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Jlekmus 1
1. BBEJIEHUE

Boinykuibiit anajm3 — pasjiesl MaTeMaTUKH, B KOTOPOM HM3Y4Yar0TCs
BBIITYKJIbI€ MHOXKE€CTBa, BBIIIYKJIbIE (byHKI_[I/II/I " BBIITYKJIbIE 9KCTPEMaJIb-
Hble 3aJ[a9u. BHIMyK/IbIil aHa/jn3 uMeeT BechbMa Pa3HOOOpa3Hblie MPH-
JIOZKeHUsI B TeXHHKe U SKOHOMHKe. MHOrme MpUIOXKeHHUsI CBA3AHBI C
3a/[a9aMi ONTHMM3AINH, KOTOPbIe IPH HAJHYHH BBIIYKJIOCTH MOLYT
pemarscs 60J1ee IpoCcTo.

2. BBINYKJBIE MHOYKECTBA

[Iycts X — nmueitnoe npoctpancTso. Ecim x,y € X, T0O MHO2KeCTBO
Zyl={z€X:z=(1-a)z+ay, 0<a<1}

HA3BIBAETCS] OTPE3KOM (COETUHSIIONIUM TOYKA T U Y).
/y

Puc. 1

HemycToe MHOKeCTBO A HA3BIBACTCA BBITYKJIBIM, €CJIU s JTOOBIX
r,y € A Jx,y] € A. Tlycroe MHOKECTBO CYMTACTCS BBIMYKJIBIM 110
ONPEICTICHUIO.

Puc. 2
[Iyctb 24, ..., 2, € X. Touka
n n
(1) T = E a;xj, o >0, E a; =1,
j=1 j=1
Ha3bIBAETCsI BHIMYKJ/IO KOMOWHAIMEH TOYEK T1,. .., Ty.

IIpennoxkeuue 1. Ecau A — swnykaoe mHuoxicecmso, mo a100a4 6vi-
NYKAAA KOMOUHAUUA MOYEK T1, . .., Ty € A npunadaescum A.
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—

Puc. 3

Jloxazameavcmeo. JlokazarebCTBO TPOBEAEM HWHAYKIUEH 10 YUCILY
touek. [Ipu n = 1 yrBepkaenne ouesuno. [Ipeamnoioxkum, 910 yTBEp-
JKJIEHWe BepHO JIIs JII0OO# BBIMYK/I0OM KOMOWHAIIMN U3 He OoJiee, deM

n — 1 rouek. Ilycrp umeercss Touka x Buga (1). Ecim ap = 1, To
r=ux1 € A. Eciim o < 1, mosozkum
~ a;
Gj=—3—  j=2...n
1-— (03]

B cuuy Toro, uro

n
E oy = 17
J=2

U3 IpealoJiozKenud MHAYKIUW BblTEKaeT, YTO
n
T = a;xr; € A.
=2
Torna u3 Buimyksoctn A ciaepyer, 4ro

n

xr = Z%‘Ij = a2 + (1 —041)21_—Jalxj =y + (1 —ap)x € A.
=1 =2

g

Boinykiioit 06os10ukoii co A muoxkecrsa A C X Ha3bIBAe€TCS MHOXKE-
CTBO BCEX BBIMYKJIBIX KOMOMHAIUI €10 TOUeK

n
coA:{x€X1$=Zijxj3xla'“7xnEA’ OéjZO»

=1

iajzl, nEN}.
j=1

CpeﬂI/I BCeX BbINIYKJIBIX MHO?KECTB, COJEPzKallluX JaHHOE MHO2KECTBO
A C X, cymecTByeT HauMeHbIIee, T.e. TO, KOTOPOE COJIEPXKUTCS B JIFO-
OOM BBIIYKJIOM MHOXKeCTBe, cogpepzxkaiiem A. /leficTBuresibHo, cemeii-
CTBO BCEX BBIMYKJIBIX MHOYKECTB, cojiep:Kamux A, He mycto (B HErO BXO-
JIAT, HATIpEMeD, Bce mpocTpancTBo X ). Ilepecevenue Bcex MHOMKECTB
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X2

xs3

A - CO{SE17 Xo, T3, x4}
Ty

X

Puc. 4

9TOTO ceMelicTBa GyJeT BBIMYKJIBIM (T.K. IepecevdeHne JTr00ro cemMeii-
CTBA BBIILYKJIBIX MHOXKECTB — BBIILYKJIO), cojepzkamum A n HanuMeHb-
M. JTokarkeMm, 910 3T0 MHOXKECTBO COBHajaeT ¢ co A.

IMpenmoxkenne 2. Muoocecmso co A AGAAENCH HAUMEHDULUM BBINYK-
AOM MHOHCECTNBOM, codeporcauium A.

Jlokasamenvcmeo. U3 npeanoxkenus: 1 BBITEKAET, YTO €CJIU HEKOTOPOE
BBIILYKJIOE MHOYKECTBO COJAEPKUT A, TO OHO COMEPKUT JIFOOYIO BBIILYK-
JIyI0 KomMOuHanuio tovyek u3 A, a 3Hauur, oo cogepxkur co A. Cie-
JIOBATEJIbHO, MEPECEYEeHNe BCEX BBIYKJIBIX MHOXKECTB COAEPKUT €O A.
Ocraoch mokasaTh 9T0 €O A BBIMYKJIO, B 9TOM CJIydae OHO COBIAJIET
C TlepecevdeHneM BCeX BBIIYKJ/IBIX MHOXKECTB, cojgepzxKamux A. Pacemor-
PHUM JIBe MPOU3BOIbHBIE TOUKH €O A

n m
xr = E OéjZL‘j, E Bjyj-
Jj=1 Jj=1

s mo6oro « € [0, 1] nmeem

n

(1-—a)x+ay = Z(l — o)y + Zaﬁjyj.

Jj=1 Jj=1

Tak xak
n m
E (1—ao)a; + E afj=1—-a)+a=1,
Jj=1 J=1
TO Mbl [IOJIYYU/IU BbILYKJIYI0 KOMOUHAIUIO TOYEK L1, -« -y Ty Y1y - -« 5 Y
KOTOpast MPUHAIIEKHUT CO A. O

CaenctBue 1. Mnuoocecmso A asaiemces unykavim 6 oM U MoabKo
6 mom cayuae, ecau A = co A.

IIpensoxkenue 3. Ecau A u B — swinykavie MHONMCECTNGA, TO
co(AUB)={rzeX:z=(1—-a)at+ab:a€ A, be B, a€l0,1]}.
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Jokasameavcmeo. VI3 onpenenenus BHIMYKIOH OOOJOYKH BBHITEKAET,
uaro (1 — a)a+ ab € co(AU B) anga seex a € A, b € Bu a € [0,1].
[Iycrs x € co(AU B). Toraa

n m
r=Y agzi+ ) By,
=1 j=1
e T, .. Xn €A Y1, Ym € By a1, .,0, >0, 61,...,8,>0mu

Z Q + Z Bj = 1.
j=1 j=1
ITostozxkum .
j=1

[peamonoxum, uto 0 < a < 1. Torma x = (1 — a)a + ab, vae

n

azzl%a%, b—Z—y]

Jj=1

B cuny Toro, aro
n

m
DI P
J=1 g=1
a € A,ab e B.Tlpu a = 1 wm a = 0 MOXKHO HENOCPeJICTBEHHO
yOeIUThCs, YTO CIPABEIUBO TO 2Ke MpeJ/iCTaBIeHue. Il

Qlﬁ

[TogmuoxkecTBo Y C X maswiBaercsa adOUHHBIM TOAIPOCTPAHCTBOM
X, ecom s J1106bix x,y € Y rouka (1 —a)r+ay € Y upu Becex a € R.

Puc. 5

Addunnoit komMOnHaANIWEH TOYEK X1, . .., L, HA3BIBALTCS TOUKA

n n
(2) x:Zajxj, Zajzl, ag, ..., o, € R
j=1 Jj=1

IMpennoxxenue 4. Ecau Y — addunmnoe nodnpocmparncmeo, mo ao-
bas apdurnas KOMOUHAUUA MOYEK X1, . .., T, € Y npunadsescum Y .

Zokxazamenvcmeo. Jloka3aTeabCcTBO MPOBEIEM WHAYKIMEH MO0 YUCTy
touek. [Ipu n = 1 yrBepkaenne oueBuaHo. [Ipeamoioxkum, 910 yTBEp-
JKJIeHHe BepHO i J1I000# BBIMYK/I0i KOMOMHAIIMN U3 He OoJiee, deM
n—1 rouek. [Tyctb umeercst Touka x uga (2) un > 1. Cpean ay, . . ., oy,
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HANeTCS OTIMYHOE OT eJWHUIBI. Be3 orpaHndyennst OOIIHOCTH MOXKHO
CYNTATD, UTO vy # 1. [lomoxum

~ (071 .
ozj:—], j=2,...,n.
1—0&1

n
E a; = 1,
J=2

U3 TIpe/INo0KeHns HHIYKIIIH BBITeKAeT, YTO
n
T = E a;x; €Y.
=2

Torma u3 toro, uro Y addunHOE MOIIPOCTPAHCTBO CJAEIYeT, YTO

B cuny Toro, aro

x:Zajxj =+ (1 —ap)T €Y.
=1

g

MuoxkecTBo Beex addUHHBIX KOMOMHAIMI TOYeK U3 MHO2KecTBa, A
HaseiBaeTcsa addunnoit obonoukoii aff A muoxkecrsa A

n n
aff A = {xGX:x:Zajmj:xl,...,xneA, Zozjzl, nGN}.
j=1 Jj=1
Cpean Bcex apDUHHBIX MOAITPOCTPAHCTB, COAEPKAIINX JAHHOE MHO-
kectBo A C X, cymecTByer HaMMeHbIIIee, T.e. TO, KOTOPOe COAEPKUTCH
B J11000M adpGUHHOM HOANPOCTPAHCTBE, cogepxkameM A. leiicTBuren-
HO, ceMeiicTBO Bcex adPUHHBIX MOANPOCTPAHCTB, comepzkamux A, me
mycTo (B HErO BXOJAUT, HAIIpUMED, Bee mpocTpancTBo X ). [lepeceuenne
BCeX MHOKECTB 9TOTr0 ceMeiicTBa OyaeT apUHHBIM MOIITPOCTPAHCTBOM
(T.K. mepecederue T060r0 cemeiicTBa adGUHHBIX MOAMTPOCTPAHCTE —
adduHHOE TOAIPOCTPAHCTBO), cogepkamum A n Haumenbium. JToka-
JKeM, 4TO 9TO MHOXKeCTBO coBnajaer ¢ aff A.

IMpennoxkenne 5. Mnoowcecmso aff A aeasemes naumenvwum agh-
Punnvm noonpocmparcmeom, codeporcausum A.

Zlokasamenvcmeo. 3 mpeaiaokenns 4 BHITEKAET, YTO €CJAW HEKOTOPOE
adpuHHOE MOAIPOCTPAHCTBO COAEPKHUT A, TO OHO COAEPXKHUT JTFOOYIO
adpdunnyo KoMOnHAINIO ToueK n3 A, a 3Ha4uT, OHO comepzkuT aff A.
CnenoBaTebHO, epecedenne Beex aUHHBIX MOAIPOCTPAHCTB COMEP-
xut aff A. Ocranocs nmokasars uro aff A asngerca addunHbIM 1TOJI-
HPOCTPAHCTBOM, B 9TOM CJIydae OHO COBIQJET C HEPECeYeHUEM BCEX
adpPUHHBIX MOANPOCTPAHCTB, cojgepxKamux A. Paccmorpum jase mpo-
u3BoIbHbIE Toukn aff A

T = Zajxj, Yy = Zﬂjyj.
j=1 J=1
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JLnsa moboro o € R nmeem

n

(1—-—a)x+ay = Z(l — o)z + Zaﬁjyj.
j=1

j=1

Tak xak
n m
Z(l—a)aj—i—zgﬁj =(l—-a)+a=1,
j=1 j=1
TO MBI TTOJTY9iTH apDUHHY IO KOMOUHAIIUAIO TOYUEK X1, - -« s Ty Y1y - - - 5 Yims
KoTopas npunaatexunt aff A. O

CaencrBue 2. Muoosicecmeo A saeasemes addurmvim noodnpocmpa-
CMBOM 6 MOM U MOALKO 68 MoMm cayuae, ecau A = aff A.

ITpenmoxkenue 6. Kaosrcdoe apdunnoe nodnpocmparncmso Y C X
npedcmasasemces 6 eude Y = a+ Ly, 2de a — npoussosvhas mouka u3
Y, a Ly — aunetinoe nodnpocmparcmeo us X, npuvem Ly onpedeaeno
00103HaAYHO (He 3asucum om a).

Puc. 6

Zokxazamenvcmeo. Ilyctb a € Y. Tlomoxxum
Ly ={zeX:z=y—a, yeY}

Jlokaxkem, uro Ly — nuneitnoe nojmpocrpanctso X. [lycts x € Ly.
Torma © = y —a, rne y € Y. g mo6oro X € R B cury Toro, 9ro
Ay + (1= Na €Y, umeem
AM=ANy—a)= y+(1—-—Na—aé€Ly.
[IycTh Tenepb 1,29 € Ly n 21 = Y1 —a,axy = Yo—a, IJe Y1, Y2 € Y.
Tak xak (y1 +v2)/2 €Y, T0
T1+ % ity
2 2
M3 moka3aHHOTO BBIIIIE, MOJOKHUB A = 2, MOJIydaeM, 9To Ty + To € Ly.

—U,ELy.
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[Tomoxmm
My ={zeX:x=y—-b, yeY},
e b € Y. B cuny toro, uro b — a € Ly, umeem
b+Ly=a+(b—a)+Ly=a+Ly=Y.
Caenosarenbuo, My = Ly. O

Pasmepnocrbio addunnoro nojmnpocrpancrsa Y Ha3biBaeTCsd pas3-
MEPHOCTH COOTBETCTBYIONIErO JIMHEWHOrO MOAIPOCTpancTBa Ly:

dimY = dim Ly.

PasMepHOCTHIO TTPOU3BOJBHOTO MHOXKECTBA A Ha3BIBAETCS pasMep-
HOCTH ero addunnoi obomoukn aff A:

dim A = dim aff A.
[Tockonbky co A C aff A, To
dim A = dimco A = dim aff A.

3. TEOPEMA KAPATEOIOPU

Teopema 1 (Kapareomopu). Ecau dimco A = d, mo 060t snemenm
MHootcecmea co A npedemasasemea 6 sude 8unykA0l KOMOUHAUUU He
bonee, uem d + 1 snemenma mruoosicecmea A.

Loxazamenvcmeo. Tlonoxum Y = aff A. Torga dimY = d. Ilycrs

n n
x:Zajxj, a; >0, Zajzl, n>d-+ 2.
j=1 j=1

Torma snemenTsl o — 1, ..., 2, — T1 UPUHAIJIEZKAT JIUHEHTHOMY TTIPO-
crpancTBy Ly (cMm. mpeioxkenne 6), pasmepHocth Koroporo d. Cieso-
BaTEeJIbHO, OHU JIUHEITHO 3aBHCUMBI. €M CaMbIM CyIIeCTBYIOT [a, . . ., By,
He BCe paBHbIe HYJIO, JIJIs KOTOPBIX

Zﬁj(l’j — Il) =0.
j=2

ITonoxkum .
71:_2/6]7 7]25]7 j:2,,n
=2
Torna
n n
D nw =0, Y =0,
Jj=1 Jj=1
HpUIEeM Y1, ...,V, He Bce paBHbl HyJ10. CleaoBaTe/bHO, CPEIU YHCel
Y1y« -, Vn CYIIECTBYIOT OTpHIATE/IbHBIE YnCaa. [lycTh
. Qi o'
a:mm{——]:% <O} ==k
Vi Tk
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Torma a; + ay; > 0 gna seex j = 1,...,n. Kpome Toro,

n n

r=) (ay+ay)z;, Y (a+ay) =1

J=1 J=1

Tak kak oy + a7y, = 0, To x npejcTaBIsgeTcs B BUJIE BHITYKJIOH KOMOU-
Harun u3 n— 1 roukn. Eciim n—1 > d+1, To mpoaozKast 3TOT TMPOIECe
IPHJIEM K TOMY, YTO & IIPEJICTaB/IIeTCSI B BUJIE BBIIIYKJ/I0 KOMOUHAIIAN
me Gostee, uem d + 1 s;memenTa MHOXKecTBa A. U

[Iycrs X — JinHeiiHoe HOPMHUPOBAHHOE HIPOCTPAHCTBO.

