tlpu sTom

ca(t)=c-ap—tcp -2t teh = ¢ my — tA.

Orcrona BugHO, uTo ¢* - () — +00 mpu t — +00. O

[Tycts B cTpoke A UMEIOTCS OTPHUIATEIbHBIE YUC/a, & COOTBETCTBY-
omue CTOJI6HBI $k COZAEPzKaT IMOJIO?KUTEJIbHBIC YHCJIA. Hpe,ZLHOJIO}KI/IM,
qTO

rnkin Ak = Ako,

rjie MUHUMYM O€percsi UMEHHO 110 TeM CToJjib1aM, KOTopbie 00J1a/1a10T
yKa3aHHBIM BbITe ¢cBoiicTBOM. OueBnano, uro n+1 < ky < d. Crosaber,
COOTBETCTBYIOIINIT WHIEKCY Ko, HA3BIBAETCS PA3PENTaloNinM CTOJIOIOM
(ec;iM MUHHMYM JOCTUTAETCS HA HECKOJbKHUX 3HAYEHUSX K, TO BHIOU-
paem 060§t n3 Takux cTOIOMOB). It Tex j, mpu KOTOPBIX Zjk, > 0,
MTOJIOZKIM
Lj

;= —L.

Ljko
OTH 3HAYEHHS CTaBUM COOTBETCTBEHHO B MOCJEIHEM CTOJOIEe CHM-
mjiekcHoit Tadbaunpl. [lyctn

tj, = mint;.

J

Crpoka BekTOpa @’° Ha3bIBaeTCd pas3pellaiomieil. DaeMeHT Ty, Ha3bl-
BAETCS Pa3PEMIAOIIAM IeMEeHTOM CHUMILTEKCHONH TaOIUIIb.
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Jlanee Heo6xoanMo u3 4ucaa 6a3UCHBIX BEKTOPOB UCKIIOUYNTH BEKTOP
ko

a’®, BMecTO Hero B34Th a'°.
Teopema 19. Fcau me svinosrenv, ycrosus npedsoscenuti 15 u 16,
mo mouxa x' ¢ HOGHLMU OA3UCHBLMU BEKMOPAMU

1

Jjo—1 ko jo+1 n
a,...,a ,a ", a ey @

ABAACMCA HOBOT Kpatinet moukol, a 3navenue GYHKUUOHAAL NPU
amom soapacmaem Ha eeauduny —tj, Ay, . Hosas cumnaercras mabau-
ya (0as 106017 Kpatnel mowky) moscem 6vimsv nNOCMpoena u3 cmapot
€ NOMOULLIO CACOYNOUUT COOMHOWEHUT:

( Tio Tk .
:L,]_ 30.707 1§]<n’
2z = Ljoko
J o .
T ) J= k:()a
\ Ljok
(43) ) Joro . -
G0k jko . . )
Tjpy — ————, J#Jo, 1<j<n,
x = ZLjoko
Jk xjok . ]{}
) J = Ro.
\ Ljoko
Llokasameavcmeo. ITlomoxxum
ko
r_
xr _x_tjo . _'_tjoek()’
0

JlokazkeM, 9T0 BeKTOp &' aABJIgeTca HOBOIT Kpaiineil Toukoii. [Tokakem
cHavaJja, 9TO OH SIBISIETCS JIOMYCTUMBIM BeKTOpOoM. meem

Ax' = Az — t;, Ayx™ + t;, Aey, = b — tj,a™ +tj,a™ = b.

Kpowme toro, npu j =1,...,n

x.
I L . . — L Jo
;=% — i Tk, = T

' L ko 2 0.
Ljoko
[pu srom 2% = 0. na n+1 < j < d, j # ko, nonyuaem z; = 0, a
‘r .
A _ Jo
Thy =ty = 2 > 0,
Ljoko
[To nocTpoenuio y BeKTOpa &’ 10 CpaBHEHMIO C BEKTOPOM T J100aBHIACH
OJIHA, TIOJIOKUTEIbHAsS KoopauHaTa kg, a KoopamHaTta jy obparmiach B
HOJTB. [TOCKOIBLKY 110 ipeIoskennio 14 y JomycTuMOoil TOYKI He MeHee
HOJIOXKATENBHBIX KOOPMHAT, TO B HOJIb 0OPaTUIACH TOJBKO KOO IMHA-
Ta jo. Takum 06pa3oM, y TOUKE &’ POBHO 1 HOJIOXKATENbHBIX KOOP/IXHAT,
U U3 TOrO Ke Ipejaoxkenusa 14 ciaemyer, uro ' — KpaiiHsg TOYKA.
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g HOBOI KpaiiHeil TOUKH mMeeM

* /

= x—t. o o
c v =cC-r—tjc -0 +1tc e

*

0 = C T — o2k, + LjoChy

_ *
=" x— 1, Ak

Tem caMbIM

>k /

* — .
¢ == =t A,

Borauciium Tenepb KOOPAUHATDHI x;k paz/ioKenns crojab1nos ak mar-

punpl A 1o 6asucy a', ..., a’*" ' a* a0t .. @™ B crapom 6a3zuce MbI
FIMeJTH CJIeYVIONINe Pa3IOKeHNs

n n

(44) at = Zajxjk = Zajxjk+aj°xjok, j=1,...,d.
=1 =1
’ Jgﬁjo

B wactHocTu, npu k = kg

n
. : .
a™ = E a’ T gy + @ T ok, -
Jj=1
J#jo
[TockonbKy Tk, 7 0, TO BeIpasum a’° U3 HOC/IEeHEr0 ypaBHEeHUsI

n ko
: - Lil a
@JOZ_E @l =250 4

j=1 Ljoko Ljoko
J#Jo

u nogcrasuM B (44). meem

n n T ak,o
a® = E daj+ | — E al =+ Tjok
j=1 j=1 Ljoko Ljoko
J#Jo J#Jo
& ik
Z koL jok k
_ a] x]k JR0Jo _|_ ko “7Jo , k — 1’ ’d
j=1 Ljoko ZLjoko
J#jo
[Tostyuum passioxenus 1o 6asucy a', ..., a1 a* afo+t . a”. Tlpn
5TOM KO3 DUIMEHTH PA3JIOYKEHWST COOTBETCTBYIOT COOTHOTIIEHUSM
(43). U

3arem HOBas CHMILIEKCHAs TaOJIMIA BHOBb MCCJIEYeTCsI, ¥ TaK Jla-
Jiee, TIOKa He TPHjeM K perrenuto 3aga4qu. QopMysibl /11 BEIYUCTIEHWS
3J1eMeHTOB TabJIIIHI, JTeYKAIINX Mo BeKTopaMu b, al, . .., a?, n ne texa-
MIIME B pa3periaonieil CTpoKe, HA3BIBAIOTCS MPABUIOM HTPAMOYTOJIb-
HUKA — JIEMEHTHI, YIACTBYIOIIHE B 3TUX (POPMYJIaX, CTOIT B BEPIIHHAX

IpAMOYTOJIbHUKA B CUMILIEKCHOI T&6JII/III6.
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17. IIPUMEPHI IIPUMEHEHNSA CUMIIJIEKC-METO/IA

Paccmorpum mpumMepsl periienust psijia 3a/1a4 JUHEHHOTO HPOrpaMMu-
pOBaHUs C UCIOJb30BaHUEM CHUMILIEKC METO/A.

ITpumep 17.1. Ilycts TpebyeTcs pemuTh 3aa49y JUHEHHOTO TPOTrpaM-
MUPOBAHUA

201 + 2o+ 23 — 14 —» max, x; >0, j=1,...,4,
T1— T + T3 = 1,
2331 + X2 + T4 = 3,
¢ 3aJanHoil HavaabHOf Kpaifireit Toukoit = (0,0, 1,3)7.

Basucubie Bekropnl 3aech a® = (1,0)7 u a* = (0,1)7. CocraBum
HEPBYIO CUMILIEKCHYIO Tabuiy (puc. 3).

c* 2 1 1 ]1-1]t¢
6azuc 2y | a' | a® |add] a
a’ 1 1 |—-1]110
at 1] 3 2 1 /0|1 |3
z —2|-1|-2]11]-1
A —3/-3]01| 0

Puc. 3

N3 Tabumibl BUIHO, UYTO B Ka4eCTBE Pa3PeNiaioIiero cTo omna MoKHO
B3aTh cTosIOonN a' nam a?. BossMem croaben a?. Torma paspernmatonias
crpoka a’. 3amenseM B 6asuce sexkTop a’ Ha BexToOp a’. /11 noBoro Ga-
3Uca ¢ TOMOIIBI0 hopMyJT (43) CTPOUM BTOPYIO CUMILICKCHYTO TabJIUILy

(puc. 4).

c* 21111 |-11|t¢t
6azuc xp | a' | a® | a®| at
a’ 1 31011 1
a? 11312110 1
z 715|111 2
A 310101 3
Puc. 4

Bexrtop A > 0, nosromy Toura T = (0,3,4,0)! asagercsa pemenmem
3a/[a4N, a ee 3HAYeHne PaBHO 7.

Ecyiu 661 B KadecTBe paspernaiomniero cToiona B IepBoil CUMILIEKCHOM
TabInIe Mbl B3ATH cToabern a', To mpunuin 6bI K TOIl JKe TOUKe, HO 32
OOJIbIIIee YHCJIO IIAroB.
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18. METOA UCKYCCTBEHHOI'O BA3UCA JIJIST HAXOXK/IEHU S
HAYAJIBHON KPAMHEN TOYKU

Bynem cHoBa paccMmarpuBarh 3a1a49y JTUHEHHOTO TPOTPAMMUPOBAHUS
B KaHOHUYECKO# dopme

(45) ¢ xr—max, Axr=0b, x>0,

rae ¢t € (RY)*, A — marpuna pasmepa nxd u b € R™. He orpannuupas
OOIIHOCTH, MOXKHO cuuTaTh, 910 b > 0. Ecan 310 He Tak, Hanpumep
b; < 0, To ymMHOXKIUM 00e YacTu j-ro ypaBHeHUs Ha —1.