Teopema 2. Bunykaas 000404KQ KOMNAKMA 6 KOHEYHOMEPHOM NPO-
cmpancmee X AGAAEMCA KOMNAKIMOM.

Joxasamenvcmeso. Ilycts dim X = d, A C X — gommakt. Jlokaxkem,
9T0 €0 A — KOMmakT. /Ijiss 9TOro a0cTaTrovHO J0Ka3aTh, YTO M3 JIFO-
Goit nocnegosarensuocrn {rp} C co A MOXKHO BBIOPATH OMIOCTEN0-
BaTEJIbHOCTb, CXOULILYIOCS K HeKoropoili Touke u3 co A. ITo Teopeme
Kapareomopu

d+1 d+1
T = E QApiTri, Tgj € A, Ak > O, E Qg = 1.
Jj=1

J=1

Tak kKak A — KOMIAKT, TO B MOCJEI0BATEIbHOCTH {Tk1} CymiecTByeT
HO/IIIOCJIEI0BATEILHOCTD, CXOAAIIAACA K HEKOTOPOii Touke y; € A, a B
9TOM HOJIOCTEJOBATETBHOCTH B { (/g1 } CYIIECTBYET MOJIOCIE0BATE b=
HOCTb, CXOJsIasgcsa K Hekoropomy unciay o € [0,1]. He orpanuunsas
OOITHOCTH, MOYXKHO CUYUTATDL, UTO Ty — Y1 U Qg — «q upu k — o0.
AHas0ormyHo, mepexoasa K MOJIINOCIeI0BATEeILHOCTIM, MOYKHO CUNTATD,

4TO Tpj — Yj U Qpj — o upu k — oo g qoboro j = 2,...,d + 1.
[Ipu sTom
d+1 d+1
T — E oy, o5 >0, E a; =1
j=1 j=1
DTO0 03HAYAET, YTO MpeaeabHAs TOUYKA HIPUHAIIEKHAT cO A. O
Konunueckoit komOuHaIEH TOYEK X1, . . ., L, HA3BIBACTCS TOYKA

n
ng T, O, ..., 0 > 0.
Jj=1

MHOKecTBO BCeX KOHMYeCKHX KOMOMHAIMI ToYeK u3 MHoxkecrsa A na-
3BIBAETCI KOHMYIECKOiT 000109K0it cone A mHOXKecTBa A

n
cone A = xeX:x:Zajxj:xl,...,xneA, a; >0, neN
j=1
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Y,
X
X2
O
T
Puc. 7

Hamomuum, uro JuHeiHOW 000/10uK0il MHOXKecTBa, A HasbiBaeTcst
MHOKECTBO BCeX JIMHEHHBIX KOMOWHAIMI 3JIEMEHTOB U3 MHOXKeCTBa A:

n
linA:{xEX:x:Zajxj:xl,...,anA, aeR, neN
7=1

Teopema 3 (Kapareomopu s koumdeckoit o6osouku). FEcau
dimlin A = d, mo 10601 anemenm mmoscecmea cone A npedcmasis-
emea 6 sude KOHUYeckol KomouHayuy ne bosee, wem d AuUHEtHO He3a-
BUCUMDLE INEMEHMOB MHOMHCECTNEa A.

Jloxazamenavcmeso. IlycThb

n
ng T, O,y ..., 0y > 0.
j=1

Ecmm x4, ..., x, muHeitHo He3aBucuMbI, TO 1 < d 1 Bce J0Ka3aHo. Ecan
SJIEMEHTHI X1, ..., T, JAHEHHO 3aBUCUMBI, TO HaliyTCs HE BCEe paBHBIE
HYJTEO 71, - - . , YV TAKHE, ITO

> =0
j=1

Bes orpanndenus OOIHOCTH MOYKHO CIUTATD, 9TO CPEIH Y1, - - - , Vn €CTh
OTPUIATE/IbHBIE YUCIA (€CIM OHU BCE MOJIOZKHUTEIBHbIE, TO MOZKHO Pac-
CMATpUBATH —7V1, ..., —7V,). [lycTh

Torma aj +ay; > 0 gnascex j=1,...,nu
n
x = E (a; + avj)x;.
Jj=1
Tak kak ay + a7y, = 0, To © Ipe/icTaB/IAETCS B BUIe KOHUYECKOH KOM-
ounamuu w3 n — 1 Touku. Ecm 3T 3/ieMeHTHl JIMHEIHO 3aBUCUMBI, TO
IIPO/IOJIZKASI STOT IPOIECC IPUIEM K TOMY, UTO & IPEICTABISIETCS B BH-
Jie KOHHYecKoi KOMOMHAIUU He OoJiee, deM d JHHEIHO He3aBUCHMBIX
9JIEMEHTOB MHOXKecTBa A. O
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Jlekmus 2
4. TEOPEMBI PAJOHA 1 XEJIJIA

Teopema 4 (Pagona). Iyemv X — auwnetnoe npocmparcmeo u
dim X = d. Tozda ar060¢e Koneurnoe mrootcecmeo us X, codepacau,ee He
menee d—+2 mouek, moscem bbimb pa3dumo Ha 086 HENEPECEKAIOULULCA
MHOHCECTMBA, BVINYKABLE 000A0UKU KOMOPHLL NEPECEKAIOMCA.

X2

€3

Xyq

T

Puc. 8

)

. I3

Xyq

€

Puc. 9

Jokxazamenavcmeo. 1lycTh 1aHbl TOYKHA T, . . ., Tpn, 1 > d+ 2. BekTOpbI
Ty — T1,...,T, — T, — JIHHEHHO 3aBUCHMBI, T.K. UX He MmeHee d + 1.

CnenpoBaTebHO, CYIIECTBYIOT Qig, . . ., (,, HE BCE PaBHbIE HY/II0, TaKUe,
470

Z&j(l‘j - Il) = 0.
j=2
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[Tosoxxum .
51:—2()(]', 5]':0{]', j:2,,n
j=2
Nmeem
n n
> =0, > B;=0,
j=1 j=1
upuuem By, ..., B, He Bce paBubl Hy/110. [Tomensiem HyMepanuio u Oyem
cuuTaTh, 910 B, ..., Bm = 0, a Brit, - .-, Bn < 0. Tosoxkum
m n
B:ZB]:_ Z 5]7 A:{xla"'wrm}? B:{xm—l-la"'?xn}‘
j=1 j=m+1
Torma
m n
(3) Yo=Y v,
i=1 j=m+1

vaey; = pBi/B,j=1,...,m,u~y;=—0;/6,j=m+1,...,n Ipuuem

m n
E v = E v =1
=1 j=m+1
Takum 06pa3oM, BBIYK/Ias KOMOUHAIMS B JIEBOH YacTh paBeHCTBa (3)

JIEZKHUT B €O A, a BblllyKJ1asi KOMOMHAIMs B IPABOI YacTh paBeHcTna (3)
aexut B co B. Tem cambiv co AN co B # (. O

Teopema 5 (Xeau).

1. Ecau dm X = d u 6 X umeromea n > d+ 1 svnykivs mHo-
otcecms, mobvie d + 1 u3 Komopux umerom obwyro mowKy, mo u ece
MU MHOAHCECTNBA UMEIM, 00ULYI0 MOUKY.

2. ITycmov X — aunetinoe Hopmuposarroe npocmparcmeo, dim X =
d, T — nexomopoe beckoneunoe muoxcecmso undexcos U {Aqytacr —
Cemeticmeo 3aMKEHYMBLE 8uINYKALLEL nodmmnoscecmes X , no kpatnet me-
pe 00Ho u3 Komopux xomnaxmmo. Tozda ecau aoboe nodcemeticmso us3
d + 1 mnoocecme umeem obwyro mouky, mo u 6ce cemelcmen UMeem
06ULY10 MOUKY.

Aokaszamenvcmeo. 1. ByneMm m0Ka3bIBaTh yTBep:K/IeHUE UHIYKIHE M0
yncry MHOKecTB n. [Ipm n = d + 1 yrBepKenne odeBuano. [lycts
n > d+2 u TeopemMa JJOKa3aHa IS JTIOOBIX 77 — 1 BBIMYKJIBIX MHOYKECTB.

O6o3naunM manHBIEe MHOXKeCTBa depe3 A;, j = 1,...,n. Ing kaxkaoro
k=1,...,n Bo3bMeM HPOU3BOJIbHYIO TOYKY
n
j=1
ik

(IO TPeNOIOKEeHIIO HHIYKITHH 9TU [epecedenns He mycrbl). Tak Kak
n > d+ 2, To K TOYKam I, ..., T, OpuMeHnMa Teopema Pamona. C
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BO3MOZKHOI mepeHyMepalueil Touek noaydaeM, 4TO CYIIeCTByeT HaTy-

pasibHoe unciao m < n — 1, Jjist KOTOPOro MHOKeCTBa Co{xq,. .., Ty}
u co{Tpmt1,..., Ty} UMeror 00mYyI0 TOuKy . Touka z; upu Bcex j =
1,..., m UpUHAJIEKUT KAKIOMY U3 MHOXKECTB Ap,i1,..., A, B cuny
BBIMTYKJIOCTH 9TUX MHOXKECTB KayKJI0€ U3 HUX COMEPKUT CO{x1, ..., Tpm}.
CuegoBaTeabHO, KazK/I0€ U3 3THX MHOXKECTB COACPKUT TOUKY . AHa-
JIOTHYHO JIOKA3bIBAETCsl, YTO KazKJI0€e U3 MHOXKeCTB Aj, ..., A,, comep-
JKAT TOYKY x. TeM caMbIM JOKa3aHO, 9TO Y BCeX MHOXKeCTB Aq, ..., A,

nMeeTcd o0Imasg TOUKA.

2. Ilyctp A,, — KoMmakTHOE MHOXKeCTBO. 13 1 ciemyer, aTo soboe
KOHEYHOE CeMeHCTBO M3 MHOXKECTBa 3aMKHYTBIX HOAMHOXKECTB B, =
Ay N Ay, @ € I, conepxamuxcsi B A,, numeer obmnryio touxy. [Ipes-
IMOJIOYKUM, 9TO BCe ceMeiicTBO He mmeer oOIeil Touku. Torma MHOZXKe-
crBa {X \ Ba}acz — OTKPBITHIE U 00PA3yIOT MOKPHITHE KOMITAKTHOTO
MHOKecTBa Ay,. B ¢y KOMIAKTHOCTH W3 9TOrO MOKPHITHS MOYKHO
BeiOpaTh KoHeunoe MOKpbiTHe {X \ B, }acz,. Ho Torma koneunoe ce-
MeiicTBO { By tacz, He MoOxKeT uMerb o0mieil Touku. [losyuenHoe mpo-
TUBOpEUNe JOKA3BIBACT YTBEPKICHHE 2. O

Cy1ecTByeT JIOBOJBHO MHOTO 33JIa4 HA IPUMEHEHHe TeOpeMbl XeJl-
qu. PacecMoTpuM OHY M3 TaKUX 3a7ad.

ITpumep 4.1. Ilpeanonoxum, 910 JT100BIe TPU TOYKU U3 OECKOHETHO-
ro cemeiicTBa TOYEK T, HA IJIOCKOCTH MOI'YT ObITh HOMEIIEHbl B KPYT
paauyca 1. Jlokazarhb, 9TO BCe TOYKH MOTYT ObITH IOMEIIEHbI B KPyT
paamyca 1.

Pewenue. PaccmoTpuM MHOXKECTBO KPYT'OB pajiuyca 1 ¢ HeHTPOM B TOU-
KaX 3aJI[aHHOTO ceMeiicTBa. JI100bie Tpu TOYKH MOTYT OBITH TOMEIIEeHbI
B Kpyr pajguyca 1. [Tycte O — mentp takoro kpyra. Torma O mpu-
HaJTEZKAT KazK/IOMy U3 3THX KPYroB. Takmm obpazom, Jr00ble U3 Tpex
KDPYTOB UMEIOT OOIIYI0 TOYKY.

Puc. 10

[To Teopeme Xesnu mosydaem, 9TO BCe KPYTH HUMEIOT ODIILYIO TOY-
Ky M. Iloctpoum kpyr paamyca 1 ¢ menrpom B Touke M. Touxka M
NPUHALIEKAT KaxkKI0My U3 Kpyros. CregoBaTebHO, ee pacCTOSHHE
JIO KazKJI0il U3 TOYeK T, He npesocxogaut 1. Tem cambiM Bce cemeiicTBO
JIEJKUT B IMIOCTPOEHHOM KpPYyTe. U
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5. TEOPEMBI OTJEJIMMOCTH

[Tycrb A u B — HemycTble MOJAMHOXKECTBA HOPMUPOBAHHOIO IPO-
crpanctBa X. 'oBopsr, aro Henysesoit pyuknuonan z* € X* omdess-
em mnootcecmsa A u B, ecou

* 2) < inf (2", ).
ilelg@ y2) < inf (27, x)

Eciin HepaBeHCTBO CTPOroe, To roBopst, 4To £ cmpozo omdeasem A u

B.

[Iycts uuncso v € R takoBo, 4To

sup(z*, z) < < inf (2", ).
z€A zeB

Torna, reoMerpudecku, OTACTUMOCTE MHOXKeCTB A m B 03HavaeT, 94T0
OHH PACIIOJIOYXKEHBI IO Pa3Hble CTOPOHBI OT TUIEPILIOCKOCTH

{zeX: (z5z)=7}

Puc. 11

[Tycts X — mopmuposanunoe npocrpanctso, £ € X u r > 0. TToso-
KM

B.(Z)={zeX |z —7||x <r}.
Ecim A — mekoropoe muOXkecTBO U3 X, 10 Touka T € A HasbBaeTcs
BHyTpeHHell Toukoil A, ecyin cymiecrByer takoe € > 0, uro B.(T) C A.
MHuozKecTBO BHyTpeHHHX ToueK A obo3HauaeTcs depes int A.

HamomunmM GbopMyImpoBKY MepBoii TeopeMbl OTaeuMocTa (eM. |3,
crp. 243)).