PaccmoTpuM BecmomoratenpHYIO 3a7ady, 100aBisds HCKYCCTBEHHBIE

nepeMeHHble T = (Tgy1, ..., Tdsn)] U eJIUHUYHYIO MaTpHILly 1.
n
(46) —Zxd+j—>max, Ar+ Iz =b, >0, z2>0.
j=1
Touka T = (0,...,0,b1,...,b,)T aBasgerca momyctmmoii B 3amade

(46). Kpome Toro, 3naveHue 3ajavum KOHe4HO. VI3 Teopembl 15 BbiTe-
KaeT, 9TO pelleHne B 3TOil 3a/1ade CyIIeCTBYeT.

113 npeanokenna 13 BBITEKAET, 9TO TOYKA T ABIAETCA KpaiiHeil 1
sajaun (46). ByaeM pemars 5Ty 3a1auy CUMILUIEKC-MeTo0M. [Tpu 3ToM
MOI'YT BCTPETUTHCS CJIEYIONIUE CUTYAIUH.

1. Pemenne 3amaun (46) cogep:KuT HEHyJIeBble UCKYCCTBEHHBIE IIe-
peMeHHble. DTO O3HAYAET, YTO B MCXOAHOI 3a1ade (45) HeT IOMyCTH-
MBIX 3JIeMeHTOB. JlelicTBUTEIbHO, €C/ii He BCe MCKYCCTBEHHBIE Tepe-
MeHHbIe HyJIeBble, TO 3HadYeHue 3a1auu (46) oTpuraTesbHoe, a ecii Cy-

mectByeT gomyctuMblii BexkTop (20, ..., 297 B 3amaue (45), To BeKTOD
(29,...,29,0,...,0)T apagerca momyctumeiv B 3a1a4e (46), a 3HadeHEE

MaKCUMU3UPYEeMOTo (pYHKIIMOHAIA HA HEM PAaBHO HY.JIIO.

2. Pemtenne 3agaqu (46) HE CONEPKUT HEHYJIEBBIX HCKYCCTBEHHBIX
IIEPEMEHHbBIX U Cpejii DA3UCHBIX BEKTOPOB HET BEKTOPOB, COOTBETCTRBY-
IONUX UCKYCCTBEHHBIM IepeMeHHbIM. B 3TOM ciiydae perienue 3aja4qu
(46) mveer Bus (T4, ..., 74,0,...,0)7, arouxa (71,...,74)7, B KOTOPOIL
KOOPJIMHATHI, HE COOTBETCTBYIONINE DA3UCHBIM, PABHBI HYJ/IIO, SIBJISETCS
KpaitHeii 1y1s 3agaun (45), Tak Kak CTOJIOIBI, COOTBETCTBYOIINE GA3HC-
HBIM KOOpPJMHATAM GY/1yT JUHEHHO HE3ABUCUMBI (CM. TIpeiozkenue 13).

Jlanee, B3gB B KadecTBe MepBOHAYAJILHON KpaiiHeil TOUYKH TOUKY
(T1,...,Zq)T, MOXKHO IpHCTYTIATH KO BTOPOMY 3Tally - PeIleHHIO 3a-
Jgaan (45) ¢ MOMOIIBI0 CUMILIEKC-MeTOa. TeM caMbIM Mbl IIOJIy4aeM
JIBYXITAIHBI MeToJ| pertennst 3aaun (45).

ITpumep 18.1. Pemuth MeT0/I0M UCKYCCTBEHHOTO Oa3uca 3ajady

1+ 2w9 + 3v3 —4vy - max, w; >0, j=1,...,4,
T+ To — T3+ Ty = 2,
T+ ]_4.172 + 101’3 - 10£L‘4 = 24.
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PaccmoTpuM BermomoratebHYIO 3a7a9y, 100aBIsds HCKYCCTBEHHBIE
nepeMeHHbIe T5 U Tg:

—x5 —re —wmax, x; >0, j=1,...,0,
T1+ Xo— T3+ T4+ x5 =2,
r1 + 14x5 4+ 1023 — 1024 + xg = 24.
Ucxomnas kpaitasas Touxa x = (0,0,0,0,2,24)7. Basuchbie BeKTOPHI
a® = (1,07, a®=(0,1)".

CocraBuM TepByIO CUMILIEKCHY IO TaOJIHILY JI/I BCIOMOTATeIbHOM 3a/1a-
un (puc. 5).

c* 0 0 0 0 —1|—-1]| ¢t
6azuc xp | at | a® | a® | a* | a® | af

a® —1 2 1 1 —1 1 1 0 2

) 12

a -1 24 1 14 | 10| —-10] O 1 7
z —26|—-2|-15] -9 9 -1 -1
A —2|-=15|1-9] 9 0 0

Puc. 5

PaspemaionuM CTOTOIOM gBIgeTCs CTONOeI a’, pa3penraiomnas

crpoka ab. 3amensem B 6asuce BexTop a® Ha BekTOp @ U /I8 HOBOIO

6asuca CTPOUM BTOPYIO CUMILIEKCHYIO Tabsuiy (puc. 6).

c* 0 0 0 0 -1 =1 | ¢

6azuc xy | ab | a®| at | a® | af
5 1 2 13 0 _12 12 1] - 1|1
7 14 7 7 14 16

12 1 5 5 1

2

it T R e il

S I R Y 7 710 1

2 13 12 12 1

I il I R

- 7172| 0] 7 7 14

13 12 12 15

A i et It el

14 0 7 7 0 14

Puc. 6

Tenepsb 3aMeHsIeM BEeKTOD a° Ha BEKTOD a® M CTPOUM TPETHIO CHM-
IIeKCHY 0 Tabauiy (puc. 7).
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c* olololol=1] =1 ¢
6asuc xp | a' | a?| a® |at] a ab
113 7 1
1 il L=
o 10l 12| 2
11| 11 5 1
2
=11 | =
o 1015 01015 =
p olololololol o
A olololol 1] 1
Puc. 7

Tak kaxk A > 0, T0 TO4YKa

11 1 T
0,—.0.-.0.0
(76’7677)

SIBJISIETCS pellleHreM BCIoMoraTebHoi 3aga4uu. [Ipu aTom cpean 6a3uc-
HBIX BEKTOPOB HET BEKTOPOB, COOTBETCTBYIOIMUX UCKYCCTBEHHBIM TEpe-
MeHHBIM. Takmm 00pa3oM, B KadecTBe HAYAIbHON KpaiiHeil TOYKH B
HUCXO/IHON 3a/1a4e MOXKHO B34Tb TOYKY

11 1\”*
—(0,=.0-) .
x (76?767>

CocTaBuM MEpBYIO CHMILIEKCHYO Tabauiy (puc. 8), HCmob3ys pas-
JIO’KeHHs BeKTOPOB T, a' u a® u3 mociegHeil CHMILIEKCHO TabIUIILL.

c* 1 21 3 | -4 ¢t
6azuc xy | a' |a?| a® | a?
1 13 4
a* 4| = — 0| =11 |—
6 24 13
a? 2 E E 110 0
6 24
15
3 |— 12| 4 |4
- 12
9
A —— 01| 1 0
4
Puc. 8

Bamensiem BekTop a' Ha al W CTPOUM BTOPYIO CHMILICKCHYIO Tab/INILy

(puc. 9).
3aMeHdgeM BeKTOp a’ Ha a

(puc. 10).

3 1 CTPOUM TPETHIO CUMIIJIEKCHYIO Ta6ﬂHHy
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c* 1] 2 3 —4 |t
6azuc xp |at | a®| @ at
1 1 24| 24
a 1{—]1]10|——| —
13 13| 13
s 5 2], 1],
¢ 13 13 | 13
48 2 2
2 Pl -2 =
13 13| 13
41 | b4
A _E 22
010 13| 13
Puc. 9
c* 112 3|4\t
basuc xp | at| a® | a® | a*
24
1 114]1|—101]0
¢ 11
13
5131210 —=1]1]-1
¢ 11
63
101 — 1|3 1|-3
: 11
41
A 0O]l— 1011
11
Puc. 10
Bektop A > 0, mosToMy TOUYKA
T = (4,0,2,0)"

ABJIgeTCd pellleHneM 3aJia4dl, a ee 3HadeHne paBHo 10.

19. TPAHCIIOPTHAS 3A/TAYA

PaccmorpuM Gosiee moipoGHO TpaHCIOpTHYIO 3a1ady (38). Hamowm-
HHUM, 9TO pedYb HJET O MEPEBO3KE OJHOPOJHOIO I'Py3a U3 N IyHKTOB
orupasjienus Aq,...,A, B m nyHKroB HasHaudenus Bi,..., B,,. U3
IYHKTa OTIPaBJeHus Aj MOXKHO YBE3TH () €JMHUIL IPY3a, a B IyHKT
Ha3HavYeHUs [; TpebyeTcs nocTaBUTH b; eaunuI rpysa. IIpm srom me-
PeBO3Ka OJIHOIl eUHHUNBI I'Py3a u3 HyHKTa A, B myHKT B; 00X01uTCs
B Cj; pyOuneit. Tpebyerca obecrieunTs HepeBO3KY IPY30B, 3aTPATUB IPH
5TOM HaHMeHBIIIYI0 BO3MOXKHYI0 cyMMy Jener. Obo3Hadas depes T, Ko-
JHYeCTBO I'Py3a, IePeBO3UMOro n3 myHKTa Ay B myHKT B, momydaem



48 K. FO. OCUITEHKO

CJIEIYIONIYIO 3aa9y:

(47) Zchjxkj—)min, r; >0, k=1...,n, j=1,...,m,
k=1 j=1
(48) Zwkj:ak, kzl,...,n,
j=1
(49) Y ap=b, j=1,....m
k=1

BBena obo3nadennsa

C* = (61170127"'7clm7'"7Cn17cn27"'7cnm)7
€T = (xlbxl%-"7x1ma"'7$nlaxn27”wxnm)Ta
11 ....100 ... 0 ...0¢0...0
oo0...011...1...00...0
(50) A — 00 0 0 . 0 11 1 ’
10 010 0 10 0
01 0 01 0 01 0
0 0 1 00 1 0 0 1
b= (ay,as....,an,b1,0s, ... by)",

MBI 3amuceBasm 3aaady (47)—(49) B kaHOHIUECKOi dhopme
(51) ¢ r—min, Ar=0, z>0.

Begaxnii momycTuMblil BEKTOP B 9TO# 3a/1a9e MBI HA3bIBaeM JTOMYCTHMBIM
ILJTAHOM IIEPEBO30K, a pellleHre TPAHCIOPTHOI 3a1a4u HA3bIBAETCS OII-
TUMAJbHBIM ILJIAHOM NEePEBO30K.

13 ycaosuit (48), (49) BbITekaer, 4T0

ZZIL’M :Zak:ij =M.
k=1 Jj=1

k=1 j=1

Nubimu cjioBaMu, ob1uit 3anac rpysa Ha BCeX IIYHKTaX OTIIPABJICHUS
paBeH CyMMapHOil TOTPeOHOCTH BCeX MYHKTOB Ha3HadyeHus. B 3rom
cJIydae TOBOPSIT, 9TO MMeeTCsl 3aMKHYyTas MOJeJib TPAHCIIOPTHOH 3a-
JA4H.

MokHO paccMaTpuBaTh HE3aMKHYTBIE MOJIEIN TPAHCIOPTHON 3a7a-
qn. [TokarkeM, 9TO OHE MOTYT OBITH CBEJEHBI K 3aMKHYTO# MOJIEJIH.
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[IycTh cymmapHBIe 3amachl OTIpaBuTeseil 0OJIbIle CYyMMAapHBIX TIO-
TpeOHOCTel MYHKTOB HA3ZHAYEHUS, T.€.

n

Zak > ij
j=1

k=1

B sroMm ciryuae paBencrsa (48) 3aMeHSIIOTCS HEPABEHCTBAMU

m
E xkjgak, k:L...,n.
j=1

Brejiem (bukTUBHBINA IYHKT Ha3HadeHus B,,11 ¢ BeJIMYMHON 3aBO3a

n m
b1 = E ap — E bj
k=1 j=1

U HYJIEBBIMU CTOMMOCTSIMH I1€PEBO30K B 3TOT HyHKT. JloGaBiisis HO-
Bble HEOTpUIlATe/IbHbIE IIeDEMEHHbIe Tk 11, K = 1,...,n, nojsydaem
3aMKHYTYIO MO/leJib TPAHCIOPTHON 3a/a4u C OIPAHUYEHUsIMU B BUJIE
PaBEHCTB

m+1

E Tkj = Qf, kzl,...,n,
j=1

Z'Tkj:bja jzl,,m—i-l
k=1

[IycTh Tenepb cymMapHble 3alachbl OTIpaBUTe/eil MeHbIe CyMMap-
HBIX TOTPEOHOCTEl MYHKTOB HAa3HAYEHUS, T.€.

n m
Z ap < Z bj.
k=1 Jj=1

Torma paBercTBa (49) 3aMeHSIOTCS HEPABEHCTBAMHE

n
ZQZM Sbj, jzl,,m
k=1

B sTom ciydae BBoUTCH (DUKTUBHBIA IYHKT OTHpaBjeHust A, 1 ¢ Be-

JINYNHON BBIBO3a
m n
Upg1 = g bj — g ay
j=1

k=1

U HYJIEBBIMU CTOMMOCTSIMH IE€PEBO30K M3 3TOro myHkrta. Jlobasigsa Ho-
Bble HEOTpUIATeIbHBbIe IepEeMeHHbIe Tpy1j, j = 1,...,m, momydaem
3aMKHYTYIO MOJIeTb TPAHCIOPTHOM 33Ja9u ¢ OTPAHUYEHUSIMHU B BUJIE
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PaBeHCTB

Zxkj:ak, k=1,....n+1,

n+1

Ziﬁkj =0, =1,
k=1

20. CBOMCTBA TPAHCIIOPTHOW 3AJIAYU

TpancroprHas 3a/1a4a siBjsieTcs 3a/ia49eil JUHEeIHOTO ITPOIrPaMMHUPO-
BaHUs ¥ MOXKET PeriaTbCs CUMILIEKC-MeTO0M. B ¢ty nmpocToro crpo-
eHus orpaHudeHnii (MaTpuibl A) cymecTByer psij| yIpPOLIEHHi IpH pe-
MMEeHNN TOI 3a1a9u. DTOT YIPOIIEHHBI MeTOI U OyIeT OMncaH HUKe,
HO CHavaJja HaM IOTPedYIOTCS HEKOTOpbIe BCIIOMOraTeIbHbIe pe3y/IbTa-
THI.

Jlemma 1. Jlas 410600 mparcnopmmoti 3adayu cyuecmesyem donycmu-
MO NAGH NEPEBO3OK.

Jlokasamenvcmeo. Be3 orpanndenuss oONIHOCTH MOXKHO CUUTATh, ITO
paccMaTpuBaeTcsd 3aMKHYTas MOJeIb TpaHCHoOpTHO# 3amaqdm. [loso-
KUM

akb]
Tj = ——.
kj M
Torma
agb; a - a
ab; k k
Z%— YA _Mzbj_ﬂ = ay,
j=1 7j=1
n
akb bj bj
T = = ap = —M = b;.
Z WU LM T M&ETT M 7
k=1
Tem cambIM T); — JOMYCTUMBII TIJIAH TT€PEBO30K. U

Jlemma 2. Jlaa moboti mpancnopmmoti 3604y cyulecmeyem onmu-
MAAOHOLT NAGH NEPECO3OK.

Joxazameavcmeo. B cuiy jiemMbl 1 ¥ TOro, 910 3HaYE€HUE TPAHCIIOPT-
HOII 3a/1a4M OTPAaHUYEHO CHU3Y HYJIeM, 9TO 3HaYeHue KoHe4dno. [lo Teo-
peMe cytecTBoBaHus (Teopema 14), yauThiBast, 9T0 pa3andubie (hOpMbI
3a/1a4 JIMHEHHOTO ITPOrPAMMUPOBAHIS SKBUBAJIEHTHDI, IOy 4aeM CyIIe-
CTBOBaHUE ONTUMAJBLHOTO ILJIAHA B JII0OOOIT TpaHCIOPTHOM 33 ade. [

Jlemma 3. rigA=n+m — 1.

Joxazamenvcmeo. TlpubaBum K n-oit crpoke marpuinsl A Bee mpebi-
aymme. [lonyaum cTpoky, cocrosdinyo u3 eaunui. lIlpubaBum B 3TOii
MaTpuIle K MocjJaeHell CTpoKe Bce CTPOKHU, HaduHadg ¢ n + 1-oit. [lomy-
9IM Takyio ke cTpoky. Craemoarennuo, rg A < n+m — 1.
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[IepecTaBuM CTPOKH, HAUMHAS CO BTOPOI MO N-YI0, TOCJe TOCTeTHei
crpoku Marpunbl A. Torma, ecim B HOBOI MATpHIE B3ATH CTPOKH CO
BTOPOIi 110 MOCJIEAHION U ¢TOIONE 1, ... ,m,m+1,2m+1,... (n—1)m+
1, To momyunTcsa munOp opsAaKa n+m — 1, apagomuiicsa TpeyroJbHON
MaTpuIeil ¢ eJUHUIIAMU Ha TJIABHON JWaroHajn. 1em cambiM rgA =
n+m— 1. ]

N3 jnokazannoii jeMMbl U NpeJiokeHus 13 BbITEKaeT, YTO KpaiiHss
TOYKA B pacCMaTpUBAEMONl TPAHCIOPTHON 3ajlade MOXKeT UMeTh He 60-
Jee n + m — 1 TOJOKUTETbHBIX KOODJIMHAT.

Jlemma 4. JTobve n+m—1 ecmpor mampuyv, A Aunetine He3asucumbol.

Joxazameavcmeo. Kak OBbLIO OTMEYEHO, CYMMa IEPBBIX 7 CTPOK COB-
MaJgaeT ¢ CYMMON OCTaBIIUXCS CTPOK. DTO O3HAYAET, UTO JII0Oas CTPO-
Ka eCTh JinHeliHasg KoMOuHaius ocrasiuxcs n + m — 1 crpok. B cuity
TOrO, 4To 1g A = n 4+ m — 1, 911 ocTaBuInecst CTPOKU JIMHEHHO He3aBH-
CHUMBI. U

21. METOJBI HAXOYK/IEHUST HAYAJIbHON KPAVMHEN TOYKHU B
TPAHCIIOPTHOW 3ATAYE

Bynem paccmarpuBaTh 3aMKHYTYIO MOJe/b TPAHCIIOPTHOI 3a1adn.
Kaxk 0bL710 MOKa3aHO, HE3AMKHYTas MOJENb JIETKO CBOJUTCI K 3aMKHY-
TO BBeJeHHeM (PUKTUBHOIO MOCTABINNKA MJIH (PUKTHBHOIO HOTpPEOU-
TeJIs.

Nexoiayio TpaHCIoOpTHYIO 3a/iady Oy/ieM 3a/iaBaTh B BUJIE ILIATEZK-
HOIt Marpunst (puc. 11).

by | by | ... | by

ay (€11 | C12 | --- | Cim

Qg | Co1 | C22 | - .- | Com

Ap | Cnl | Cn2 | -+ - | Cam
Puc. 11

JIng cocTaBaeHusa MATPHIBI ITAHA MEPEBO30K YI00HO HCHOIB30BATDH
caeyonyo Tabauimy (puc. 12).