Teopema 6 (Ileppasi Teopema otmennmoctn). [Tyemo A u B — neny-
CINBLE. GHINYKABLE NOOMHONCECTNEA HOPMUPOSAHHO20 npocmpancmea X ,
npuvem int A # ) u BNint A = (). Tozda mmoscecmea A u B omde-
UMD,

Orcroma ciaeayer

Teopema 7 (Bropas teopema oraenumoctn). ITyems A — nenycmoe
BAMEHYMOE BVINYKA0E NOOMHOACECTNEO HOPMUPOBAHHO20 NPOCTPAH-
cmea X u T ¢ A. Toeda mmosicecmea A u T cmpozo omoenumbo.
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Jlokazamenvemeo. Tak kKak A 3aMKHYTO, TO JomoTHeHHE K A OTKPBITO
U MO3TOMY CyIIecTByeT Takoe r > (), uTo OTKpbITHIi map By (Z,r) He
nepecekaercs ¢ A. Torja 1o mepBoit Teopeme OTIEJIUMOCTH CYIIECTBYET
HenysieBoit pynknuonas r* € X* rakoii, 4ro

sup(z*,x) < inf (a*, x).
IEE< > J:EBX(E,T)< >

*

<ZE 7J7>:’7

BX (§7 T)

Puc. 12

Ho

inf (x*, x) < (2", ),
xGBX(E,r)< > < >

TaK KakK HEHYJIeBOIl JIMHEWHbIl HelpepbiBHbIN (DYHKIMOHAJ HE MOZKET
JIOCTUTATh TOYHON HUKHEell rpanu BO BHyTpenHel Touke. Cjie0BaTe ib-
HO, MHOKeCTBa A M T CTPOro OTaeuMbl. U

6. BBIIYKJIBIE OYHKIINN

Mpi GyieM paceMaTpuBaTh (DYHKINH, KOTOPbIe TPUHAMAIOT HE TOJTb-
KO KoHeuHble 3HaueHus. C 9T0i 11eJIbI0 BBOJAUTCS HOHATUE PACIIUPEH-
noii npsimoit R = R U {—oc} U {+00}. Apudmerndeckue onepanun u
HEPABEHCTBA JIIsl 3JIEMEHTOB PACHIMPEHHOI NPAMOii IIOHUMAIOTCS CJIe-
JyoImuM o0pazom: —oo < a < +00, a € R, a+ (£oo) = 00 a1s Beex
a€R,

+oo, a >0,
CL(:’:OO) =40, a=0,,
Foo, a<0,

+00 + (+00) = 400, —00 + (—00) = —0o0. B
[Iycres X — nmnueitnoe npocrpanctBo u f: X — R. MuoxkecrBa
domf={xe X: f(x) <400},
epif ={(z,0) e X xR:a> f(z), r € dom [}
HA3BIBAIOTCS COOTBETCTBEHHO 3(M(MEKTUBHBIM MHOKECTBOM U HAICPa-
dukom (wmu sturpadom) dbyukimun f. OyHKUo f HA3BIBAIOT COO-
crennoii, ecm dom f # 0 u f(x) > —oo npu Beex = € X.

Oyukmua f: X — R HazpiBaeTca BBINYKJIOi, ecin ee HaArpaduk
BBITYK.J10¢ MHOXKecTBO B X X R. Herpyano npoBeputh, uTo (hyHKIHS



BBIIIYKJIBI AHAJIN3 17

f BBIIYKJ1a TOTJa U TOJBKO TOLJA, KOIIa I JTIOOBIX 1, Ts € dom f u
m000ro 0 < a < 1 BBINOJHIETCS HEPABEHCTBO

f((1 = a)zy + azg) < (1 —a)f(z1) + af(x2),

KOTOPOE HaA3blBae€TCAd HEPABEHCTBOM Uencena.

Jlekmusga 3

[Iycts X = R f: R? — R. Yepes f”(x) obozmaunm reccuan f B
TOUKe T

0*f 0*f 0*f
6_x%<x> 8:7018902 . o c%clﬁxd (CU>
0*f 0*f 0*f
f”(l’) = (?xg@xl (I) 8_ZL‘%(:E) o 8$28£L'd (CU)
0*f 0 f 0*f
axdﬁml o 8xd8x2 v o 8_1%(‘%)

Teopema 8. Ecau gynxuyua f: R — R deasrcon duddepenyupyema
na R, mo ona asasemea evnykaoti 6 MoM, U MOALKO 6 MOM CAYYAE,
ecau ee zeccuan 6 aoboti mouxe x € R? ydosaemeopaem ycaosuro

hTfH([L')h Z 0

ons ecex h € R (mampuua eeccuana 6 060t mouke AGAALMCA HEOM-
PUUAGMENDHO ONPEIENEHHOT).

oxaszameavcmeo. Ilycts f — Boinykiaas dyakmus. [Ipemgmomoxnm,
aro cymecrtyer ¥ € RY u h € R? takue, uro hT f”(x)h < 0. Ilo
dopmyse Teittopa st t € R numeem

Fla + th) = F(@) + F@)ht + K F AL + o)

flz—th) = f(x) — f'(x)ht + hTf"(a:)hg + o(t?).
Orcrosa, CKIa/biBas TH PABEHCTBA, HOJLY1aeM
f(x+th) —2f(x) + f(x — th) = KT f"(z)ht* + o(t?).
CJ1e10BaTeIbHO, TIPH JOCTATOMHO MAJIBIX
f(x+th) —2f(z) + f(x —th) <0,

T.C.

2 2 2

YTO MPOTHBOPEYUT BBIMYKJIOCTH f.
IIycts Teneps hY f”(x)h > 0 ana seex © € R? um Beex h € R4, [lna
IIPOU3BOJIBHBIX T, Ty € R paccMoTpuM byHKITIO

F(t) = [z + t(zy = 21)) = fz1) = 8(f(x2) = f(21)).

f(“’_th+“th> > 2 F@—th) + 5 f(z +th),
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Nmeem F(0) = F(1) =0,

F”<t) = (ill'z — .Il)Tf”(.Z'l + t(l'g - x1>>(£€2 — 33'1) 2 0.
[Ipeamonozkum, uro npu HekoropoMm ¢t € (0,1) F(t) > 0. Torna naii-
nercs rouka to € (0,1), B koropoit dynknus F' Oyger JocTurarh Mak-
cuMaJIbHOrO 3HaveHus u, 3naunt, (1) = 0. Iockosbky F”(t) > 0
upu Beex ¢ € [tg, 1], To F'(t) > 0 upu t € [tg, 1]. Tem cambim byHK-
nust F' we yOuisaer ma orpeske [to, 1], a snaunt, F (1) > 0. TToayuennoe

nporuBopedre gokasbiBaer, uro F(t) < 0 mas Beex t € [0,1]. Takum
obpaszom, st Beex t € [0, 1] cnpaBeyiuBo HEpaBEHCTBO

(1 =t)xy +tag) < (1 —1)f(x1) + tf(xs),

YTO M O3HAYAET BHIMYKJIOCTH (DYHKIHUH f. U

7. TEOPEMA KAPVIIIA-KVYHA-TAKKEPA

Ilycts fj: A = R, 7 =0,1,...,m, — byHKIUH, OIpeJe/eHHbIe HA
HEKOTOPOM MHOzKecTBe A. PaccMOTpuM 3KCTpeMaabHYyIO 33124y
(4) fo(x) = min, f;(z) <0, j=1,....m, z¢€A.

CasizkeM ¢ 3ajadeii (4) caegytonryio dyukuo Jlarpanxka
E(m,X) = ZAjfj(x>7
=0

rie A = (Ao, A1, .., \pn) — HabOp muOXKmTEsed Jlarpanzxka. Beaxuii
SJIEMEHT, JIJIs KOTOPOTO BBLINOJHEHbI YCJIOBHs KCTPeMaIbHON 3a1a4un
(fi(z) <0, j=1,...,m, x€A), Oyaem HA3BIBATDH JOIYCTHMBIM.

Jlemma 1. ITycmo T — donycmumwid anemenm 6 3adave (4) u cyuwse-

cmeyem nabop muoorcumened Jdaepanoica X = (Mg, A1, . .., Am) maru,
umo

(a) minges L(z,N) = L(T, \) (yerosue munumyma);

(b) A; >0,5=0,1,...,m (ycrosue neompuyamesvrocmu,);

() \if;(@) =0, j=1,...,m (ycrosue donosnsrousets nescecmroc-

Tozda, ecau Ao > 0, mo T — akcmpemanvroll saemenm 6 sadave (4).

Jlokasamenvemso. Jlns mo6oro pomycruMoro B 3ajgade (4) siaementa
r € A umeem

Xofolx) = Lz, N) = L(T,X) = Mo fo(Z).
Jens vHa A\, mosygaem Tpebyemoe. U

ITycts X — BemiecTBeHHOe JHHeliHOe mpocTpaHcTBO, fi: X — R,
j =0,1,...,m, — BolmykJble pyHKIUH U A — HEIyCTOe BHIIYKJIOE
moIMHOZKeCTBO X . 3a1ady

(5) fo(z) = min, fj(z) <0, j=1,...,m, xz€A,



BBIIIYKJIBI AHAJIN3 19

HA3bIBAIOT BBINYKJION 3a/1a4eil NiIn 3a/1a9eil BhIIIYKJIO0TO IIPOrpaMMUPO-
BaHU4.
Nmeer mecTo ciejyionias TeopemMa.

Teopema 9 (Kapymia-Kyna-Takkepa).

1. Eeau T — munumym 6 3adave (5), mo natidemea maxotd nenyae-
60t nabop mmoocumeneti Jdaeparoica X = (Mo, A1, ..., Am), 4Mo 6vin0A-
neror yeaosus (a), (b) u (¢) us semmos 1.

2. Ecau cywecmeyem donycmumasn 6 (5) mouka T u Habop MHOMCU-
meneti Jlazpanoica N = (Aoy ALy ooy Am), ydosaemsopaousue Yeao8uam
(a), (b) u (¢) u npu amom Ao > 0, mo T — pewenue 3adavu (5).

3. Ecau npu evnoanenuu yeaosutd 1 natidemea mouka T € A maxaa,
umo f;(T) <0, 1 <j<m, mo X #0 (ycaosue Caetimepa).

Jlokasameavcmeso. 1. Tlycrs T — pemenne 3agaan (5). Pacemorpum
MHOKECTBO

M ={p=(pos 1, -, )" €R™ 3z € A fox) = fo(T) < pro,
f](l') S,Uj’ .7: 1,...,77’1,}.

Hemnocpeacreennast mpoBepKa MOKa3bIBaeT, 9TO 9TO MHOKECTBO BHITTY K-
s0. Kpome Toro, JIerko BUJETh, 4TO OHO COAECPZKHUT BCE BEKTOPHI C IIO-
JIOXKUTETHHBIME KOMIIOHEHTAMH (HAJ0 B3ATb & = T) W TEM CAMBIM €ro0
BHYTPEHHOCTH He Tycra. Hakonemn, 0 ¢ M, Tak Kak B MPOTHBHOM CJIy-
wae Hamescsa Ol amement T € A Takoit, uto f;(Z) <0, j=1,...,m, n
fo(T) — fo(Z) < 0, B uporuBOpedne ¢ TeMm, 4T0 T — MUHUMYM.
CoracHo mepBoit TeopeMe OTAeTUMOCTH HaHIeTCsA TAKOU HeHyJIeBO’

dbyrkmuonan, T. e. BeKTop A = (Ao, A1, ..., Ap) € (R™TH)* uro0
(6) > Ak =0
j=0

IS BeeX b = (o, fb1, - - - fhm)? € M. Ilycrn & > 0. Iloacrasnas B (6)
sekTopbl (1,4,...,0)T,...,(0,...,8,1)T, a 3arem ycTpemnss § x HymI0,
nosaydaeM, yro A; > 0, 7 = 0,1,...,m, 1. e. JOKa3aHO yTBepKIeHUE
(b) Teopembi.

Teneps nogcrasum B (6) Bexropwt (6,...,0, f;(Z),0,...,0)%, j =

1,...,m (onu mpunarexxat M, HAJ0 B3SITh & = T) U CHOBA, YCTPEMJIsIsI
d x mysmo, nomyanm, 910 A, f;(Z) > 0. Ho A; f;(Z) <0, tak kaxk A\; > 0,
a fj(z) < 0 u nosromy A;f;(Z) =0, j = 1,...,m, 9T0 JOKa3bIBAET

yrBep:ieHue (c).

[ycts z € A. Slcno, uro (fo(z) — fo(Z) + 6, fi(z),. .., fm(z))T € M.
[MoxcraBass sror BekTop B (6), mpuxoxum (B mpegese npu 6 — 0)
Kk nepasenctsy Y i Ajfi(x) > Aofo(Z). doGasisa cupasa mysesbie
cmaraemuie \;f;(Z), j = 1,...,m, noryqaem, aro L(x,\) > L(Z,\) u
(a) mokazaHo.
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2. Bropoe yTBepkKeHHe TeOpeMbl HEIMOCPEJICTBEHHO BBITEKAET W3
JeMMBbI 1.

3. Jlokaxkem mociieiaee yTBep:kieHue teopembl. Eciaum Ay = 0, 10
HeHyﬂeBOﬁ MHO>KUTEJIb ﬂanaH)Ka HaXOoAUuTCA Cpean OCTaJIbHBIX W I10-

sTomy (¢ yaerom (c)) L(T,A) = S Nifi(@) < 0= 3" Nfi(@) =
L(Z,)\), uro mporusopeunt (a). O

8. CYBJU®DEPEHIINUAJ

[Iycts X — smmneiiHOe HOpMEUpOBaHHOE npocTpanctrBo, f: X — R,
T € X u dynknua [ koneuana B rouke T. Cybauddepennmanom hynk-
mn f B TOYKe T HA3BIBAETCSI MHOYKECTBO (BO3MOYKHO ITYCTOE)

Af(@) = {2* € X*: f(z) — f(&) > (¢", 2 —7), Vo € X }.

ITpepnoxkenune 7. Cybdupdepenvyuan Gyrnkyuy ABAAEMCA BHINYKABLM
MHOIHCECTNEOM.

Loxazameavcmeo. Ecim cybanddepenman — mycroe MHOXKECTBO, TO
YTBEPZKJIEHUE BBLITEKAET U3 TOrO, YTO IIYCTOE MHOYKECTBO — BBIIIYKJIO.
[Iycrs cy6muddepennuan dbyuknun f B TOUKe T HE MyCT W ], x5 €
J0f (). Torma nst Beex © € X
f@) = f(@) = (21,2 —7), f(x)—f(@) > (23,2 — 7).
Orcrona mpu Beex « € [0, 1] nveem
(1=a)(f(z) = f(@)+a(f(z) - f(Z) = 1-a)(z],z—T) +aleh, 2 —T).
CnemxoBaTebHO,
flx) = f(7) =2 (1 — a)a] + o, w0 — T).

Dto o3mavaer, uro (1 — «)x; + axy € Of (). O

s dbysakuun oguoit nepemennoii cyoauddepennuan Jf(x) sro co-
BOKYITHOCTH YIVIOBBIX KO3(pPUIMeHToB k, IpU KOTOPBHIX HPSAMbBIE I =
kx+b, npoxoasmiue uepes Touky (T, f(7)) sexar nox rpadpukom QyHK-
nn y = f(z)

Puc. 13
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ITpumep 8.1. Ilycrs f(x) = |z|. Torna
O] = {Signx, x #0,

[—1,1], ==0.
Y, y=lal
0 T
Puc. 14

Ha puc. 14 u306pazkeHbl HECKOJIBKO JIUHUH, TPOXOIAIINX Yepe3 TOY-
Ky (0,0) ¢ yrinoseimu koadbdunuentamu u3 maoxkectsa 0|z| mpu x = 0.

ITpumep 8.2. Ilycrp X — JinHeitHoe HOPMUPOBAHHOE ITPOCTPAHCTBO
u f(x) = ||z|. Haiinem cnauana 9f(0). Tockonsky f(0) = 0, To u3
onpeiesienns cyoauddepeninalia BHITEKAET, 9TO

of(0) ={z" € X*: |jz|| > (", z), Vo € X }.
[TokazkeM, 4TO eUHUYHBII AP COMPSIKEHHOTO TPOCTPAHCTBA
BX*={z"e X" ||z"| <1}
comepxkurcsa B 0f(0). [deiicrBurensho, ecin * € BX*, 1o mas Bcex
reX
(2%, ) < [l |[[]]] < [l]]

Ecau teneps z* € 0f(0), o z* € BX*, ubo ecnu ||z*|| > 1, To cy-
mectByer © € X takoif, uro ||z]| < 1 u (z*,z) > 1 > ||z|. Uraxk,

nokazano, uro J0f(0) = BX*.
Haiigem renepn Of(xg) npu zg # 0. Umeem

Of (o) ={a* € X : ||z|| — ||wo|| > (2", 2 — x0), V2 € X }.