1. Metoa “ceBepo-3anaaHOro yrJa”

Haznaunm MmakcumabHO BO3MOYKHYIO TIEPEBO3KY M3 IIYHKTA OTIIPaB-
sennst A; B nyHKT HasHavdenus Bi. To ecTh 3amorasieM BepXHUI JIEBBIi
ssieMenT (211) Marpunbst X = {x);} n1ana nepeBo3oK Tak, 4TOOBI LyHKT
otupapieHns Ap, muO0 IMYHKT HasHaYeHHA B, mub0 006a 3TH MyHKTA
OKaXKyTCd HOJHOCTBIO 00CTY KEHHBIMH.
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by | by | ... | by

ay | 11 | 12 | -+ | Tim

Ag | T21 | X22 | --- | Lo2m

Ap | Tnl | Tn2 | -+ | Tnm
Puc. 12

Eciu nmyHkT ornpasienuss A; OKa3aics MOJHOCTHIO 00C/IY KEHHbIM,
TO B JlaJIbHEHIEM [IPU HAXOXKJ/IEHUN I1I€PBOHAYAIBHOTO IIJIAHA HEPEBO-
30K BBIBOJUM IIEPBYIO CTPOKY MAaTpuilbl X U3 PACCMOTPEHUs U pac-
CMaTpHUBaEM TOJBKO OCTABIIYIOCS YacTh MaTpuilpl X . Eciu myHkT na-
3HaYeHNs [ 0Ka3aJjcs MOJHOCTBIO 00CIYKEHHBIM, TO aHAJTOTHIHO BBI-
BOJMM TEpBBIil cToJIOeN W3 JajbHeinero paccmMorpenus. Eciam ke n
IMYyHKT OTNPAaBJeHUs, W IIYHKT HA3HAYEeHUs OKA3AJUCh MOJHOCTBIO 00-
CJIyKEHHBIMU (TAK MOYKET CJIYUYUTHCSI TOJBKO B BBIDOXKIECHHON 3a/a-
9e), TO BBIBECTH U3 PACCMOTPEHHsI CIeyeT WIH MepBYI0 CTPOKY, WJIH
nepsbiit croiben marpunnst X . s onpejesiennoctu OyjieM BBIBOJUTH
nepsbiit crosiber;, marpunbl X. B aToM ciiydae B uncjio 6a3uCHBIX dJ1e-
MEHTOB Ha CJeJYIOIIeM JTale BBe/IeM JIEMEHT C HyJIeBbIM 3HAUYeHUEM
MEePEeBO3KH, CTOSIINIT B ceBePO-3alaTHOM YIJIY OCTaBIeiicss 9acT MaT-
pursl X (215 = 0).

DTy HpoIeIypy MPOIOIKAEM JI0 T€X MOP, HOKA BCe MyHKTH OTIPAB-
JIeHUs W TYHKTBHI Ha3HadYeHUs He OyayT obcayxkenbl. [locienneii mepe-
BO3KOIi Oy/eT mepeBOo3Ka W3 MYyHKTa OTHpaBieHus A, B IMYHKT Ha3HA-
yenuda B,,.

Ha xakjoMm mare o0ciryzKuBaeTCs OJUH U3 IIYHKTOB OTIPABJIEHUS
NN Ha3HAYEHUs, & HA HOCJIEJHEM Iare 0OCJIYyKHBAKOTCH 00a MyHKTA
A, u B,,. TTosromy unciio 6a3ucHbIX 371eMeHTOB Oy1eT poBHO N+ m — 1.
Haiigennpiit mian Oyaer JOMYCTUMBIM TLJIAHOM TI€PEBO30K, COJeprKa-
muM He Oosiee 1+ m — 1 MOTOXKUTENbHBIX KOOPDAWHAT U SBJSIONIIICS
(kak Gy/eT MOKA3aHO HUZKe) KpallHeil TOUKOil MHOXKeCTBa, JOMYCTHMBIX
37IEMEHTOB.

ITpumep 21.1. 3amaauM TPAHCIOPTHYIO 33249y B BUJE ILTaTEXKHON
marpuisl (puc. 13).

[Tocrpoum 1o merosiy “ceBepo-3anajHoro yrsa’ epBOHAYAIbHBII
IJIaH 1epeBo3oK. Haznaumm MakcuMaJibHO BOSMOXKHYIO 11€PEBO3KY, PaB-
nyio 10, u3 nynkra orupasienus A; B nyHkT Hasnadenust Bi. To ecrb
B MaTpHIE MMepPBOHAYAJIHLHOIO TJIaHa epeBo30kK X mojioxkum x1; = 10.
IIpu sTOoM M3 myHKTa OoTHpaBjieHus A; Becb Ipy3 OKazKeTCs BBIBE3EH-
HBIM, MO3TOMY ZT12 = ¥13 = x14 = (. BeIBoguM m3 paccMoTpeHUs
MEePBYIO CTPOKY MaTpunbl X U pacCMaTPUBAEM TOJBKO OCTABIIYIOCS
MaTpuIy padMepa 2 X 4.
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by =40 | by =15 | by = 42 | by = 13
ap=10] 2 1 5 11
as =80 4 3 4 2
a3 =20 6 2 7

Puc. 13

B nynkr nasnadenus B; octaerca npuse3tu 30 eaunui rpy3a. Ha-
3HAYNM MaKCHUMaJbHO BO3MOYKHYIO IepeBO3KY, paBHYyIO 30, U3 MyHKTA
orupapiennsa As B myHKT HasHadenusa Bi. Tem cambim xo; = 30. Ilpn
9TOM TYHKT Ha3HAUeHUs [ OKaxKeTcs MOJHOCTBIO OOCTYKEHHBIM, TO-
sromy x3; = 0. BbiBojiuM u3 paccMOTpenus 1epBbiit CTOJIOEI MATPUILbI
U paccMaTpuUBaeM TOJIBKO OCTaBIIYIOCS MaTPUILy pasmepa 2 X 3.

Jlajiee, HazHavyaeM MAaKCHUMaJIbHO BO3MOYKHYIO IEPEBO3KY, PABHYIO
15, u3 mynkTa ornpasienust A, B MyHKT HasHadeHust By. Tem cambiM
Too = 15, a £33 = 0, Tak KakK IIYHKT Ha3Ha4YeHUs By OKa3bIBaeTCsd IO0JI-
HOCTBIO 00cIyKeHHBIM. [Ipomosizkas 3TOT mporece, TPUXOIUM K MaT-
puIie TepBOHAYATBLHOTO IJIaHA MEPEBO30K, B KOTOPOIi 1718 HATJISATHOCTH
He OyJeM MucaTh Hy/eBble 3HaYeHus (puc. 14).

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 15 35
az = 20 7 13

Puc. 14

O06111ast CTOUMOCTD 11E€PEBO30K 110 TAKOMY HAYaJIbHOMY IJIAHY DaBHA
cFx=2-10+4-304+3-154+4-35+7-7+8-13 =478.

OTMeTI/IM, YTO OIUCAHHBINI METOA HaXOK/CeHHdA HIEePBOHAYAJIBHOT'O
IJIaHA TePeBO30K He YUYNTHIBAET CTOMMOCTH TepeBO30K. [loaromy o
MOZKET OKa3aThCAd JaJIEKO HE€ OINTUMAJIbHBIM. HpI/IBe)ﬁLeM Apyrue mMeTo-
Jbl HAXOXKJCeHN A HaYaJIbHON KpallHeil TOUYKHU, YYUThIBAIOIIEe CTOUMOCTHU
IIepeBO30K.

2. MuaumMyM 1o maTpuiie

Breibepem B mraTekuoit MmaTpuite C' MUHAMATbHBIA 3j1eMeHT. [lycTh

M Crj = Cgjg -
k,j

Ecmm munuMmaabHasg CTOMMOCTDL MEPEeBO3KHU JIOCTUTAETCS Ha HECKOJIb-
KHX 3JIeMeHTaX, TO BeIOupaeM /1000t 13 HuxX. HazHaunMm MakcuMabHO
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BO3MOXKHYIO IIepeBO3KY M3 IIYHKTA OTIpaBieHns Ay, B MIyHKT Ha3HAYe-
Hudg Bj,. TeM caMbIM IyHKT OTHpaBieHns Ay, NI MYyHKT Ha3HAYEHUS
Bj, (um oba myHKTa OJHOBPEeMEHHO) Oyaer obc/ayzxken. B miaresknoit
MaTpPHIlEe COOTBETCTBYIONIAs CTPOKA HJIM CTOJIOEI BBIBOAATCS U3 JAJIb-
Hejfero paccMoTpenns. Ecim 1 MyHKT OTIpaBJIeHns, W IyHKT Ha3HA-
YeHns OZHOBPEMEHHO OOCIYZKUINCh, TO JJs ONPeJeJeHHOCTH OymeMm
BLIBOJUTD U3 PACCMOTPEHHd CTOJI0eI, MaTpPHILl X .

B ocraBmeiica gacTu mIaTeKHOI MAaTpPUIBl BHOBb HINETCA MHHU-
MaJIBHBIH 3JIEMEHT U HpOoIeypa HOBTOPseTCd I0 TeX IOp, NMOKa Iep-
BOHAYAJIBHBII ITAH NePeBO30K He OyIeT IMOTIydeH.

ITpumep 21.2. 3agaauM TPAHCIOPTHYIO 3aJa4y B BUJE TOM Ke ILIa-
TeXKHOIl MATpHILI, KOTOpas ObLia Ha puc. 13. Beibepem B maaTexKHoit
Marpune C' MUHUMAJIbHBIHA 3/1eMeHT. VIM sBjIsieTcs cTouMOoCTh ¢1p = 1.
Hasznauum makcuMa/ibHO BO3MOXKHYIO 1epeBO3Ky, paBuyio 10, u3 wu3
IyHKTa OoTupaBjienusd A; B myHKT HazHadenus Bs. [Ipu 5T0M M3 1myHK-
Ta orupasieHusd A; Bech IPy3 OKayKeTcsl BbIBE3EHHBIM. B 1miaTeKHoit
MaTpuIle TepBasi CTPOKA, BHIBOAUTCS W3 JIAJIbHEHTIIEr0 PACCMOTPEHNS.

B ocraBmreiica yacTu miaTe:kHoil MaTpuIbl 2 X 4 BHOBbL UIETCI MH-
HUMAJILHBIN 371eMeHT. MUHIMAaJIbHAs CTOMMOCTD IIEPEBO3KHU JIOCTHTAeT-
cs Ha JBYX dJIEMEHTaX C3y = Co4 = 2. BwiOupaem Jso6oit u3 nux. g
OTIPEJIEIEHHOCTH C32. HazHaumM MaKCUMAaIbHO BO3MOXKHYIO TIEPEBO3KY,
paBHYIO D, U3 LyHKTa oTnpaB/jeHus Az B 1yHKT HasHadenuss Bs. Ilpu
9TOM HYHKT Ha3HadeHus By OKayKeTcs MOJIHOCTbIO 00C/IyKeHHbIM. B
IaTeykKHoi Marpuie 2 X 4 Bropoit cTos10er] BHIBOAUTCS W3 JajibHeie-
0 PacCMOTPEHWUSI.

B ocraBmeiicsa yacTu miaTexkKHoil MaTpHIB 2 X 3 BHOBDL HINETCI MH-
HIMAJILHBINA 3j1eMeHT. VIM aBageTcda CTOUMOCTD Coy = 2. HaznaunMm Max-
CAMAJTbHO BO3MOXKHYIO ITepeBO3KY, PABHYIO 13, U3 U3 MYHKTa OTIPaB-
nennst A, B myHKT HasHadenusa Bj4. Ilpm atom myHKT HasHavenus By
OKazKeTCsl 1OJTHOCTBIO 00C/IyKEHHBIM. B I11aTe:KHOi MaTpHIEe 1HOC/Ie/1-
HUiT CcTOJIOEI, BHIBOJUTCH U3 JIAJIbHENINEr0 pacCMOTPEHNUS.

[Tpoto/izkast 3TOT HpoIece, pujieM K HadaabHOMY ILIaHY TePeBO30K,
0oTOOpaKeHHOMY Ha, puc. 15.

by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 40 27 13
as = 20 5 15
Puc. 15

O61ast CTOUMOCTDH 11E€PEBO30K 110 TAKOMY HA4YaJIbHOMY IIJIAHY DaBHA

¢ r=1-104+2-5+2-13+4-40+4-27+ 715 =419.
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Metom “MEHIMYMa IO MAaTpHUIle”, yINTBIBAIONIAI CTOUMOCTH IIePEBO30K
B JaHHOM IpuMepe okazajcsa 6osee 3(p@HEKTUBHLIM IO CPABHEHUIO C
METOJ/IOM ‘CeBepOo-3aliaIHoro yrJia’.

3. MuHUMYyM 110 CTpPOKEe

Bribepem B 1epBoii cTpoke maarekHoi Marpuibl C' MUHUMAJIBHBIIT
ayieMeHT. IlycTb
min ¢i; = Cyj, -
J

Eciu MuHnMyM jgocTuraeTcs Ha HECKOJIbKHX 3dJ€MeHTaX, TO BBIOMpa-
eM J1i000i 13 HuX. HazHaunMm MakcuMaIbHO BO3MOXKHYIO IIEPEBO3KY M3
IyHKTa OoTmpaBieHns A; B IyHKT HazHaueHus B; . Tem caMbIM IyHKT
orupasienust Ay wian nyHkT HaszHauenus Bj, (uim oba IIyHKTA OJHO-
BpeMeHHO) Gyjier obc/iyKen. B riarekHoit MaTpuiie cooTBeTCTBY IOTIAs
CTPOKA, WJIK CTOJIOEI BBIBOJSTCS U3 JajbHeifero paccMorpenusi. Fe-
JIW U TIYHKT OTIPAB/IEHUsI, U MyHKT HA3HAYEHUsI OTHOBPEMEHHO OOC/Ty-
JKUJTACH, TO JIJIsT ONMPEeIeJeHHOCTH Oy/IeM BBIBOJIUTH U3 PACCMOTPEHUST
croJiber; MaTpuInl X .

B nepsoii cTpoke ocrapiieiicd YacTH ILIATEXKHOW MATPHUILI BHOBb
UIIETCI MUHIMAJIbHBIH 3/IeMEHT U IIPOIE LY pa MOBTOPSETCS 0 TeX Top,
MOKa TIOKa TepBOHAYAIbHBIN ILJIAH MEePEeBO30K He OYIET MOy JeH.

IMTpumep 21.3. 3amaaum TPAHCIOPTHYIO 33/Ia9y B BUJE TOIl Ke ILIa-
TEeKHOI MaTpHUIlbl, Koropas ObLia Ha puc. 13. Beibepem B B nepnoii
CTpOKe ITaTexkHoil MaTpunbl C' MUHHMAJIbHBINA 3/1eMeHT. VM aBisgercs
CTOUMOCTDH C12 = 1. Hazmaunmm mMakcmMaabHO BO3MOXKHYIO IEPEBO3KY,
pasayio 10, w3 u3 myHKTa ormpaBieHnsd A; B myHKT Has3HadeHuns Bs.
[Ipu 3TOM U3 IMyHKTa OTHpaBIeHHsS A; BeCh Ipy3 OKarKeTCsl BBIBE3EH-
HbIM. B mjiarexkHoit Marpuie mnepBas CTPOKA BbIBOJUTCS U3 JlaJIbHeil-
1ero pacCMOTPEHUS.

B mnepBoii crpoke ocrapiieiicss gacTu 1iarTexkHoit Marpunbl 2 X 4
BHOBD WINETCS MUHUMAJILHBINA 3jieMeHT. MuHuMa/bHasi CTOMMOCTD Tie-
PEBO3KHU JIOCTUTAETCS Ha Cyy = 2. Hazmaymm MakcUMajbHO BO3MOZK-
HYIO IIePEBO3KY, PaBHYIO 13, M3 U3 MyHKTa OTHpaBeHHsS A B IYyHKT
HaszHaudenusd Bjy. Ilpm sToM nmyHKT HasHadeHus B, OKayKeTcs IOJIHO-
CTBIO OOC/TY2KeHHBIM. B miareknoit MmaTpuiie 2 X 4 mocae i cToaoerr
BBIBOJUTCS W3 JAJTbHEHIIEro pacCMOTPEHHS.

B uepBoit crpoke ocraBiieiics 4acTy ILIATEXKHOW Marpuibl 2 X 3
BHOBb UIIETCS MUHUMAJIBHBIN 3jieMeHT. VIM gBjisieTcss CTOMMOCTD Cog =
3. HasznaumMm MakKcHMajIbHO BO3MOXKHYIO I€PEBO3KY, PaBHYIO O, W3
NyHKTa OoTnpasjienust As B myHKT HasHadenust By. [Ipu 3ToM myHKT
Ha3HaveHusd DBy OKaxKeTcs IMOJHOCTbIO 00C/Iy:KeHHBIM. B rrarexkuoii
MaTpHIe BTOpOil cToIOeI] BBIBOJUTCA U3 JAJTbHEHIIEr0o pacCMOTPEHUS.

[Ipomonzkas 3TOT mporece, TpuIeM K HadaJdbHOMY ITAHY TePeBO30K,
oTobpakeHHOMY Ha puc. 16.
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61:40 62:15 63:42 b4:13
a; = 10 10
az = 80 40 5 22 13
as = 20 20
Puc. 16

O6111ast CTOUMOCTD 11E€PEBO30K 110 TAKOMY HAYaJIbHOMY IJIAHY DaBHA
cr=1-10+2-13+3-5+4-40+4-22+7-20 = 439.

4. MuHUMYM IIO CTOJIOILY

Metom aHaJIOru4YeH MpeIblIyIneMy, HO BMECTO CTPOK pacCMaTpUBAa-
FOTCS CTOJIOIBI.

IMTpumep 21.4. 3amaaum TPAHCIOPTHYIO 33/Ia9y B BUJE TOIl Ke ILIa-
TEXKHOW MaTpuilbl, Kotopasi Obijia Ha puc. 13. Beibepem B B mepsom
crosibne mirare:kHoit Marpunbl C' MUHEMAJIBHBI 71eMeHT. VM saBsger-
¢ CTOUMOCTDH 17 = 2. HazHaumm MaKCHMaIbHO BO3MOZKHYIO TIEPEBO3-
Ky, paBuyio 10, u3 u3 myHKTa oTHpaBieHHsa A; B MyHKT HAa3HAYEHUS
By. Ilpu 3ToMm u3 myHKTa oTHpaBiaeHns A; BeCh rpy3 OKarxKeTcs BBIBe-
3eHHBIM. B 1iaTe:kHoi Marpuiie nepBasi CTPOKa BbIBOJIUTCH U3 JIAJIb-
He#Iero pacCMOTPeHu.

B nepBom crposibie ocrasiieiics 9acTu IjiaTe;KHOW MaTpuibl 2 X 4
BHOBb HIIETCS MUHUMAJIbHBIN 3j1eMeHT. MuHuMaabHash CTOUMOCTD ITe-
PEBO3KH JIOCTUTAETCS Ha Co; = 4. Haznaunm MakcuMaJibHO BO3MOYKHYIO
mepeBo3Ky, paBHyo 30, u3 U3 MyHKTa OTIpaBieHnsa As B MyHKT Ha3HA-
vennd Bi. [Ipu 3Tom nmyHKT HazHaveHusa B OKaxKeTcd MOJTHOCTHIO 00-
cayKeHHbIM. B miarexkHoit MmaTputie 2 X 4 nepBbIit ¢TOIOEI], BBIBOIUTCS
13 JaJTbHEHRIIero paccMOTPEHNU.

B nepnoit cosibiie ocraBiiieiicss 4acTu ILJIATEXKHON Marpuibl 2 X 3
BHOBb HMIIETCS MUHUMAJIbHbBIH 3j1eMeHT. VIM siBjIsieTcs CTOMMOCTD C3p =
2. Haznaynm makcuMajibHO BO3MOYKHYIO TEDPEBO3KY, paBHYIO 15, u3
nyHKTa oTnpasiennss Az B nyHkr HasHadenuss Bs. Ilpm 3TOoM myHKT
Ha3HaveHusd DBy OKaxKeTcs IMOJHOCTBIO 0OC/Iy:KeHHBIM. B rrarexkmoii
MaTpHIle BTOpoil cToIOeIl BBIBOJUTCA U3 JAJTbHENRIEro pacCMOTPEHUS.