[Tpeaosoxkum, aro z* € O0f(xg). oxcrasus x = 0, mosydnum, 4To
(x*,20) > ||wo||. C apyroit cTOpOHBI, €CJaU MOACTABUTL T = 2T, TO
HOJIyIuM, 9TO ||20|| > (2%, z0). CraemoBarenvuo, (x*, xo) = ||zo||. Torma
st Beex © € X JIOIZKHO BBIMOJHSATHCS HepaBeHCTBO |z|| > (2%, ).
Kak 6b1710 MoKa3aHo BbIIIe, 3TO O3Ha4daeT, 4to z* € BX*. Herpyano
yoeaurbed, uro ecim x¥ € BX* u (z*,19) = ||xo|, To x* € If(x0).
Taxkum obpasom, upu zg # 0

Of(xo) ={a" € BX": (z",z0) = ||zo]| }
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Crenytolee mpeioXKeHne MOKa3bIBaeT, uTo cydauddepeHIuat 1o0-
CTATOYHO €CTECTBEHHOE OOOOIIeHNe MOHITHS IIPOU3BOIHON HA BBITYK-
Jible (DYHKIUU.

[Mpenmoxenue 8. Ilycmv X — aumnetinoe HOpMUpPoOSaNoe npocmpan-
cmeo u f: X — R — sunykaran pynrxyua, duddepenyupyeman 6 mou-

ke T. Toeda Of(x) = {f'(Z)}.

Jokxazamenvcmeo. llycts x € X. Jlna m0b60ro gocTarovHo MaJjioro
a > 0 umeem 1o HepaBeHCTBY llenccena

Sl =)+ ax) < (1—a)f(Z) + af(z),
OTKY/Ia
f@+alz=7)) - f(@) <alf(x) - f(2)).
B cnny quddepennmupyemoctn dynkuun f B TOUKe T nMeeM
a(f'(2),z = 7) + o(a) < a(f(z) — f(7)).
Cokpamast Ha « U Tepexos K npejeay npu « — 0, moaydaem, 9To
f'(@) € 9f ().
O6parno, eciu z* € 0f(Z), To pa mwoboro © € X u modoro t > 0
nveeM f (7 +tx) — f(Z) > t(z*, ). CnegoBarenbHo,
HF/(F), ) + olt) = ta*, x),

T. e. (f'(Z),z) > (%, z) nng moboro x u 3uauut, x* = f'(T). O

Jlekmus 4

[Iycts X — nmHeiinoe HOpMHpOBaHHOEe mpocTpamncTBo n f: X — R
— coberBennast pyukinus. Pacemorpum 3ajiaay

(7) f(z) = min, z€ X.

Teopema 10 (Pepma B cybauddepennmansuoii dopme). Touka T €
dom f saeasemcea enobasvnvim munumymom 6 3adave (7) moeda u
moavko moezda, kozda 0 € Of ().

A~

Jlokazamenvcmeo. Ecin T — rimobanbuplii MuaumyM, To f(x) — f(Z) >
0= (0,2 —Z) mg moboro z € X, 1. e. 0 € 0f(x). Ecu 0 € 0f(Z), To
fx)—f(@) > (0,2—2) =0, 1 e f(x)> f(Z) qna moboro z € X. O

W3 npeioxkenus 8 u Teopembl 10 BoiTeKaeT

CaencrBue 3. Ecau 6 3adave (7) [ — swnykaaa dynryua, dugdde-
PEHUUPYEMAA 6 ToUKe T, Mo T — 2a00aA0HbLT MUHUMYM 6 TOM U
moavko 6 mom cayuae, ecau () = 0.

IIpenmoxkenne 9. Ecau X — aunetinoe HopMuposaHHoe npocmpat-
cmeo u Yy ewnykaoli cobemeennoti gynruyuu f: X — R 6 mouke
T € dom f A0KaALHOIT MUHUMYM, MO 6 MOUKe T U 2400aA0HT MUHU-
MYM.
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Jlokasamenvcmeo. IlycTh T — MOKATBHBIA MUHUMYM, T. €. CyIIECTBYET
takag okpecrHoctb U moukn T, uro f(Z) < f(x) ana Becex z € U.
[TIycrb Tenepnb x — npousBo/ibHas TouKa u3 X . JLs jocTaroaHo MajIbix
0 < a < 1 roukn (1 — )T + ax upunamiexkar U u nosromy (1o
nepasencrsy Henccena) f(7) < f((1—a)T+axr) < (1—a) f(Z)+af(z),
otkyna caeayer, uro f(7) < f(x). d
IIpennoxkenmne 10. Fcau X — aunetinoe HOPMUPOBAHHOE NPOCMPAH-
emeo, f: X — R — cobemeennas ewnykaaa Gynkuua U 048 Heko-
mopozo ©* € X* 6 okpecmuocmu mouku T € dom [ ewnoansemca
HEPABEHCNEO

(8) fl@) = f@) =2 (2,2 = F),

mo z* € 0f ().

Jlokasamenvcmso. @yuknnus g(x) = f(x) — f(Z) — (x*, v —T) asnsercs
BLIIYKJIOH M B TOYKE T HMeeT JOKAJILHBIA MHHHMYM, PABHBIA HYJIIO.

U3 npepnokenns 9 cieayer, 9T0 T — MI00ATBHBIA MUHHUMYM, T.€. J[JIsT
BceX = € X BBHIMOJHSAETCS HEPABEHCTBO (8). DTO U 03HAaUYaeT, uTo +* €

of (@). O

9. CYBAN®®EPEHLNAJBHOE NCYNCJIEHUE. TEOPEMA
MoOPO-POKA®EJIJIAPA

Teopema 11 (Mopo-Pokadennapa). Ecau fi, fo: X — R — cob-
CMGEHHBLE GUNYKABIE PYHKUUU, TOMA Obl 00HA U3 KOMOPHIL HENPEPDLG-
Ha 6 MouKe T, mo

I fi + f2)(@) = 0f1(x) + 0f2(2).
Zlokaszameavcmeo. JloKazkeM, 4TO
0fi(@) + 0f2(T) CO(f1 + f2)(@).
[Iycts z* € 0f1(Z) + 0f2(T). D10 03HAUAET, YTO CYIMIECTBYIOT Tj €
0f1(Z) n a3 € Of2(T) rakue, uro x* = x] + x5. meem
(fi+ f2)(x) = (fi+ ) (@) = (&%, 2 = 7) = filz) = /i(Z) — (2], 2 — )
+ fo(x) — fo(Z) — (23,2 —T) > 0.
Crenosarensuo, z* € I(f1 + f2)().
Jlokaxkem Tenepb, 4To
I fi+ f2)(@) COfi(Z) + 0f2().

Be3 orpannuenust o61HOCTH MOKHO untarh, uro f1(Z) = fo(Z) = 0.
Ecsin 9710 HE Tak, TO MOXKHO PaccMOTPeTh (DYHKIMH

g(x) = [i(x) = [1(2),  ga2(2) = folx) = fa(2).

Jlokazkem, 9TO ecjn

(9) 0€d(fi+ f2)(@),
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to Haiinerca ¥ € Ofi(T) rakoil, uro —x* € Jf5(T). U3 (9) crenyer,
qTO IJId BCeX * € X

(10) (fr+ f2)(@) = (fr + f2)(@) = 0.
Bynem cuanrath, uro fo HenpepbiBHa B T. [Tomoxum
A={(z,v) :x €dom f, v < —fi(z) },
B =epify={(z,u):x € dom fo, u> fox)}.

Puc. 15

OTH ABa MHOXKECTBA BBINYKJbI M HemycTohl. OHM He IepeceKkaior-
csl, Tak Kak u3 Toro, uro (x,v) € A cuenyer, yunreiBast (10), uro
v < —fi(x) < fo(x). Tem cambiv (z,v) ¢ epifo = B. TlockonbKy fa
HelpepbiBHA B I, OHA OIpaHHYeHa B HEKOTOPOil okpectHocTH U 3T0i
Touku. [Togoxkum

M = sup fo(z).

zelU

Toria oTKpbITOE MHOZKECTBO
V={(z,v):xelU v>M}

nexut B epi fo. Crenosarennno, int B # (). Ilo nepsoii Teopeme oTe-
aumoctu (eMm. [5, Teopema 11, crp. 22|, [3, crp. 243]) mHO)KecTBa A U
B MoXHO oTne/uTh, T.e. cymecTtByior ¥ € X* u A € R, He paBHbBIe
OJIHOBPEMEHHO HYJIIO0, TaKue, ITo Jist Jo0bX (11,v) € A u (x9,u) € B
BBIIIOJIHAETCA HEPABEHCTBO

(11) (% 21) + M < (2%, 29) + M.

[Momoxkum B (11) 1 = 20 =7, v < 0, a u = fo(xe) = fo(Z) = 0.
Torma
(x*,7) + Av < (2", 7).
CrenoBarenbuo, Av < (0, a Tak Kak v < 0, moaygaem, 9o A > 0.
Ecu npeanonoxkuthb, ato A = 0, To u3 (11) noxyvaem

su ¥y < inf (¥ z).
xedo£f1< ’ >_ xEdomf2< ’ >
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[Tockombky x* # 0, a nuHeliHasg HYHKIWS, OTIHIHAS OT TOXK/IECTBEH-
HOTO HY/I¢d, HEe MOYKeT NPUHUMATh MHUHUMAJIBLHOTO 3HAYEHHUS BO BHYT-
penHeil Touke, TO

(x*,7) < sup (a%,z) < inf (2% x) < (2", 7).
z€dom f zedom fz
[Tostyuennoe nporuBopedre mokasbipaer, 9o A # 0.
[Mycre 21 =7, v < 0, 29 € X, u= fao(xs). Torga uz (11) nosyqaem
(x*,Z) + o < (2", 22) + M fa(za).
Yerpemiisisi v K HYJIIO, 10JIy4aeM
(x*,7) < {(x%,29) + Afa(x2).
Orcrona
fg(Ig) Z <—>\_1$*,LE‘2 — §>
Cnenosarebno, —\~'z* € 9 f5(T).
[Tycrs reneps z9 = 7, x1 € dom fi. Toryma ast soboro v < — fi(xy)
BBIIIO/IHSIETCH HEPABEHCTBO
(%, x1) + 2o < (2", 7) + M fo(T) = (2", 7).
Yerpemstsist v K — fi(x1), noayuaem
<£C*,ZL‘1> - )‘fl(xl) < <x*,fc\>,

orkyaa A~ tz* € 3f1(T). Tem cambiv jokaszano, uto 0 € O f1(Z)+0 f2(T).
[Tpeamonoxkum, uro x* € I(f1 + f2)(). Tonoxum

9(x) = fi(z) — (2%, —T).
Herpyano y6eaurhes, ato 0 € (g + f2)(Z). Tlo nokazannoMy BbImTe
0 € 9g(x) + Of2(x). Tem campbiv Haiimercss ¢ € OJg(T) Takoii, 41O
—z* € 0fy(x). Brawouenune T* € 0g(T) o3HAYAET, YTO BBIIOJIHIETCSI
HEePaBEHCTBO
(@) — (a2 —B) > @2 — ),

CaepoBaresnbno, * + 7% € 0f1 (7). [osromy x* € Of1(Z) + 0f2(z). O

CaenctBue 4. FEcau [ — svinyraras Gynkyus, HENPEPLIBHAA 6 MOvKe

z, mo Of () # 0.

Jokasameavcmeo. Ormerum cHadasa, 4to GyHKIusa [ B CHIY Helpe-
PBIBHOCTH B TOUKe T sIBJIsIeTCs cOOGCTBeHHOf (mokazkuTe!). Obo3HATIM
yepe3 0{T} UHAUKATOPHYIO (DYHKIUIO TOUKH T

{7z} (x) = {

0, T =1,
T

£

Oynukuus 0{T} aBasercss cOGCTBEHHON BHIMYKJION (DyHKIMET 1 HETPY/1-
HO yGeanThes, uro 00{x}(Z) = X*. Paccmorpum dyuxuuio f + 6{Z}.
N3 Teopembr Mopo—-Poxkadesiapa noaydaem

X* =) + 53N @) = 0f(2) + 05(3))(3) = I (3) + X".

8) 8®)

+00,
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Orciona cnenyer, aro 0f (Z) # (. O

10. TEOPEMA JIVBOBUIIKOTO-MUJTFOTUHA

Teopema 12 (/Iy6osunkoro-Mwumoruna). Ecau fi,..., fn: X - R —
cobemeenmbie 6unyKAble GYHKUUL, HENPEPLIEHDIE 6 MouKe T, U

f(ZB) = max{fl(x), s >fn(x)}7

0f (@) = co(U 8fj@)),
ede I ={j: f;(x) = f(T)}.

Joxazamesvcmeo. CHavdaia pacCMOTPUM CJIyUail, KOT/Ia

@) = ... = fu(®@) = f(2).

JokazkeM, 4TO
(12) co(O 8]2-(%)) C of().

[Iycrs 2* € 0f;(Z) npu mexoropom j, 1 < j < n. Torga pst Bcex © € X
f(@) = fi(x) = f;(2) + (2%, 0 = Z) = f(Z) + (2", 2 — T).
Cuenoarensno, * € 0f (7). Tem cambivm 0f;(T) C Of (7). Orcrona

Jor@ c of @)

B cuny meinykiaoctu cy6auddepenmuana (M. mpenioxkenust 7 u 1)
nveer mMecto (12).
[Iycrs * € Of (). Tomoxkum

pj(x) = fi(z) — f;(Z) — (=", 2 —Z), j=1,...,n

Jlna kaxkoro k = 1,...,n pacCMOTPUM CHCTEMY HEPABEHCTB

() <0,
(13) {(pj(x) <0, j#k.