[IpomozKast STOT mMponece, IpuieM K Ha9aabHOMY ILTaHY MepeBO30K,
oToOpakeHHOMY Ha, puc. 17.

OO611as cTOUMOCTD IEPEBO30K 110 TAKOMY HAYAJIBHOMY ILIAHY PaBHA

cFx=2-10+4-30+2-154+4-42+2-8+48-5=394.

Merto/ “mMuHIMYMa 110 CTOJIOILY” B JJAHHOM HIPUMeEpe OKa3aJicsi HanboJiee
3 DEKTUBHBIM 110 CPABHEHUIO C JPYIUMU METOJIAMU.
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by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 30 42
az =20 15 5

Puc. 17

ITpennoxkeuue 17. Onucannvie sviuwe Memodv, HaAXoACIEHUA NEPEO-
HAYAALHO20 NAGHG NEPEBO3OK NPUBOIAM K NEPBOHA%AALHOT Kpalitel
MOYKE MHONMCECMEA JONYCNUMBLL INEMEHMOE.

Zoxazameavcmeo. U3 npemioxenns 13 ciegyer, 9T0 JIOCTATOTHO J10-
Ka3aTh, YTO CTOJIOIBI MATPUILl A, COOTBETCTBYMONINE OA3UCHBIM 3JIe-
MEHTaM, JITHEITHO He3aBUCUMBI.

OTMeTuM, 9TO BO BCEX OIMCAHHBIX METOJAX Ha KarKJIOM dTalle MbI
BBIBOJIIM U3 PACCMOTPEHHS JIUOO CTOJI0eI, THO0 CTPOKY MATPHUILI X .

JlokazaTebCcTBO MpoBeeM UHAyKIueit mo n+m = k. Illpu n4+m = 2
MaTpuia A COCTOMT M3 OJHOIO CTOJIONA U YTBEPIKICHHE IIPeIT0KEeHN
oueBuiHO. [Ipemnosokum, aro st n + m = k croJyOibl, 0Ly YaeMble
STUMH MEeTOJaMU JIMHEHHO He3aBuCHMbL. J[oKaykeM COOTBETCTBYIOIIEe
yTBep:kaenne st n +m = k + 1. He orpanndunBast oOMiHOCTH MOYKHO
CYUTATh, YTO HA TEPBOM dTalle W3 PACCMOTPEHUS BBIBOJIUTCS TePBast
CTPOKA WJIH MEePBbIii cTOJIOeI (B IPOTUBHOM CJIy4ae Mbl MOZKEM CTPOKH
WU CTOJIONBI TTePEOBO3HATUTD ).

Eciim MBI BBIBOJMM U3 pacCMOTPEHHS IEPBYIO CTPOKY MATPHIIBI, TO
9TO O3HAYAET, YTO HEePBBIii MyHKT oTmpaBieHns A; oOCIyKeH IOTHO-
¢TBIO, T11 — Oasucublil ssement, a r1; = 0, 7 = 2,...,m. llepsoe
orpanudenue ypasaenuii (48) soinosneno. [Tosromy B Marpuie orpa-
HuvYeHuit A MOKHO yOpaTh HEPBYIO CTPOKY U IepBbie M ¢ToJ010B. s
HOBOI MaTPHUIBI 0 TPEIIOI0KEHUI0 WHIYKIUNH Oy IeHHbIe JTFOOBIM
13 PACCMOTPEHHBIX METOJ0B 0a3MCHBIE IJIEMEHTHI CTOAT B N + m — 2
JINHEHO He3aBUCHUMBIX cToJ01ax. /JlobaBienue croJibna ¢ e TuHUIEH Ha
mepBoM MecTe (W ere Ha OJHOM) K 1 + m — 2 JINHEHHO He3aBUCHMbIM
CTOJIOIAM C pacImupeHneM H J00aB/IeHHEeM HyJId Ha IepBOe MeCTO K
KaxKJIOMY U3 3TUX CTOJIOIOB IMPUBOIUT K CHCTeMe U3 1 + m — 1 JuHeii-
HO HE3ABUCHMBIX CTOJIOIOB.

Ecin Mbr BBIBOAUM U3 PACCMOTPEHUSI IEPBBIi CTOJIOEI] MATPHIIBI, TO
9TO O3HAYAET, YTO MEPBBIN MYyHKT HA3HA4YeHUsI 31 00C/IyKeH IMOJIHO-
CTBIO, T11 — OA3uCHBI memenT, a T = 0, K = 2,...,n. Ilepsoe orpa-
Hudenne ypasHeruii (49) Boimosreno. [TosToMy B MaTpuile orpannde-
Huit A MoxkHO yOparh m + 1 cTpoky u eme n cTosbnos. /i HOBOI
MAaTPHILI IO TPE/NOTOKEHUI0 WHIYKIIUU TOJTyIeHHbIe JTIOOBIM U3 pac-
CMOTPEHHBIX METOJ0B OAa3MCHBIE JEMEHTHI CTOAT B N+ M — 2 JIMHEiTHO
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He3aBUCUMBIX cTo 101ax. /Jobasienne cronbia ¢ equnnieii na n+ 1 me-
cre (¥ emie HA OJHOM) K 1 + M — 2 JINHEHHO HE3ABUCUMBIM CTOJIOIAM
¢ pacuimpeHueM u jiodaBjieHueM HyJis Ha 1 4+ 1 MecTo K KaxKJIoMy u3
9TUX CTOJIOIOB IPUBOJAUT K CHCTEME U3 N+ — | JInHEeHO He3aBUCUMbIX
CTOJIOIIOB. O

22. 3AJTAYA, JIBOVICTBEHHAS K TPAHCIIOPTHOW 3AJIAYE.
METO/A IIOTEHILIMAJIOB

[Tostb3ysiCh 3aIMCHIO TPAHCIIOPTHON 331491 B KAHOHUYIECKOIT (hopme
(51) u Bugom aBoiicTBeHHOM eif 3amaun (cm. (30)), nosrydaem 3ajady,
JABOMCTBEHHYIO K TPAHCIIOPTHOI:

y*-b— max, y*A<c.

Ecan nonoxkurn
* —_—
) _<u17"'7un7vla"‘7vm)7

TO ﬂBOﬁCTBeHHaH 3aJa9a MOZKET OBITD nepenmncana B BUJIE:

n m
E Uy + E v;b; — max,
k=1 Jj=1

up+v; <cy, k=1,....n 7=1...,m.

(52)

JIBoiicTBenHbIe TIepeMeHHble U = (Ug, ..., Up) U U = (U1, ..., V) HA-
3bIBAIOTCS MOTEHIIUAJIAMMU.

OmHOBpEeMEHHOE pacCMOTpeHne HCXOAHOI U JIBOMCTBEHHOI 3a1a4u
MIPUBOJIUT K METOJY PelleHns, Ha3bIBAEMOMY METOIOM MOTEHIINAJIOB.

[Iycts m1g mexomHoit TpaHCTOPTHOW 3a7a9W HaiijleH MepBOHAYATb-
HBIIl TJIAH TEPEBO30OK X, ABAAIONUNCA KpalHeil TOYKOA MHOXKECTBA
jonyctTuMbix 3Hadenuit. OH cogep:kur 1+ m — 1 HeoTpuuaTe/bHbIX
KOMIIOHEHT, KOTOPbIe Mbl Ha3bIBaeM Oa3uCHBIMU (IPU €ro HAXOXKICHUH
MOZKHO HCIIOJIb30BATh JIIO00I W3 ONUCAHHBIX BbIlle MeTOI0B). IH/eK-
cot (k, ) coorBercTByOne Ga3UCHBIM KOMIIOHEHTAM OY/I€M HA3bIBATH
Ga3ucHbIMI WHIeKcaMu. MHO)KecTBO 6a3ucHbIX nHIeKcoB (k, ) 0603Ha-
quM depe3 B.

Paccmorpum cuctemy u3 n + m — 1 ypaBHeHUi 11 ompejie/IeHus
n + M MOTEHIHAJIOB Uy, Vj:

(53) up +v; =cx;, (k,j) € B.

Crpokn MaTpuIbl ITOM CHCTEMBI (€C/H PACIIOJOKUTH HEU3BECTHBIE B
HOPSIJIKE Uy, U, - - ., Up, V1, Ve, - . ., Up,) COBLHAJAIOT ¢ GABUCHBIMU CTOJIO-
oaMu U IO3TOMY JMHEHHO He3aBucuMbI. V3 JOKa3aTeJbCTBa JIEMMBbI 4
caeyer, 9To Ji00oit crosber cucremsr (53) ecTh JnHeliHas KOMOHHA-
nus ocragpHbIX. OTCIOfa BBITEKAeT, 4TO J00YI0 HEH3BECTHYIO B CH-
creMe (53) MOKHO IPHHATH 32 CBOOOIHYIO HEM3BECTHYIO, & OCTAIbHbIE
TOT/Ia OJTHO3HAYHO BbIpassaTcs depes Hee. [loyozknm, Hanpumep, u; = 0.
Torma octambuble 1 + m — 1 MOTEHIUATIOB OMPEIEIATCS OJHOZHATHO.
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Honosxum C = {T;}, rae &y = up +v5, k=1,....n, j=1,...,m,
a maTpuiy A onpegennMm ciaepyomnm obpasom: A = C — C.

Teopema 20. Ecau x — kpatinas mouka 6 mpaHcnopmuot sadayve u
A >0, mo x Aasaaemcs pewenuem mpaHcnopmmot 3a0aui.

oxazameavcmeo. Yemosue A > () o3Ha9aeT, YTO HalJIEHBI IOTEHITNA-
JIBL Uj, U Uj TaKHe, ITO

up+v; <cy, k=1,...,n, j=1,...,m,

upudeMm uy + v; = ¢ upu (k,j) € B. Takum obpaszom, BeKTop
(Ui, .y Up, V1, ..o, Upy) SIBJISETCS JOIMYCTUMBIM B JIBOMCTBEHHOI 3a/1a-
we (52).