[IpemosioxKum, 910 A1 BCeX k 3TH CHCTEMbI COBMECTHBI B 0O003HAYUM
qepes Ty KaKkoe-Janbo perenne KarkI0it u3 31oi cucrembl. PaccMoTpum

TOYKY
1 n
r=— E T
n
k=1

Torma nmpn kaxkgaom k=1,...,n
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CraenoBaTenbHo, Opu KaxkaoM k= 1,...,n

fi(@) < fi(@) + (2%, 7 — 7).
Orcrona
(@) < f(2) + (2", 7 — ),

910 nporuBopeduT Tomy, uro ¥ € Jf(x). CuexoBarennHo, Haidigercs
k, 1 < k < n, naa xoroporo cucrema (13) Gyaer mecoBmectHa. 113
HenpepbiBHOCTH yHKIM f;, j = 1,...,n, B TOUYKe T CJeIyeT, 4TO
CYIIECTBYeT OKPeCTHOCTh U TOUKH Z, B KOTOPOil Bce dyHKImN f; KO-
Heunbl. Torma ay1a Takoro k KCTpeMaabHas 3a1ada

or(z) = min, @;(x) <0, j#k zeU

Gyzaer nvers perenne Z. [To Teopeve Kapymra—Kyna—Takkepa (Teope-
Ma 9) HaiigyTes Aq,..., A\, > 0, HE Bce paBHbBIE HYJIIO, /I KOTOPBIX
npu Bcex x € U

D X)) =D Npi(@) =0
P =1

N3 npejyiozkenust 9 BbiTeKaeT, 4TO ITO HEPABEHCTBO BbIIIOJIHACTCSH JIJIs1
Bcex x € X. Be3 orpanunyienus OOIIHOCTH MOYXKHO CUUTATD, YTO

j=1

Torma mosygaem, 9To st Bcex © € X

Xn:Ajfj Z)\fj (x*, 2 —7) > 0.
j=1

CanenoBaTebHO, OJIB3YACH TeopeMoit Mopo—Pokadennapa, moirydaem

z* ea(ZAfj) ZaAfg
_ Z \ 05 () co(Q@f@)-

Pacemorpum Temeps obmmit coygaii. [Tomoxum J = {j : f;(Z) <
f(@)} n g(x) = maxjes fj(x). B cuny menpepsiBroctn dyukumii f;,
j=1,...,n, BTOYKe T CyIIECTBYET OKPECTHOCTL V TOYKMU T, B KOTOPOIi
fi(x) < f(x) mus Beex j € J. Torpa B okpecrnocru V- dbyukiun f u g
comagaior. 3 npemnoxenus 10 noxyuaem, uro 0f () = dg(7), a nis
0¢g(T) HyKHOE PABEHCTBO YK€ JOKa3aHO. O
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11. CYBAN®O®EPEHILINAJIBHASI ®OPMA TEOPEMBI
KAPVIIA-KVYHA-TAKKEPA

ITycrs X — simHeifHOe HOPMHPOBAHHOE IIPOCTPAHCTBO, f;: X — R,
7 =0,1,...,m, — BolIyKJIble coOcTBeHHbIe (pyHKIuu. Paccmorpum 3a-
Haqdy
(14) fo(x) = min, f;(z) <0, j=1,....m, z¢€X.

Teopema 13 (Kapyma-Kyna-Takkepa B cy6auddepennuaabHoi
dopme). ycmv T € X — munumym 6 sadave (14) u dynwyuu f;,
j=0,1,...,m, — nenpepvierv. 6 mouke T. Tozda natidymcs wucaa
Aj>0,5=0,1,...,m, makxue, wmo

N=1 Nf@E) =0, j=1,...m,
=0

0€> Nofi(@).
=0

Zokazamenavcmeo. PacemorpuM yHKITHIO

f(x) = max{ fo(x) — fo(Z), fr(), ..., fm(2)}.

Touka T aBasgerca TI00ATLHBIM MUHHMYM 370l ¢dyuxnuun. leiicTBu-
TEJIbHO, €C/iu Obl B HEKOTOPOi TOUYKe T € X BBIIOJIHAIOCH Obl HEDABEH-
cro f(Z) < 0, 10 10 03HaAUaA0 Obl, uro fo(T) < fo(T) u f;(T) < 0,
j=1,...,m, 910 npoTuBOpEeYNT MUHUMAJIbHOCTH T B 3ajade (14). To-
riaa u3 reopembl Pepma B cybauddepenmannroii popme (Teopema 10)
crenyer, uro 0 € Of(Z). Tlo Teopeme ly6osunkoro-Mmmornna (Teo-
pema 12) umeem

1@ = o (U@
jel
rie [ = {0}uU{j: f;(z) =0, 1 < j < m}. Takum o6pazom (cM.
npeaoxkenne 3), nainyrea v € 0f;(¥), j € I, raxue, aro

0=> Naj, Y N=1 X>0 jel

jel jel
Octanocs monoxkuTh \; = 0 1yst j ¢ 1. O
JIekmuga 5

12. JIBOMCTBEHHOCTbh. CONPAKEHHBIE ®YHKIINN. TEOPEMA
DOEHXEII-MOPO

B Bompocax, CBA3aHHBIX ¢ H3Y9YEeHUEM BBIITYKJIBIX 0ObeKTOB (BHITYK-
JIBIX MHOZKECTB, BBITYKJIBIX (DYHKIHI W BBITYKJIBIX 9KCTPEMATbHBIX 3a-
Jad), BayXKHYI0 poJib urpaer dpenoMen JpoiictBennoctu. OH 3aK/II0UYA-
eTCd B TOM, YTO KaxKJIOMY BBIIYKJIOMY OOBEKTY MOYKHO COMOCTABHUTD
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JIBOMCTBEHHBIH BBITYKJIBIH 00bEKT, KOTOPBIil TECHO CBSI3aH C UCXOTHBIM
U COBMECTHOE MX MCCJIeI0BaHUe, KaK MPaBUIo, ObIBAET BeCbMa ILIOI0-
TBOPHbIM.

[Iycts X — JyimHeitHOe HOpMHPOBaHHOE HPOCTPAHCTBO. HamomumMm,
9TO TUIEPIIJIOCKOCTBIO HA3BIBAETCS MHOKECTBO

H={zeX: (z5z)y=7v}, 2reX", ~yekR

[MunepriockocTsh pazbuBaer Bce NPOCTPAHCTBO HA JIBA MOJIYITPOCTPAH-
cTBaA

H o ={zeX:(a"2)<~v}, H ={zxeX:{(z"x)>v}

B ocHoBe JIBOICTBEHHOCTU BBIILYKJIBIX MHOYKECTB JICYKUT CJIeLYIONTUit
dakT. BelyK/ioe 3aMKHYTO€ MHOYKECTBO B JIMHEITHOM HOPMHPOBAHHOM
npocTpancTBe X JIOTMyCKaeT JABOiHOe onucanue: mepBoe (Ha si3bIKe HC-
XOJIHOI'O TIPOCTPAHCTBA) €CTh MPOCTO ONpe/IeJIeHIe BhIMYKJIOCTH U 3a-
MKHYTOCTH, BTOpOe (Ha sI3bIKe CONPSKEHHOTO TMpocTpaHcrBa X *) co-
CTOUT B TOM, YTO 3TO MHOYKECTBO SIBJISETCS TlepecedeHneM BCeX TO.Ty-
MIPOCTPAHCTB, €ro cojep:Kamux. /lokakeM Moce/iHee YTBepKIeHHE.

Ilpenmoxkenune 11. Buwnykaoe samknymoe mHosxcecmeo 6 aunel-
HOM HOPMUPOBAHHOM NPOCMPAHCINEE ECTNb NEPECEYEHUE BCET NOAYNPO-
CMPArCmMs, COOEPAHCAUUT IMO MHOHCECTNEO.

Hoxaszamenrvemeo. Ilyctb A — BbIyK/10€ 3aMKHYTOE MHOXKECTBO B JIU-
HelitHOM HOpMHPOBaHHOM IpocTpancTBe X. Obo3HauuM depe3 B mepe-
ceveHne BCeX IMOJIYIPOCTPAHCTB, cojepxkamux A. Tak Kak Kazkmoe u3
MOJIYIIPOCTPAHCTB COAEPKHUT A, TO U UX IepecevdeHne TOXKe COIEPIKUT

A, te. ACB.

Puc. 16

[IpeaioozkuM, 910 CymecTByer To4ka T € B, He npuHajexKaiiast
A. Tlo Bropoit Teopeme orpesmmoctu (|5, Teopema 12, crp. 23|) MHO-
KectBO A M TOYKAa T CTPOrO OTAEIMMBI, T.e. CYIIECTBYeT HEHYJIEBON
dyukimonas r* € X, it KOTOPOro

sup(z*, z) < (2", 7).
€A
Torna naiigerca € > 0 Takoe, 9To JJ1sd Jijisg Bcex T € A

(x%, ) <7,
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riae v = (z*,7) — . Tem caMbIM HANLIOCH TOJYTPOCTPAHCTBO, COIEP-
Kamee A n He comepzkalee T, 9TO IPOTHBOPEYAT TOMY, YTO T IPUHA,I-
JIEZKUT BCEM 10J1yPOCTPAHCTBAM, CoJepzKaiium A. O

Oynkmmst f: X — R Ha3pIBaeTCst 3AMKHYTO, €CIIH MHOYKECTBO epi f
3amMkHyTO B X X R,

BrisgcauM Temnepb, KaK aHATATHYIECKT MOYKHO HHTEPIPETUPOBATH TOT
dakT, uTo HaATpadUK BHIIYKI0# 3aMKHYTON (DYHKIIUKA €CTh Iepecede-
HIEe BCEX COJEPZKAIIUX ero MOJTYIPOCTPAHCTB.

Hanomuum, uro pynknus a(z) = (2%, x) + o, rae 2* € X*, a a € R,
HasbiBaeTcs adpOUuHHOI.

Teopema 14 (o norovewnoit Bepxueii rpann abduHHBIX OYHKIWMIT).
Qynruyua f: X — RU{+o0} asasemes svinykiol u samrxnymot mo-
20a U MOoABKO Mo2da, k0204 0HA eCMb NOMOUEYHAA GEPTHAA 2PAHD G-
Punnovr pynryut, ne npesocrodauus f.

oxaszamesvemeo. Ecin f — norodednasi BepxHsisi rpaHb cemeiicTsa
adppunnbix QyHKIMA, TO ee HaArpaduK ecTb nepecedenne Harpadu-
KOB 5TuX (PYHKIHUIT, KOTOpPbIe, OYE€BU/IHO, BBIIYKJIBI U 3aMKHYTHI ¥ 110-
5ToMy (DyHKIHs f BBIYKJIA ¥ 3aMKHYTA.

O6parno, nycts (GyHKIEs f BbIOyK/JIa u 3aMkHyTa. Ecam f(z) =
+00, TO OHA eCThb, HAIIPUMEP, IMOTOYEUHBI Ipejes KOHCTaHT. [lycrh
dyurnug f He paBHA TOXKIECTBEHHO +00 1 g € X, ap € R Takume, uro
ap < f(xg). dcuo, uro (xg, ap) ¢ epi f. [To Bropoit Teopeme OTIeIUMO-
cru (|5, reopema 12, crp. 23|) naiigercs z* € X* u v € R, He pasubie
O/IHOBPEMEHHO HYJIIO, TAKWe, UTO
(15) sup (&) +70) < {2, 20) + 700,

(z,a)€epi f
Bamernm, aro 7 < 0, n60 B MPOTUBHOM CJIydae, YBEJIUIUBAsT (v, TPUATILIN
Obl K IPOTUBOPEYHUIO ¢ HepaBeHCTBOM (15).

al

Puc. 17
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[Iycts f(x0) < +o0. Ioacrasnsas Touky (zo, f(zo)) € epi f B (15),
nonydaem, 910 Y(ag — f(zo)) > 0. Ho ap — f(xg) < 0 m mosromy
B JanHoM ciydae v < 0. MoxkHo canrarh, uro v = —1 (mess, ecin
HeobxoauMo, 00e wactu Hepasencrsa (15) ma —v). Torga, obo3natas
Yepe3 ¢ BepXHIOI rpaHb B (15), 9T0 HEpABEHCTBO MOXKHO 3alMCATh B
BUJIE JIByX HEPABEHCTB

(16) (", x0) —c>ap, (z52)—c<a V(r,a)c€epif.

Paccmorpum adbdunnyo bynknuo a(x) = (x*,x) — c. Ecim f(z) =
+00, To, ouengno, a(x) < f(x). Ecan f(x) < 400, T0 U3 BTOpOro
nepasencra B (16) mpun a = f(x) caeyer, uro a(zx) < f(x). Takum
06pa30M, 9TO HEPABEHCTBO BBINOJIHsETCs it Beex © € X . 3 mepBoro
uepasencTBa B (16) caenyer, uro ap < a(xg), u 3HAUAT, o < a(xg) <
f(zo). Boibupas g ckosb yroguo 6;mu3ko K f(zg), mOIydaeMm, 9410 BO
BCeX TOYKaX, rje byHKnug f KOHeUHa, OHA eCTh MOTOYeTHAS BEPXHSIS
rpanb cemeiicrBa adpduHHbIX QYyHKIMH, HE TPeBOCXOAAIIUX f.

[Tycrs Teneps f(z9) = +00. st jjokas3are/ibcTBa TEOPEMbI B 9TOM
cJIydae HaJlo s 100010 o € R nocrpouth adduuay0 QyHKIUO, HE
MPEBOCXOSINYI0 f, 3HAUEeHWE KOTOPOil B TOUKe xg Oosbie ayp. [lycth
ap € R. Eciim B (15) v < 0 (kax u BbIIIe, CYUTAEM TOTJIA, 9TO 7§ = —1),
to u3 (16) BoiTekaer, uto a(zg) = (x*,x9) — ¢ > ap U BCe TOKA3AHO.
Ecau xe v = 0 (oTmessmonias rumepIuiockocTs “Beprukaabaa’), 1o (15)
3aIUIIeTCs TaK

(17) (", 20) —c>0, (2",2) —c<0 V(r,a)c€epif.

[To mokazamHOMY BBIIIE cylecTByeT addunHas GYHKIUS ¢, KOTOpas
Bcioay He mpeBocxoautT f. Jlng xaxmoro p > 0 pacemorpum adbdun-
nyo dyskmmo a,(xr) = a(z) + p({z*, r) — ¢). 113 Broporo nepasencrsa
B (17) caenyer, uyro sra QyHKIUS TaKzKe BCIOLY He mpeBocxoaut f, a
u3 nepsoro, uro a,(ro) = a(xg) + p((x*, xo) — ¢) > ap a1t gocraroy-
HO Oosbmux p. Utak, f ecTth moTodednasi BepxHsisi IPaHb ceMeicTBa
aGuHHBIX DYHKINI, €€ He MTPEeBOCXOIIINX. U

[Iycts f: X — R. ®yuknus na X*, onpeesnseMast paBeHCTBOM
(18) f1(@7) = sup({a”, z) — f(z)),
xe

Ha3bIBAETCS CONpsizKeHHOW K f mym mpeoOpasoBanumeM Jlexkanapa—
Qenxens—HOnra.
PaccmorpuMm HEKOTOpbBIE IPUMEPHI.

ITpumep 12.1. ITycrs X = R. Torga X* = R u (z*,z) = z*z. Tna
f(z) = € umeem
r*Ilnx* —a*, x>0,
f(z*) = sup(z*x — e*) = < 0, r* =0,
z€R
+00, x* < 0.
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Ipumep 12.2. Ilycts X = R? ¢ mopmoit ||z]| = /2% + ... + 22. Toraa

X* = (RY)* u
d
(x*, ) = Z:p;x]
7j=1
s
1A
fx) ==Y |’y 1<p<oo
P
nuMeeM

Fa) =Sl =1
p q
Oyukmus f* ecThb BepXHsIS TPAHb BHIYKJIBIX 3aAMKHYTBIX (DYHKITHIT
(x*,x)— f(x). Tlosromy Haarpaduk f* ectb nepecederne HaArpahuKoB
5TUX (DYHKIWI, T.e. mepecedeHrne BBIMYKJBIX 3aMKHYTBIX MHOKECTB.
Bnaunt, f* — BBINYKJas 3aMKHyTast (DYHKIUS.
Bropoii conpsizkennoit k f HazpiBaercs dbyukmus f**: X — R, ompe-
JesisieMasi PpABeHCTBOM
[ () = sup ({27, 2) — f*(27)).
T*eX*
[To Tem ke coobpaskeHusiM, 9TO ObLIN PUBEIEHBI BbIMe, f** — BBITYK-
Jlasi ¥ 3aMKHYTast (DyHKITHS.
Ecim f — cobcrBennast (byHKIHSI, TO W3 OMPEIEIEeHNNH BBHITEKAIOT
HEpPaBEHCTBA

(%, ) < flz) + f7(27), (o 2) < fH2") + [T (),
KOTOpbIE Ha3biBaloTCst HepaBencTBamu HOura. Kpome rtoro, f(z) >
[*(x), Tak kax f(z) > (z*,x) — f*(z*) naa Becex z* € X*, u cie-
JIOBATEJIHHO,

f() = sup ((z7,2) — f*(2")) = [ ().
rreX*
Cureytomuii pesysbrar 00 ycioBuM coBuaienus f ¢ ee Bropoii conpsi-
JKEHHOM ciiyzKuT 62301 TeOpur JIBOMCTBEHHOCTH BbIYKJIbIX (DYHKIIHII.