C apyroit cToponsl, TOCKOIBKY Zk; = 0 mpu (k, j) ¢ B, o

n m
*
o= E E CrjTrj = E ChjThj = E (uk, + v))xK;
k=1 j=1 (k.j)eB (k.j)eB
n m

=D > (u+vy)an.

k=1 j=1

Pasz6uBas nocJjieIHIO0 CyMMy Ha J(Be U yauThiBas yciaosus (48) u (49),
OJIy YaeM

n n

m n m m m n
cr= E g Uy + g E VjTr = E U, g Ty + g v; E Tij
j=1 k=1

k=1 j=1 k=1 j=1 k=1 j=1

n m
= E ugay + E v;b;.
k=1 j=1

Orcrona u3 caeacTeus 6 BBITEKAeT, 4TO T — PENIeHne UCXOIHOM 33,1341,
a (u,v) — pelenne B JBOHCTBEHHOI 3aja4e. O

Yeaosue A > 0 gaBisiercd He TOJIBKO JO0CTATOYHBIM, HO ¥ HEOOXO/IH-
MBIM JIJIsT HEBBIPOKIEHHBIX TPAHCIIOPTHHIX 3a/1a4. [Ij1s1 JoKa3aTe/ihcTBa,
sTroro ¢akTa HaM MOTPeOYIOTCA HEKOTOpPbIe BCIIOMOraTe/bHbIE YTBep-
JKJIeHU.

JIemma 5. Jhobot murop mampuyn A (50) pasen aubo 0, aubo +1.

Jokxasamenvcmeo. J1oKazaTebCTBO MPOBEIEM C MOMOIIBIO HHIYKITHH
10 HOPsiIKYy MUHOPOB. /[ljisi MuUHOpPOB 1oOpsijika 1 yTBepzKjeHue Jiem-
Mbl 04eBU/IHO. [IpejiinosioxkuM, 410 yTBEpK/JEHUE JOKA3aHO JIJIs BCEX
MuHOpoB A mnopsijika k — 1. JlokazkeM CripaBeJInBOCTh YTBEPKICHUS
JIEMMBI JIJI MUHOPOB Topsiaka k. Pasaenum crpoku marpunst A Ha ase
IPYIIBL: IIePBBIE 7 CTPOK OTHECEM K IIE€PBOi TPYIIIE, a IOC/IeIyIONIe
m CTpOK — KO BTOpOii. Ilycts A, — IpoM3BOIBHBIN MHHOP MOPIIKA
k. Kaxaprii cronbern Ay MOKET coiepzKarb JHOO JBe eIUHUIBI, JTU00
OJIHY €IHMHHUILY, JTHOO CILIONIbL COCTOATEL U3 Hy/eil. B mociaemmem ciaydae
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oueBuaHO, 9T0 A = 0. [IycTh KaxK bl cromden Ay COIEPKUT XOTs ObI
omHy equHAILy. Tor/1a BOBMOYKHBI /IBA CIydas:

a) Xorst OB B OHOM cTOJOIE Ay COIEPKUTCS OTHA eIMHUIIA,
6) BO BCex cTOONAX Ay COMEPKUTCSI POBHO JIBE €JIUHUITBI.

B ciyuae a) Bbibepem croJiber, coAeprKaliil OJHY eJMHUIYY U pas3-
JIOXKUM 110 Hemy wucciaeayeMbiit Muaop. [oaydum, aro Ay = £A] |,
rae Aj_; — Hekoropsiii Munop A nopsiaka k — 1. V13 npenosioxenus
WHIYKIUN BeITEKaeT, uTo Ay pasen au6o 0, 6o +1.

B cayuae 6) cpean ¢Tpok Ay UMEIOTCS MpeICTABUTENN KaK MePBOi,
TaK W BTOPOi I'PyNI CTpOK. Bozbmem /00y cTpoKy Ay, IpHHAITe-
JKaIllyio TepBoii IpyIie, n NpuOAaBUM K Heil Bce OCTAaIbHBIE CTPOKH M3
9TOii 2Ke rpynmbl. [ToayunM cTpoKy, comep:Kamlyio Bce eIUNHANBI. AHa-
JIOTMYHO, npubaBisisi K JIIOOOH CTPOKE BTOPOI I'PYIIIbI BCE OCTAJIbHBIE
CTPOKHM W3 9TOI K€ TI'PYIIIblI, CHOBA MOJIYIYUM CTPOKY, COCTOSIIYIO U3
Beex eamuni. [Tosromy B paccmarpubaemom ciaydae Ay = 0. U

Jlemma 6. [aa aobwz (ko,jo) € B cywecmeyem sexmop t = {ty;}
maxoti, wmo At =0 u

+1 uau 0, (k,j) € B,
thy = 1, (k‘,j) = <k07j0)>

O, 6 0CMANABHBL CAYUYAATL.

Jlokasamenvecmeo. BekTop ¢ 10/2KeH yI0BIeTBOPSATHL CUCTEMe

Z Akjtr; = —Akojos

(k,j)eB

rae Ap; — coorBercTBytomuii crosber marpuist A. Beibpas n+m — 1
JIMHEHHO HE3aBUCHMBIX CTPOK B 9TOM cucreMe (ITO BO3SMOXKHO CJIeIaTh,
TaK Kak rg A = n+m — 1), moJyunM CHCTeMY ¢ HEBBIPOXKJICHHON MaT-
purneit A

At = -,

rne t = {ty;}, (k,j) € B, a cronbern b — nomyden u3 crodma Ay,
BBIOOPOM COOTBETCTBYIONINX CTPOK. Pelmast 3Ty cucTeMy 10 MpPABHIY

Kpamepa, 6y1em umeTh
o | Al
] T Y
Al

rie marpuna Ag; moaydena m3 marpunsl A 3amenoit cronona (k, )
Ha crosber b. 13 jemmbr 5 caenyer, uro |A| = £1. Marpuna Ay, ¢
TOYHOCTBIO JIO 3HAKA U NEPEeCTAaHOBKH CTOJIOIOB TaKKe ABJIAeTCs HeKO-

topeiM MuHOpOM A. IlosToMy ompegenurenb 3Toil Marpuibl paseH 0
wim +1. O
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Teopema 21. Eciu r — kpatinas mouwka 6 mpaHcnopmmot 3adaue c
n+m — 1 nososcumesvHvLMU KOMNOHEHMAMU U

min Akj < 0,
k,j

mo cywecmeyem naan T makot, wmo ¢t - T < ¢ - x.
Jlokasamenvemeo. Tlyctnb

min Akj = Akojo'

k.
[Monoxum T = = + tt, rue t u3 gemmbr 6. Boibepem ¢ > 0 gocrarouno
MaJibiM, 9T00BI Z + ¢t > 0 (B KadecTBe ¢ MOKHO BHIOPATH MEHEMAJILHOE
Zjp U3 TeX, JJis KOTOPBIX coorBercrsyiomue ty; = —1). Torma x + ¢t —
JIOIYCTHMBIH JIEMEHT B 3a/la4e U B CHJIy TOT'O, 4TO

Crj = Apj + G = Apj + ug + vj,
UMEIT MECTO paBeHCTBa

n m n m
cT—c'x=t E U E (Ak] + ui + Uj)tkj =t E U E Akjtkj
k=1 j=1 k=1 j=1

n

+tZuthkj +ththkj = tAkojo < 0.
k=1  j=1 k=1

Jj=1

[ociennme apa craraembie B 3TOi CyMMe DaBHbI HYJTIO B CIJTY TOTO, UTO
At = 0. Cnaraemsie Aty = 0 mpu (k, j) # (ko, jo), Tak xak Ag; =0
nupu (kaj) € BJ a tk‘y =0 npu (k7]) ¢ B u (k7j> 7£ <k07j0)' O

N3 teopem 20 u 21 HemocpecTBEHHO BHITEKAET

CaencrBue 7. Kpatinas mouka T ABAAEMCH DEUWLEHUEM 6 HEGHIPOIIC-
dennotl mpancnopmmoti 3adave moada u moavko moezda, kozda A > 0.

23. AJITOPUTM PEIIEHUSI TPAHCIIOPTHOIT 3A/JAYN C ITOMOIIBIO
METOJA TTIOTEHIIUAJIOB

Cdopmyanpyem TpaBrIO pelieHnsl TPAHCIIOPTHON 3a1a91 METOI0M
noreHua/ioB. s perreHust TpaHCIIOPTHON 331291 CJIEIYET:

1. IlpuBecTu 3aja4y K 3aMKHYTOM MO/IEJIN.

2. Haiitu nepBoHavaJIbHbI I1JIaH TIEPEBO30K T, ABJISIONIUICS Kpaii-
Heil TOYKOH MHOXKeCTBa JOIMYCTHMBIX TOYeK (NMPH HAXOXKICHUH
MOYKHO WCIIOJIb30BATh JIIO0O# W3 OMUCAHHBIX BBIIIE METOIOB).

3. Haiiti noteHnuassr uy, v; u3 cucreMsl (53) ¥ HOCTPOUTH MATPH-
ny C ={¢,;}, tme ey =wp +vj, k=1,....n,j=1,...,m.

4. TIposectn nccaenosanue Marpuinsl A = C — C. Ecin A > 0, to
HCCTIeIyeMbIH TIJTaH T SBJSETCS pPelleHrueM.



62

K. FO. OCUITEHKO

5. Ecim

Hklill A’fj = Akojo <0,
7]

TO CTPOUTH HOBBIH ILJTAH MEPEBO30K CJIEIYIOINIIM 00pa30M: IOJI0-
UM Ty o =1, Ty = Tyt WM T 171 Oa3UCHBIX UHJEKCOB J, k
TaK, 4TOOBI T ; MO-TIpexKHeMY ObLIH HEOTPHIATETbHBI, HO OJHA
13 0A3UCHBIX KOMIOHEHT oOpaTuiach Obl B HOJIL. BekTop MaTpu-
1161 A, COOTBETCTBYOIINI 9TOM KOMIIOHEHTE, BLIBOIUTCS U3 YUCIA
0a3UCHBIX, a BEKTOP MaTpulbl A, COOTBETCTBYIOIIUNA MHIEKCAM
ko, Jo BBOAUTCS B 9MCJIO ODA3UCHBIX BEKTOPOB. 3aT€M BHOBb HAUN-
HAETCH MCCJIEJOBAHMe MOJYyIeHHON Kpaiineil Touku &/, T.e. mepe-
XOIMM K II. 3.

B HeBBIpOXKIeHHON 3ajade B HOJIb MOXKET OOPAaTUTHCS TOJIb-
KO OJIHA M3 KOMIIOHEHT BeKTopa x'. B BBIpOXKIeHHOM 3a1a4e Ta-
KOBBIX MOKeT OBbITh HECKOJbKO. B 3ToMm ciydae m3 umcia Ga-
3UCHBIX 3JIEMEHTOB HCKII0YAETCS JTI00asd KOMIIOHEHTA ¢ HYJIeBbIM
3HAYEHHEM, KaK [PABH/IO HCKJIFOYAETCA KOMIIOHEHTA ¢ HAnOO. b~
meil CToumMOCTBIO ITEPEBO30K.

IIpumep 23.1. PaccMoTpuM TpaHCIOPTHYIO 3a/1a4dy u3 npuMepa 21.1.

b1:40 b2:15 b3:42 b4:13
a; =10 2 1 5 11
as = 80 4 3 4 2
az = 20 6 2 7
Puc. 18

Bribepem B kauecTBe HaUaIbHOT'O IJIAHA TOT, KOTOPbIH ITOJIYYaJICS 110

MeTOJLy “‘CeBepo-3aliaIHOro yrJa’.

by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 30 15 35
az =20 7 13

Puc. 19

Haiigem morennuasisl n nmocrpoum marpuiy C.
Nmeem
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v=2|1v=1|vs=2|vs=3
up =0 2 1 2 3
Uy = 2 4 3 4 5
Puc. 20
Munumanbapiii smemenT Agzy = —4 < 0. Jlobapisgsa B nepBoHAYAIb-
HBII IIJTAH Ha MECTO HYJIEeBOI'0 HeOA3MCHOIO JIEeMEHTA T3y BEJIUUYUHY {,
Oy IUM
by =40 | by =15 | b3 =42 | by =13
ay = 10 10
as = 80 30 15—t | 35+t
az =20 t 7T—t 13

Puc. 21

[TostokuB t = 7, OJIlydnM BTOPOIi TIJIaH TepeBO30K (puc. 22).

by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 30 8 42
as = 20 7 13

Puc. 22

SHaveHre MUHUMHU3UPYEMOTo (DYHKIMOHAJIA, JjIsi 9TOro miraHa 450
(Ha TepBOHAYATIBHOM ILIaHE OHO OBLTO 479).
Haiiem BHOBBL moTeHNMATB U mocTponm Matpuity C.

’01:2 UQZ]_ ’U3:2 U4:7
uy =0 2 1 2 7
Uy =2| 4 3 4 9
ug =1 3 2 3 8
Puc. 23
Nmveem

003 4

A=C-C=100 0 -7

304 0
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MunumaabHblil 3meMenT Aoy = —7 < 0. JlobaBigg B mepBoHAYAD-
HBII IIJTAH HA MECTO HYJIeBOI0 HeOA3MCHOIO JIeMEeHTA Loy BEIUUUHY i,
11OJ1Y YUM

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 8—1t 42 t
az =20 T+t 13—t

Puc. 24

[TostokuB t = 8, TOJIyunM TPETHii IIaH MEePeBO30K (puc. 25).

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 42
az =20 15 5

Puc. 25

SHaveHne MHUHUMU3UPYEMOTO (bYHKIIMOHAIA JJIs TOTo IiaHa 394.
Haiiem BHOBB moTeHmma bl U mocrpoum matpuity C.

V=2 |vy=-—-06|vy=2|v,=0
up =0 2 —6 2 0
Uy = 2 4 —4 2
uz =8 10 2 10 8
Puc. 26
Nveem
0o 7 2 11
A=C-C=10 7 0 0
-4 0 -3 0
Munumasbabiii ssiement Az = —4 < 0. Jlobapisiss B nepBOHAYAIb-

HBII IJIAH HA MECTO HYJIEBOI'O HEDA3MCHOIO JIEeMEHTA T3; BEJIUYUHY {,
TMOJIYYUM
[TosioKuB t = 5, MOJyYnM YeTBEPTHIN [TaH MepeBo30K (puc. 28).
SHaveHne MHUHUMU3UPYEMOTO (bYHKIIMOHAIA JJIs TOTO ILTaHa 374.
Haiiiem morennuanel u mocrponM Marpuiy C (puc. 29).
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CL1:10 10
ay =80 | 30—t 42 | 8+t
a3 =20 t 15 5—t
Puc. 27
by =40 | by =15 | b3 =42 | by =13
(Z1:10 10
az = 80 25 42 13
az = 20 d 15
Puc. 28
U1:2 UQZ—2 1)3:2 U4:0
u =0| 2 —2 2 0
upy =21 4 0 4 2
us =4 6 2 6 4
Puc. 29
Nmeem
0 3 3 11
A=C-C=1030 0
001 4

B cuity roro, uro A > 0, 1OCTPOEHHbBIH YeTBEPTHI I1JIaH IIEPEBO30K sAB-
JIIETCS ONTUMAJIbHBIM U CyMMapHasi CTOMMOCTb EPEBO30K paBHa 374.
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BoOIrPoOCH! K K3AMEHY

. Beimykiibie muokectBa. Boinykias obosouka. Addunnoe mo-

npocrpanctBo. Addunnas obosiouka. PazmeprocTs MHOXKeCTBA.

. Teopema Kaparteomopu. Teopema 0 BbITTYKJI0# 000JI09KH KOMTIAK-

Ta B KOHEYHOMEPHOM HPOCTPAHCTBE.

. Konnueckas obosouka. Teopema Kapareomopu /1iss KOHHIECKO

000 I0UKH.
Teopema Pamona.

. Teopema Xesimn.
. Boeinykiibie dyukiuu. Yesosug sbiiykioctu. Teopema Kapyma—

Kyna-Takkepa (6e3 jmoka3arebcTBa).
Cyboanddepennuas. CybanddepeHimas HOPMBbI.

. Cyomuddepennman Boinykioit auddepermupyemoit GyHKmmm.

Teopema Pepma B cybauddepeniuanbaoii hopme.

. Cy6auddepentuaibuoe ucuncaenue. Teopema Mopo—Pokade-

Jlapa.
Teopema Jlybosunkoro—MumoTuHa.

Cy6auddepennuanpuasg dpopma Teopembl Kapyma—Kyna—Tak-
Kepa.

ILBOfICTBeHHOQ OIMCaHue BBIIIYKJIbIX 3aMKHYTBIX MHOXKECTB.
Teopema o noroueunoit Bepxueit rpanu apduunbx GyHKmii.
Conpsixennast pyuknus. Teopema Penxens—Mopo.
JIBOMCTBEHHOCTDL SKCTpEMAJbHBIX 3a/lad. 3ajada JUHEHHOIro
IpPOrpaMMUPOBaHUA B HOpPMaJbHOU ¢opMe U JIBOiCTBEHHAs K
Hel.

Teopema 0 3aMKHYTOCTH KOHEYHOIIOPOXKIEHHOTO KOHYCA.
Teopema o cyimecrBOBaHUM PEIICHHS 3aJa4d JIMHEHHOTO IIpO-
I'PpaMMUPOBaHUAA.

Teopema o jBoiicTBEHHOCTHU I 338491 JJUHEHHOTO ITPOrPAMMHU-
poBaHus.

Pazauanbie dpopmbl 33124 JIUHEITHOTO MPOrPaAMMUPOBAHUS U CO-
OTBETCTBYIOIINE JBORCTBEHHDBIE 3a/1a9H.

Beimyk it anain3 u Teopus JUHEHHBIX HepaBeHCTB. Teopewma
MunkoBckoro—®Papxkaria.

Teopema Ku ®ans.

Teopema leitia.

[Ipumepsl 3a/1a4 JIMHEHHOTO TPOTPAMMUPOBAHUSA. 331498, ONTH-
MaJIBHOT'O IIJIaHUPOBaHUA IIPOU3BOJACTBA U TPAHCHOPTHAaA 3a/ld-
qa.

3a1aua HAa MUHIMAKC.

Kpaiinue ToukH B 3ajia49€e JJUHEHHOIO MPOrPaMMUPOBAHUA
CuMILTeKC-MeTO pellleHns 3aJa4 JIMHEHHOTO ITPOrpaMMHPOBa-
mns. Cayuait A > 0 u cay4qait A, < 0, 2% < 0.
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CuMILTeKCc-MeTO I pellleHns 3aJa4 JTHHEHHOTO IpOorpaMMHpPOBa-
Hust (OCHOBHASI TeOpeMa).

Metoji uCKyCcCTBEHHOIO Oa3uca Jijisi HAXOXKJIEHUs HadvaIbHOM
KpaiHeil TOYKHU.

Tpaucoprhas 3amada. 3aMrHyTass Mojeab. CBejeHne He3a-
MKHYTBIX MOJIeJieil K 3aMKHYThIM.

Cy1ecTBoBaHIEe ONTHMAJIBLHOIO ILJIaHA MEPEBO30K B TPAHCIOPT-
HOII 3amade.

CpoiicTBa MATPUIIBI OPPAHNYEHUIT B TPAHCIIOPTHOM 3a/1a4e (paHr,
JUHeHHAs He3aBUCUMOCTH CTPOK).

MeToapl HAXOXKIEHHS HAYAIbHON KpalHeil TOYKH B TPAHCIOPT-
HOI 3a/ia4e.

JlokazaTejibcTBO TOrO, 4TO NEPBOHAYAJIBHBIN ILJIaH MEPEBO3OK,
MoJIydaeMbiil 10 MeTojaM “‘ceBepo-3aliaJHoro yrija’, MUHEMYMa,
10 MaTpUIle, CTPOKE WU CTOJIONA, ITPUBOAUT K KpaiiHeil Touke.