Teopema 15 (®enxesnsi-Mopo). Tycmo f: X — R U {4+o00}. Tozda
f =" 6 mom u moavko mom cayuae, xo2da [ evinyria u 3amMKEHYMA.

oxasamenvcmeo. Eciu f = f**) To Kak Ob1J10 0OTMedeHO, f** BBIIyK./1a
U 3aMKHYTa, HO9TOMY U f TaKOBA.

JlokazkeM, 9TO HpHU YCJOBUHU BBLIMYKJOCTH W 3aMKHYTOCTH [ HMe-
er Mecto pasenctBo f = f**. Eciu f(x) = +oo, TO, 04eBHIHO,
() = +oo. Iycers f(x) # +00. [lo moKa3aHHOMY CYIECTBYET TaKasi
abdunnag dyuxkuua a(x) = (2", z) — «, uro (", z) — a < f(x) pus
Beex © € X. DT0 paBHOCUIBLHO TOMY, 4TO

a> ig}g((iv*,@ — f(z)) = f*(z).
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Tak kak mo teopeMe 14 f — BepxXHsdA I'DaHb TaKUX (DYHKIU, TO 14
Bcex ¢ € X
(19) flx) = sup ({z7,2) — ).
z*eX*, aeR
a>f*(z*)
[TockonpKy f He paBHA TOKIECTBEHHO 400, TO f* HUT/Ie He 0OpalaeTcs
B —00 u novromy B (19) BMecTo o MmoxHO B3saTh f*(2*). CiemoBarein-
HO,
f(x) = sup ({z",2) = [*(z7)) = [*(2)
rreX*
s Bcex x € X. O

JIeknuga 6

13. JIBOMCTBEHHOCTDb DKCTPEMAJIbHBIX 3AJ/IAY.
JIBOICTBEHHASI 3AJTAYA K 3AJAYE JIMHENHOI'O
IIPOT'PAMMUPOBAHUS

[Tpumennm Teopemy Penxeng-Mopo K MOCTPOEHUIO TBOWCTBEHHBIX
zaga4. [lycrs X — jinHeitHoe HopMupoBaHHOE pocTpancTBo U f: X —
R. Pacemorpum 3amgaqy

(20) f(z) - min, z€ X.

Bkuiounm ee B cepuio “nogobubix” eii 3aja4 (MM, Kak roBOPST, “BO3-
mytum” aHHyto 3aja4qy). Tounee roBopsi, mycrb Y — sinHeiiHoe HOP-
MupoOBaHHOE HpocTpancrBo u dyuakius F: X x Y — R rakosa, 4ro
F(z,0) = f(z) ans Beex x € X. Kaxaomy y € Y conocrasum 3a1aay

(21) F(z,y) - min, z € X.

CemeiicTBO TakuX 3a7a4 HA3BIBAETCA Bo3MymneHumeMm 3ajgaum (20), a
dbynkmua S: Y — R, conocrapngiomas y € Y snadenme 3amaun (21),
Ha3biBaeTcs S-byHKImei ganuoro cemeiicrsa. fcno, aro S(0) — 3Ha-
yeHune nexoHoil 3amaun (20).

Kaxk yxe Obu10 ormeueno, S**(0) < S(0), a ecimm S-byHknust BbI-
myKJia 1 3aMKHyTa, 10 110 Teopeme Penxessi—Mopo S**(0) = S(0). Boi-
nuieM 3ajady, 3HadeHueM KOTopoil sBisiercs sejuunna S**(0). Tlo
OIIPE/IEJIEHUIO

57(0) = sup (=5"(y")).

anee,

S*(y") = sup({y",y) — inf F(z,y))

yey
= sup  ((0,2) +(y",y) — F(z,y)) = F*(0,y7).
(z,y)EX XY
Takum obpa3om, 3ajaua, 3HavUeHre KOTOpoil paBuo S™(0) umeer Bu

(22) —F*(0,y") - max, y €Y.
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Basaua (22) massiBaercs aBoiicTBeHHOIT 3a1a4eil K (20) (oTHOCHTETH-
HO 3aJIAHHOTO BO3MYIIEHNU ).

[ycrs ¢* € (RY)*, A — marpuna pasmepa n X d u b € R™. Bazauy
(23) ¢ x—min, Ax>0b, x>0,
HA3BIBAIOT 3ajadveil JIMHEHOrO TMpoOrpaMMupoBaHus (B HOPMAJILHOM
dopwme). 3aech z € RY, a HepaBeHcTBa TOHNMAIOTCS TTOKOOPANHATHO.

B repmunax obmieit mocranoBku 31ech f(z) = ¢* - x, korma Az > b,
x> 0u f(xr) =400 B IPOTUBHOM CJIydae.

Boinuiiem JBORCTBEHHYO 33129y K (23) OTHOCHTENHLHO BO3MYIIICHHUST
(24) ¢ x—min, Axr>b+vy, x>0,

rae y € R" (re. F(z,y) =c¢* -z, korma Az >b+y, 2 >0u F(z,y) =
+00 B mpoTHBHOM cJiydae). veem

F*(0,y%) = sup (v -y—F(z,y)=sup(y"-y— inf ¢ -2)
(z,y)ERIXR™ y€ERn Axe>b6|_y

* *
= sup (y-y—c o)
Ax>b+y
>0, yeR™

sup(y* - (Ax —b) — " - x), ecmu y* >0,

+00, €CJIN HEe TaK.
Hautee,
sup(y” - (Az —b) — ¢ - a) =sup((y"A—c") -z —y"-b)
>0 >0

—y*-b, ecim y*A—c* <0,
+00, €CJIM He TakK.

Takum obpazomM,

F*(O y*) _ _y* ' ba e€cJin y*A S C*a y* 2 07
’ +00, €CJIU He TaK,

U CJIeJI0OBATEIBHO, JIBOICTBEHHAA 3a/a9a UMEET BUJ
(25) Yy -b—max, yAZc, y">0.

MpI 10KazKeM HEKOTOPbIE TEOPEMBbI, KACAIOIINeCs CYIIeCTBOBAHUS pe-
menuit B 3a1a4ax (23) u (25), a Takyke JBOMCTBEHHBIX CBA3EH MEXKIY
uumu. [lepes srum Ham norpedyeTcs psiji IpeIBAPUTEIHHBIX Pe3yJibTa-
TOB.

[Iycts X — nuueitnoe npocrpancTBo. Hemycroe muoxkecrso K C X
Ha3bIBAETCS KOHYCOM, ecju s BceX ¢ € K u Bcex a > 0 azr € K.

MuoxkectBo K C X Ha3zbiBaeTCsd KOHEYHOIOPOKICHHBIM KOHYCOM,
€CJIN CYIIECTBYIOT T1,...,T, € X Takue, 9TO

K = cone{zy,...,x,}.
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IIpennoxkenmne 12. B aunetinom HOPMUPOSAHHOM NPOCTMPAHCMEE KO-
HEUHONOPOHCIEHH LT KOHYC 3AMKHYM.

Jlokasamenvcmeo. Ilycts X — nmHeiiHOe HOPMHPOBAHHOE IIPOCTPAH-
CTBO, T1,...,%, € X u K = cone{xy,...,z,}. [JokazareabcTBO IPOBE-
Jiem uHyKnumei mo n. Ilpu n =1

K={zeX:z=ax;, a>0}.

Ecimm z; = 0, To, oueBuaHO, KOoHyc K 3amkuyT. llpeamonoxum, 4To
x1 # 0nm agry — T upu k — +oo. Torma mociemoBaTeabHOCTD
{||agz1]|} orpammuena, m ciaegoBaTENbHO, TMOCTEIOBATENLHOCTD {v}
orpannvena. Boribepem u3 Hee CXOSNIYIOCS HOJIOC/IEI0BATETbHOCTD.
Bes orpanuuenuss o0IHOCTH MOYKHO CYMTaTh, YTO (y — Q 1npu k —
+00. Nmeem

17 = aan || = [[7 = apzy — (@21 — )| <7 = g || + [ — a2 ]]

B cuny Toro, uTo mpaByio 9acTb 3THX COOTHOIIEHUN MOXKHO CJiesIaTh
IpH JOCTATOYHO GOMLIIMX Ak CKOIb YTOIHO MAJOH, T = Q.

[IycTh yTBepzKaeHne BEPHO /st KOHYCOB, HOPOXK/IEHHBIX 1 — 1 TOY-
Koit, n > 2, x1,...,2, € X nu K = cone{zy,...,x,}. Jokaxkem 3a-
MKHYTOCTh KOHyca K. Eciin konyc K cOaepKUT TOYKU —T1, ..., —Tp,
10 K — KOHEYHOMEpHOEe TOAIMPOCTPAHCTRO, W CJIeI0BATEIHHO, 3aAMKHY-
TO€ MHOZKECTBO. B mpoTuBHOM c/1ydae cylmiecTByeT TOUKa U3 MHOZKECTBA
-1, ..., —Ty, KoTOpasa He npuHaiekuT K. [lycTs a5 onpeiesieHHO-
cTH 310 Oyaer —x,. Torma

K={rzeX:z=2+ar,, ¥ €K' a>0},

k
rie K' = cone{zy, ..., 2z, 1}. lycrs 2% = 2" +ayx,, — nocaenosaresnn-

HOCTH TO4eK n3 K cxopamasacsa K HeKoTopoit Touke T € X. Jlokazkewm,
gro T € K. Eciu nocieioBareibHOCTE { (g} HEOrpaHWveHa, TO U3 Hee
MOKHO BBIOpATh IIOJIIOC/IEI0BATEIbHOCTD, CTpeMdILyiocsa K +0o. bes
OorpaHUYeHHsT OOIMTHOCTH OY/IeM CUUTATh, UYTO (v —> 400 IpHu k — +00.
Tornma, momeMB Ha < W TOJIB3YACH T€M, UTO CXOAAIIASICA TIOCTEI0BA-
TeTBHOCTH TOUYEK OI'paHHYeHa, MOy IUM

x/k :Ck
— 4z, =— —0.
677 (6773
Tem camMbIiM
1k

T

— = —Iy.

(073

B cuny s3amkuyroctu K’ touka —x, € K' C K, 94T0 HpOTHBOpEYHT
CJIEJTAHHOMY paHee MpeIoaoKennio. TakuM o6pa3oM, MOCIe10BATe b-
HoCcTh {(y} OrpaHWvYeHa, W C/IEJOBATEIBHO, U3 Hee MOYKHO BHIODATDH
cxongutytocsi. Byjgem cunrarb, uro ap — @ upu k — +00. Toraa

= — oz, = T — az,.
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B cuny samknyroctu K/ T —ax, € K'. TeM caMbIM CyIIeCTBYeT TOYKA
k' € K', nna xoropoii T — ax, = k'. 1o o3naugaer, uro T = k' + ax,, €
K. U

Jlekmus 7

Teopema 16 (cymecrBoBanus). Ecau snavwenue sadawu (23) ((25))
KOHEWHO, O 0HG UMEEM PEULEHUE.

Jloxazamenvcmeo. Haunewm ¢ 3amaqn (23). PaceMoTpuM MHOZKECTBO
(26) K={(y,a) eR"xR:3z R >0, ¢-x<a, Av>y}.

Herpyuno ybeaurbest, uro K — BoinykJbiit konyc. [lokazkem, uro K
— KOHEYHONOPOXKeHHbIN KoHyc. [lycrs (y, ) € K. Torga maiigercs
r € RY x> 0, aas xoroporo ¢* -z < a n Axr > y. CiiegoBaresbHo,
naiiayTea Takue 39 > 0u 8= (B1,...,8.) >0, a0 ¢* 2+ g = n
Ax — 8 =y. Ilepexoasa K KOOpANHATHON 3allMCH, CUUTAA, ITO

L1 aip ... Qg

3 .

c=(cr,.y0), z=1 1], A=|..... ... ,
xd anl and

nojayvaeM
d n
(y:0) =Y @&+ > Bibarj,
j=1 7=0

riae gj = ((CLlj, e ,anj)T,cj), ] = ].7 e ,d, §d+1 = ((0, e ,O)T, 1),
Sav2 = ((_17 ce >O)T70)7 ooy &dny = ((07 SR _1)T70)'

Takum obpazom, K C cone{&y, ..., 4 inr1}. Herpyano ybeaurbes, aro
§ € Knpuscex j=1,...,d+n+ 1. lna 5T0ro Hago B34Th T; = 1 1
xp=0,ecm k # j,upu j=1,....d,aapu j=d+1,...,d+n+1
Hago B3arhb * = 0. Tak kak K gBIseTcsd BBIIYKJIBIM KOHYCOM, TO
cone{&y, ..., &ainr1} C K. Tem cambiM JoKazaHo, 410 K — KOHEUHO-
HOPOK/IeHHbIH Konyc. I3 npejyioxkenns 12 BbITeKaeT, 4T0 OH 3aMKHYT.

[Iycrs @ — 3nauenne 3azaun (23). Torma cymecrByer mocenoBa-
TesbHOCTH {7F} momycTumbix B 3ajaue (23) BEKTOPOB, [JIsi KOTOPHIX
nocteoBatenbaocTh {af}, of = ¢* - 2% exomures x @. Tax Kak BekTO-
per ¥ nomycrumer B 3aa4e (23), To (b, af) € K. Iosromy Touka (b, Q)
npuHaIekuT 3ambikannio K. B cuty 3amayroctn K (b, a) € K.
DTo o3HauUaeT, uTO Haiinercs BekTop Z € RY Takoit, uto T > 0, AT > b
u ¢*- T < @, HO MOCJIe/IHee HEPABEHCTBO CTPOIMM OBITH HE MOYKET (HHA-
ve 3HAUeHNe 3a1a9u (23) OGbLIO OBl MEHBINE &), TOITOMY T — peIleHune
(23).

st 3agaqau (25) Hag0 paccMoTperh KOHYC

Kl e {(2*,O[) I~ (Rd>*XR . Ely* - (Rn)*, y* Z O’ y*.b Z Oé, y*A S Z* }
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B ocTambHOM cxeMa paccyzKIeHU OCTaeTCs TOM Ke, KaK U B IPeIbIIy-
eM CIydJae. U

Teopema 17 (apoiicrBennocrn). Jas 3adaw (23) u (25) cnpasedau-
84 CACIYIOUAA AAPMEPHATNUBE: AUOO 3HAUEHUA IMUT 30044 KOHEUHDL,
PAsHYL U 8 KaHcAOT U3 HUT CYwecmsyem peulenue, Aubo 6 00Hot U3 HUL
MHOACECTNB0 ONYCTNUMBLE IANEMEHMOS NYCMO, G 6 OPY20T UNU MHOIHCE-
CMB0 JONYCIMUMBIL INEMEHTNOE NYCTNO, UAU €€ 3HAYEHUE DECKOHEYHO.
Hyemo T u y* donyemumuvie snemenmos 6 3adavwar (23) u (25). Tozda
OHU ABAAIOMCA PEUWEHUAMY IMUT 3aday Mo20a U MOALKO o204, k0204

(27) ¢ F =70

(23) = (25) < ©
J0o

(23) = (25) =0,

(23) =0, (25) = o0,
(23) =00, (25) =0.

Hoxasamenvcmeo. PaccMoTpuM ceMeiicTBO 3a/a4, 3aBUCHAIIUX OT Y €
R’n

(28) ¢ -xr—min, Az >y, x>0.

O6o3naunM gepep S S-PYHKIUIO STOTO ceMeiicTBa
. *
Si(y) = zZO}nijyC - T

Hokazxewm, ato epi S; = K, riue konyc K onpejesnen paseHcTBoM (26).
[Iycts (y,«) € epiS;. Dro o3maugaer, uro S1(y) < a. Eciu S1(y) =
—00, T0 A1 oboro a € R (1, B wacTHOCTH, 1714 ¢) cymecTByeT = € RY
Takoit, uro Az >y, x > 0 u ¢* -z < a. CrnenoBarensho, (y, o) € K.
Ecmu S;(y) KoHeuHO, TO MO Teopeme 16 CyIIECTBYET pelleHue 3a/1a4u
(28), r.e. Takoit T € R4, uro T > 0, AT > yu c*-T = S;(y) < a. Bnaunur,
u B 9ToM cayuae (y,«) € K. Tem cambim poka3ano, uro epiS; C K.

[Tycrs Teneps (y,a) € K. DT0 3HAUAT, ITO CYyNIECTBYET TAKOH - €
R?, nyia koroporo z > 0, Az > yu ¢*-x < a. Cremosarennno, Si(y) <
a, u 3na9uT (Y, ) € epi Sy.

Wrak, nokazano, 4o HaaArpaduKoM GpyHKIHNT S SIBIIETCS KOHyC K.
B cuny Toro, uro K — BBIIYKJIOE U 3aMKHYTOE MHOXKECTBO, (DYHKIIS
S1 — BeINyKaa u 3aMKHyTa. g S-byukinuu 3amaun (24) umeem

S(y) = Si(y +b).

[Tosromy dyHKIMS S TakzKe SIBJISETCS BBITTYKJIOW W 3aMKHYTOIA.

Ecmu S: R" — R U {+00}, To mo Teopeme Penxesnsi-Mopo (Teope-
ma 15) S(0) = 5**(0), a S**(0) — 3mauenue aBoiicTBeHHOIT 3aaun (25).
Eciu 0 € dom S, To 3navenns 3a1a4 (23) u (25) KOHEIHBI, PABHBI U 1O
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TeopeMe CyIeCTBOBAHUsI Y KazKIO| W3 HUX CYIIECTBYeT pernterne. Ecim
0 ¢ dom S, to S(0) = S™(0) = +o0. CiemoBaresbHO, MHOKECTBO JI0-
IIyCTUMbBIX 9JIEMEHTOB B 3aja4e (23) 1ycro, a 3HaueHue JBOHCTBEHHOM
33,1491 O€CKOHEYHO.

[Tycrs cymecrsyer yo € R™, gy koroporo S(yy) = —oo. B srom
ciyuae S*(y) = +oo. Caenosarenbho, S™(y) = —oo. D10 o3HaUaer,
4ro 3ama4a (25) mecomectna. Herpynuo ybeauThest, 9T0 B paccMaT-
puBaeMoM caydae S(y) = —oo mag Beex y € dom S (mokazkure 510!).
[Tosromy ecu 0 € dom S, To S(0) = —oo, T.e. 3Hauenue 3ajgaqu (23)
Geckoneuno, a ecau 0 ¢ dom S, to S(0) = 400, U cJIeIOBATETHHO,
3aja4a (23) HecoBMecTHA.

[Iycrs T u y* siasiorcs pemenusmvu 3aga9 (23) u (25). Torga no
JIOKA3aHHOMY Bbille (II0CKOJIbKY 3HAYEHHMs] KOHEUHbI) 3HAYCHUS 33144
COBIA/IAIOT, T.e. BBIMOJHSACTCS PABEHCTBO (27).

[lycts T w ¥* gomyctumbl B 3agadax (23) m (25) w cnpaBemnBo
paBeHcTBO (27). lyis HpOU3BOIBHBIX JOMYCTHMBI B 3a1a4ax (23) u (25)
BEKTOPOB = U Y mMeeM

x> (YA -e=y" (Ax) > y* - b.
[TosToMy J/1sT BCEX JOMYCTUMBIX &
crrx>y-b=c" 7.

Orcioga BbITeKaeT, 4T0 T — pemrenne 3a1adn (23). 113 anamormaubix
COOTHOIITEHU
yvob=c-T>y"b
u .

BBITEKAET, 4T0 §* — pemtenue 3aga4n (25)

14. PABJINYHBIE ®OPMBI 3AJIAY JIMHENHOTO
IPOT'PAMMUPOBAHNS I COOTBETCTBVYIOIINE
JBOVCTBEHHBIE 3A/JAYU

MubI paccmoTpenn 3aaady JUHEHHOTO NPOrpaMMHUPOBAHHUS B HOP-
masibHOi bopme (23). CymiecrBytor u apyrue hOpMbI TOil 3a1a4H.
Ilyers ¢ € (RY)*, A — maTpuna pasmepa n X d u b € R™. Bagaay

(29) ¢ -x — min, Ax >0b,

Ha3bIBAIOT 3a/a4eil JTMHeHHOrO MporpaMMUpPOBaHUS B obmieir (popme.
Harmomuum, uro x € Rd, a HepaBeHCTBAa HOHUMAIOTCsI IIOKOOPAUHATHO.
Bagaay

(30) ¢-r—min, Ar=0b, x>0,

Ha3bIBAIOT 3a/la4eil JIMHEeHHOro IpPOrpaMMUPOBAHUA B KAHOHUYECKON
dopwme.

3azaun B pa3auvdHbIX (HOpMax JETKO CBOAATCS JAPYT K APYTY IIyTeM
BBEJICHUSI JIOTMIOTHUTEIHHBIX MMePEMEeHHBIX U W3MEHeHHeM MaTpuilbl A.
[TokazkeMm /Il IpUMepa CBeJIeHHe 3aaui B HOpMasibHOil hopme (23) K
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3aja4e B Kanonudeckoii popme (30). [TomozkuM T = (Tgi1, .- -, Tain)®
Torna 3amaua (23) MOXKeT OBITH 3AIUCAHA B BUJIE
¢+x—min, Ar—x=0b x>0, x>0.
Brenem obosnauenns: ¢* = (c*,0), T = (z,7)7, A = (A — I). Tenepn
3amada (23) 3anuimercs B BUje
¢ -T—min, Az =0, T2>0.

Ormernm, 9To BO Beex Tpex hopMax 3a1ad JUHEHHOro 1porpaMMu-
posanust ((23), (29) u (30)) oTbicKaHWe TOYHON HUKHEHl I'DAHN MOXK-
HO 3aMEHUTH HA OTHICKAHWe TOYHOIl BepxXHeil rpaHu (MIPOCTO 3aMeHOi
BEKTOpa ¢* Ha —¢* 3a/1a1y MOZKHO CBECTH K OJHOMY U3 PACCMOTPEHHBIX
BUJIOB).

JI1st mostydeHust BOHCTBEHHBIX 3314 K 3aja49aM (29) u (30) ux HaI0
CBECTH K 3ajiade B HOpMa/ibHOI dopme (23), aBoiicTBeHHAs K KOTOPOii
yxke usBecra (25). Haunem ¢ 3agaan (29). IIpeacraBum BekTOp 2 B

BUJIe PAa3HOCTH JIBYX HEOTPUIATENbHbIX BekTopos T € RY u T € RL.
Torna 3amada (29) sanumiercst B Buje

cxr—c-xr—min, Ar—Ax>0b, >0, T>0.

Bpena obosmauenns ¢ = (c*, —c*), 7 = (7,7)7, A= (A — A), nepenu-
TeM 3Ty 337124y B BUJIE

¢-T—min, Az >b, 7>0.
JBoiicTBennast K 910ii 3a7a4e uMeer Buj (cMm. (25))
y*-b—max, y*A<eE, y*>0.

Jlerko ybeaurbes, aro yeaosue y* A < ¢ o3nauaer paBeHcTBO ¥ A = ¢*.
Tem cambiM IBOHCTBEHHOM K 3ajade (29) siBisiercst 3aga4a

(31) y*-b—max, y'A=c, y">0.
Jlekmus 8

PacemorpuM Tenephb 3a1a4dy JHHEHHONO IPOrPAMMEPOBAHUSI B KAHO-
angeckoM Buje (30). Ee MoxHO 3ammcarh Tak

c-x—min, Ar>b, Axr<b, x>0.

(4 ()

nepenuimeM 9Ty 3a/a41y B BUIE

ITonoxkuB

c* - r — min, Zle_), z > 0.
Torma aBoiicTBeHHAs 3a/1a49a UMEET BH/I
7 -b—max, TALc, T >0.
Ecau 3anucars 7* B Buge §* = (¥*,y*), To Ta 3a1a4a npuMeT BU

(" —y)-b—max, (Y —-yHA<Z<c, y >0, y=>0.
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Tax kak 1000#f BEKTOP MOYKHO IMPEJICTABATH B BHUJE PA3HOCTH JBYX
HEOTPUIATETHHBIX BEKTOPOB, JIBOHCTBEHHAS 33/71a9a B OKOHYATETHLHOM
BUJIe IpUHUMaeT (hopmy

(32) y'-b—max, y'A<c.
W3 nposejieHHBIX paccyzKjieHuit 1 TeopeMbl 17 BbITEKaeT

CaencrBue 5. [Iycmv T u y* donycmumuvie sremenmos 6 3adauaz (29)
u (31) ((30) w (32)). To2da onu AGAAOMCA PEWEHUAMY IMUT 30004
mozda u moavko mozoa, Ko20a

(33) c-T=y b
HOpMaJibHas (popMma, JIBOMICTBEHHAsI 3a/1a9a
-x—min, Ar >b, >0 |y*-b—max, y*A<c", y*>0
obmasa ¢popma JBOMCTBEHHA 3a/a4a
c*-x — min, Ax > b y*-b—max, y*fA=c", y* >0
KaHOHHYeCKas (opma JIBOMCTBEHHAS 3312492
¢*-r—min, Av=0b, x >0 y*-b— max, y*A < c*

15. BBINVKJIBI AHAJIN3 U TEOPHUS JINMHENHBIX HEPABEHCTB

JIBOfCTBEHHOCTD B 3a/la4aX JIMHEHHOI'O POIPAMMUPOBAHUS U COOT-
BETCTBYIOIIUIT Pe3yJIbTaT O PElIeHusiX B JBOHCTBEHHBIX 3a/adax (Teo-
pema 17) O3BOJIAIOT JOCTATOYHO JIETKO MOJIY9aTh KPUTEPUH CYIIECTBO-
BaHU4A PelIeHU B pdaje 3aJa4 U3 TEOPUU JUHEHHbIX HEPABEHCTB.

Teopema 18 (Muukosckoro—®@apkama). I[lyems A — mampuya pas-
mepa n X dubeR™ Jas mozo umobv, cucmema

Ar=1b
umena pewenue r > 0, Heobrodumo u docmamouro, 4mobo. dasi A1006020

y* € (R™)* maxozo, wmo y*A < 0, evinoanarocy nepasercmeo y*-b < 0.

Jloxazameavcmeo. PacecMoTpuM 331249y
(34) 0-2x—min, Ar=0b x>0.

9TO0 3ajJa4a JUHEHHOro MpPOrpaMMUPOBaHUS B KaHOHHYECKOI (hopme.
JlBoiicTBeHHOI K Hell aBgeTcsd 3aJada

(35) y - b— max, y*A<O0.

I[To Teopeme jaBoiicTBeHHOCTH 3aja4a (34) nmeer perrenne (a Tem ca-
MbIM MHOZKE€CTBO €€ JIOIIyCTUMBbIX 3HAQ4YEHUU He IIyCTO, o 3Ha4€Hue 3a/la-
91 PABHO HYJIIO) B TOM M TOJBKO TOM CJlydae, Korja 3aada (35) mveer
pemenne, paBaoe Hy/0. [locieanee o3nadaer, aro y* - b < 0 mis Bcex
y* € (R™)*, ynosiersopsironux yciaosuio y*A < 0. O
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Teopema 19 (Ku ®aus). Mycmv A — mampuya pasmepa n X d u
b e R™. Jlasa mozo wmobv, cucmema HEPABEHCMNE

Az <b

uMena peutenue, Heobrodumo u docmamouro, 4umobvl das 106020 y* €
(R™)* makoeo, wmo y* > 0 u y*A = 0, 6wnoAHAIOCH HEPABEHCMBO
y* b > 0.

Jokxazameavcmeo. Paccmorpum 3aiaqy
(36) 0-x — min, —Ax > —b.

9TO0 3ajJa4a JUHEHHOro IMporpaMMHUpoBaHus B obrmieit dopwme. [IBoii-
CTBEHHOHI K HEH gBJIIeTCd 33124

y* - (—=b) » max, y*(—A)=0, y*>0.
DTy 3a1a7y MOKHO MEPENUCATh B BHJIE
(37) y*-b—min, y*"A=0, y*>0.

ITo Teopeme aBoiicTBenHOCTH 3ama4a (36) umeer perrenue (a TeM ca-
MBIM MHOZKECTBO €€ JOMYCTUMbIX 3HAYCHHIl He [MyCTO, a 3HAUCHUE 33/1a-
Y PABHO HYJI0) B TOM H TOJBKO TOM CJIydae, Korja 3ajada (37) uveer
pemenne, paBHoe Hy/0. [locneanee oznadaer, uro y* - b > 0 a1 Bcex
y* € (R™)*, ynosaersopsitomux ycaosuio y*A = 0, y* > 0. O

Teopema 20 (Teitna). [Tyemv A — mampuya pazmepa n X d u b € R™.
s mozo umobvl cucmema Hepagencms

Ax <b

umena pewenue r > 0, Heobrodumo u docmamouro, 4mobo. dasi A1006020
y* € (R™)* makoeo, wmo y* > 0 u y*A > 0, 60in0AHANOCH HEPABEHCMBO
y* -b>0.

Jloxazameavcmeo. PaccMorpuM 3a1ady
(38) 0-z— min, —Ax>-b, xz>0.

D10 3aja4a JIMHEHHOTO MPOTPAMMHUPOBAHUS B HOPMAJIbHON (opme.
JIBoiicTBeHHOIl K Heil sBjIsgeTcs 3aja4da

y* - (=b) » max, y*(—A)<0, y*>0.
9Ty 3a/a9y MOKHO IEPENUCcaTh B BHIE
(39) y*-b— min, y*A>0, y*>0.

[To Teopeme jaBoiicTBeHHOCTH 3aja4a (38) mmeer perrenne (a Tem ca-
MbIM MHOZKE€CTBO €€ JIOIIyCTUMBbIX 3HAQ4YEHUU He IIyCTO, o 3Ha4€Hue 3a/la-
91 PABHO HYJIIO) B TOM ¥ TOJBKO TOM CJlydae, Korja 3a1ada (39) mveer
pemenne, paBaoe Hy/0. [lociexnee o3nadaer, aro y* - b > 0 mis Bcex
y* € (R™)*, ynosaersopsironux yciaosuto y*A > 0, y* > 0. O
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16. ITIPUMEPHI 3AJIAY JIUHENHOTO ITIPOIPAMMIPOBAHUS

1. 3agaya oONTUMAJHLHOTO MJAHWPOBAHUSA IIPOU3BO/ICTBA.
[Ipeanpusitiie BbilycKaeT d BHIAOB HPOAYKIMH, HOTPEOJISAS IIPU STOM
n BUIOB ChIpbs. s BBIMyCKa eIMHUIBI k-rO BHIa TPOAYKIWH, k =
1,...,d, 3aTpaunBaercs ay; €AMHHIL j-TO CHIPbd, j = 1,...,n. Cymmap-
HBII 00BEM J-TO BHJA CHIPHsSI, HAXOISIIETOCS B PACTOPSYKEHWH TIPe]I-
npuatnd paseH b;. [Ipubbiie ¢ mpomssoacTsa k-ro BHIA MPOMYKIUH
paBHa 7 pyOJieit. 3ajgavua 3aKJI09a€TCAd B TOM, YTOOBI HOJYIUTH MaK-
CUMAJIbHYIO TPUOBLTL MPH YCJIOBUU, UTO PACXOJ ChIPbS HE MPEBLICUT
TOT, KOTOPBIif HAXOJIUTCS B pacuopsizkeHuu npeanpuarud. [Iycts xp —
IPOU3BEIeHHBIT 00beM k-ro Buga npoaykimuu. Toraa oOmrast npuObLIb
paBHa

d
T
rer= E reTr, = (r1,...,1q), T=(T1,...,2q)" .
k=1
[Tonrygaem cieayiomyro 3a1adqy
d
r - r — max, E agjrr <bj, j=1,...,n, x>0.
k=1

Dra 3a1a4a OYEBUIHBIM 00pa30M CBOIUTCA K 3aade JTUHEHHOIO IIpo-
IPAMMEDOBaHUs B HOpMaJIbHOii dopme (23).

Jlekuga 9

2. TpauncnopTHas 3agadva.

o )
mkj ~
(07% ij ' bj
Y o
Puc. 18

Nmeercst n KapbepoB € MECKOM U M noTpebuTesieil, KOTopbiX HaJI0
obecrieanth meckoMm. C k-ro Kapbepa MOYKHO YBE3TH (j TOHH I€CKa B
CYTKH, a j-My NOTpeOuTe/ 0 HyKHO b; ToHH mecka B cyTku. [Ipm sTom
MepeBO3Ka OJIHO TOHHBI Mecka ¢ k-ro Kapbepa j-My MOTpeOuTeTIo 00-
X0onuTcd B ¢y, pyosteil. Tpebyerca obecnednTs Bcex moTpeduTesieil, 3a-
TPATUB IPH 9TOM HAUMEHBIIIYIO BO3MOXKHYIO cyMMy JieHer. Obo3Havas
Jepes3 Tj; KOJUIeCTBO IecKa, B34TOro ¢ k-ro Kapbepa Jjid IepeBO3KH
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J-My TOTPeOUTETI0, TOJIydaeM CAeIYIONIYIO 3334y :

(40) Zchjxkj%min, Zxkj:ak, k=1,...,n,
k=1 j=1 j=1
Zxkj:bj, j=1....m, x,; >0, k=1,...,n, j=1,...,m.
k=1
[Tosozxkum
C*:(01176127"'JCl'I’)’L?’"JCTL17CTL27"’7CTLm)7
xr = (ZEll,ZL‘lQ, oy Timy e oo 9 Lnly Ln2y - - - ,xnm)T,
11 1 0 0 . 0 00 0
0 0 011 1 00 0
A 0 0 00 0 . 0 1 1 1
110 010 . 0 1 0 01’
0 1 0O 0 1 . 0 0 1 0
0 0 1 00 1 00 1
b= (ay,as....,an,b1,ba ... byt

Torma 3amaua (40) 3anumercss B KAHOHUIECKOi dhopme
c"-r—min, Azr=0b, x>0.

3. 3agaua Ha MuHUMAKC. IIycTn ¢, ..., c; € (RY)* B, ..., B, € R,
A — marpuna pasmepan X d, b € R" n

f(z) =max{cl -z —B1,...,c, -2 — B}, =cR™
PaceMoTpuM ¢ieiyontyo 3a1ady
(41) f(z) > min, Ax =0, z>0.

QOyuxius f He sBisercs JUHERHOl 1 nodromy 3aja4a (41) He siBisiercs
3a/1a4eil JIMHEHHOI0 NPOrpaMMUPOBAaHUA, HO €€ JIeTKO CBeCTH K TaKo-
BOIi, BBE/Is1 JOTIOJHUTENIbHYIO Tlepemennyto. [Tokazkewm, aro 3amaua (41)
9KBHUBAJICHTHA 3aJa9€

42) rg1 — min, ciax—0; <xgi1,7=1,...,k, Axr=0b, x>0.
+ j J +

JleficTButenbho, nycth = (Z1,...,%Tq)7 — pemenne 3agaqan (41).
Torpa (T1, ..., 24, f(ZT))T — pemenne samauan (42), Tak Kak ecju 1peji-
HOJIO?KUTh HPOTUBHOE, TO CYLIECTBOBAJ Obl BEKTOp I, JIOIYCTHMBI B
sagaue (41), giug koroporo f(Z) < f(Z), 4T0 NIPOTMBOPEUUT IPEIIOJI0-
JKEHHIO 0 TOM, 4TO T — pemnenue 3a1a4qu (41).

Eciu mpeanonoxuTs, 9to (T1,...,Tq, Tqp1). — pelieHne 3a1a4qm
(42), To BeKkTOp T = (T1,...,T4)" — momycrumpiii B 3ama4e (41). Ec-
JIA OH He dBJ4eTCd pelleHrueM ITOH 3aJa4u, TO HalJeTcd JOIYCTUMbII
B Heil BekTOp T = (T1,...,24)7, g xotoporo f(T) < f(T) < Tgy1.
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Torna BexTop (Z1,...,%4,Tas1)’, tae Tqy1 = f(T), aBagerca gomy-
CTUMBIM B 3ajaue (42), a I HErO Tgyq < Tgi1, 9TO TMPOTUBOPETUT
IPETOI0KEHNIO 00 SKCTPEMAIBHOCTH BEKTOPa (T1, . . ., T, Tas1) )

17. KPATHUE TOYKU B 3AJIAYE JINHETHOTO
[IPOT'PAMMUPOBAHUS

[Mycrs X — Jmmneitnoe npocrpancreo u A C X. Touka x € A
Ha3bIBAETCsl KpaiiHell TOYKOW MHOXKecTBa A, ecjii U3 TOro, 4ro T =
(1 — a)zy + axy upn vHekoropwix a € (0,1) u z1, x5 € A BoiTEKAET, YTO
X1 = Xo. VlHBIME cJIOBaMU, TOYKA T He SIBJSIETCS BHYTpPEHHEH TOYKOi
HUKAKOT'O OTPe3Ka C KOHIAMHU, IIpUHA IeKanuvu A.

X2

€3

Ty
Xyq

a1
Puc. 19

MmuozkecTBo B R?, 06pazoBaiHoe mepecedenHneM KOHEUHOTO THCIA TO-
JIVIIPOCTPAHCTB, HA3BIBAETCS HOJUAPOM. B dacTHOCTH, MHOXKECTBO J10-
IyCTUMBIX TO4YeK B 3ajade (29) (kak u B J1060# Apyroif 3aj1ade JguHeii-
HOTO IPOrPAMMHUPOBAHHUS, TAK KAK OHM PDABHOCUJIBHBI) SIBJISIETCS TIOJIU-
sapom. KpaiiHre TOYKHT MOINdApa HA3bIBAIOTCS €ro BepinHaMHu. JIerko
MOHSAThH, YTO MUHUMYM JIMHEHHON (DYHKIINK, €CJIWM OH KOHEUYEeH, JTOCTH-
raeTcsd B BepIIMHAX IOJIHIPA.

Takum obpazoM, JijIs pellleHus 3a7a4 JUHEHHOro IIpPOorpaMMHpPOBa-
HU4 HAJIO epedpaTh BCe BEPIIMHBI U BHIOPATH Ty, 3HAUEHUE B KOTOPOIi
MHUHUMHA3HPYEMOI JTuHeilHoi (YHKINN MUHAMAIbHO. OIHAKO B MPH-
KJIQJIHBIX 33/a9aX Y9KMCJI0 BEPIIUH MOZKeT ObITh O4eHb 0oJibiuM. B cBsi-
30 C 9TUM BO3HHKaeT 3ajada “mesecoobpasHoro” mepedopa. OmgHa u3
TaKUX IPOIEAYP U HA3BIBAETCS CHMILIEKC-METOIOM.

Bynem paccmarpuBaTh 3a1a4y JHHEHHONO TPOTPAMMUPOBAHUS B Ka-
HOHMYecKOii dopme (1st yaobeTBa paccMaTpuBaeM 3a1a9y MaKCHMH-
3a1um)

(43) ¢ -x—max, Ar=05b, x>0.
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Hamomunu, uto 3aecs ¢ € (RY)*, A — marpuma pasmepa n X d u
b e R™

JBoiicTBennoit 3ana4eit k (43) saBisercs 3amada (cm. (32))

(44) y*-b—min, y*A>c".

Ipenmoxenne 13. ITycmo sexmop ¥ = (z1,...,74,0,...,0)7 € RY,
1, ..., 2 > 0, — donyemumni 6 3adawe (43). Toeda x asasemcs
kpatined moukotl mnoscecmsa donycmumoir éexmopos 6 (43) 6 mom u
MOALKO 6 MoM cayvae, ecau cmoabube al, . .., a* mampuyo A aunetino
HE3ABUCUMDL.

Jokxazamenavcmeo. Ilycth © — Kpaiiagsa Touka. Jlokazkem, 9T0 CTOJIOIBI

a',...,a" marpunpt A nuHeitno He3aBucHMBL. I1peooxKuM 1pOTHB-

noe. Ecim cronbust a', . .., a" nuHeitno 3aBucuMbl, TO HaliLyTCS He BCe

pPaBHBIE HYJIIO A1, ..., A\ TaKHe, 9TO

k

Tem cambim AN = 0 i BekTopa A = (Mg, ..., M\, 0,...,0)T € R% To-
Ia TOYKa T + tA gBIsieTCst JOIYyCTUMOI JIjIst BCeX t I0CTATOIHO OJIr3-
Kux K Hygr0. OTcroaa caeayer, 970 TOYKa T He siBjseTcs Kpaiineit. [1o-

Jy4man nporuBopedne. TakuM o6pasom, crouabust al,. .., a" muneitno
HE3aBUCUMBI.
IlycTp Temepb cToabuel a',...,a" amHeiino mesaBumcuMmbl. JloKazkem

TOrJa, 9TO JOIMyCTHMAasd TOYKA ¥ — KpaliHdad Todka. [IpemamomozKmm
npoTuBHOE. B TakoM ciydae CymecTBYIOT JOIYCTUMBIC TOYKH Y U Z,
y # z, u uucyo t € (0,1) Takue, uro x = (1 — t)y + tz. 13 sroro
paBeHCTBa M TOro, uTo & = (T4, ..., 74,0,...,0)T, ay, 2 > 0, BbTekaer,
aro y = (Y1, Y, 0,...,0)T, 2= (21,..., 2,0,...,0)T. B cuny roro,
aro Ay =bu Az = b, nonyuaem A(y — z) = 0. Dro o3uaqaer, 410

k
> (y; = z)d’ =0.
j=1

TeM caMbIM cTOJIONBI @', . . ., a* muneitno 3aBucuMel. [Tosy4nim nporu-

BOpeYne. Il

TaK KaK YMCJIO JIMHEIHO HEe3aBUCUMbIX CTOH6HOB HE MOXKeT IIPEBbI-
maTh YUCJIa CTPOK MATPHIBI, TO U3 TpeaaoxKenusd 13 caemyer, 91O
KpaﬁHHH TOYKa COOEPZKUT HE 60ﬂee T TIOJIOZKUTEJIbHBIX KOOPJAWHAT.

Bagada (43) HasbiBaeTCsl HEBBIPOXKIEHHON, ecam Jrobast KpaiHsst
TOYKA MHOYKECTBA JOMYCTUMBIX 3HAYEHUIl COEPIKUT POBHO 7 TIOJIOXKH-
TeTbHBIX KoopauHaT. Eciu b = 0, To mHerpyano ybeaurbes, aro z = 0
— Kpaiiussg Touka. [losTomy B HEeBBIpOXKIeHHOI 3amade b # 0.



46 K. FO. OCUITEHKO

IIpennoxenue 14. ITycmov (43) — nesupoosrcdennas 3adava u r =
(x1,...,24,0,...,00T € RY, aq,... 2, > 0, — donycmumas moura 6
amot 3adave. Tozda

a) k>n,

b) mouka x AsAAEMCA KPATHET MOUKOT MHOHCECMBA QONYCMUMBLE
ANEMEHMO6 Mo20a U MoAbKo mozda, kozda k = n.

Jlokasamenvcmso. a). Tpeanonoxkum, uro k < n. Torga u3z Teope-
MBI 3 cjeayer, 94ro Haiiayrcs s < k JIMHEHHO HE3aBUCUMBIX CTOJI0-

nos a’',...,a’s marpunnt A m takue Bi,...,0, > 0, 9TO 37eMeHT
Yy = (2/1, S ,yd), B KOTOPOM
_ ﬁs? j:js-
Yi =

07 j%{jl?"'ajs}a

ABJIETCA TOMyCTUMBIM. 3 mpeamoxkenns 13 BoITeKaeT, 9TO y — Kpaii-
Hsisl TOYKA, HO OHA COAEPKUT S < k < M MOJOKUTETbHBIX KOOP/IUHAT,
YTO MPOTHBOPEYUT TIPE/IIOJIOKEHUIO O HEBBIPOKIEHHOCTH 3aa49u (43).

b). BEecmn v = (z1,...,24,0,...,0)7 — xpaitnaa Touka, To 1m0 omnpe-
JIeJIEHWIO HEBBIPOXKIAEHHOI 3a1aun k = n.
Ilycts k = n. Ecaun cronbupt al, . .., a" maTpunsl A muHeiino 3aBuCH-

MBI, TO U3 TEOPEMbI 3 BBITEKAET, 9TO HajieTcst KpailHsas TOUKa ¢ P < N
YHCJIOM MOJIOKATETHHBIX KOOPINHAT, UTO IIPOTHBOPETHUT HEBBIPOZK IEH-
Hoctu 3aaun (43). [loaTomy cToa6mBI at, . . ., a™ TUHeHHO He3aBHCHMEL.
Tora us npejioxkenuns 13 ciejpyer, 4To ¥ — KpallHsisl TOYKA. U

18. CUMILJIEKC-METO/I PEIIEHUS 3AJIAY JINHENTHOT O
[IPOTPAMMUPOBAHUS

[Ipusejiem cxemy pelieHus 3a/ia4 110 CUMILJIEKC-MeTo1y. Dyjiem pac-
CMaTpUBaTh HEBBIPOXKJ/IEHHYIO 3a/1a4y JIMHEHHOIO MPOrpaMMUPOBAHUI
B KaHOHMYECKOii dhopme (43).

[Iycte gama kpaiinsgs touka © = (21,...,%,,0,...,0), 2; > 0,
Jj=1,...,n (masa yno6cTBa 3aMch CXeMBbI DETieHust CANTaeM, 9TO MOJIO0-
JKUTEJbHBIE KOOPJAUHATHI CTOAT mepBbiMu ). OJIUH U3 METOIOB HAXOK e~
HUA HavaJ IbHON KpaiiHeil TOUKH Oy/AeT onucaH HuxKe. BeKTOp £ MOXKHO

npeJcTaBuTh B Bujge © = (x3, )7, Tae Ty = (21,...,2,)7, 7, > 0, a
7=(0,...,0)T € R4 Anasiorn4no Marpuiy A MOXKHO HPEICTABATDH
B Buge A = (Ay A), tne marpuna A, cocront u3 croabuos al,. .., a".

13 upemioxkenns 13 BoiTekaer, 4To MaTpuna A, HEBbIPOXK ICHHA.
[TocTponM CHMIUIEKCHYIO TaOJIHUILy JiJIsi 9TON KpaifHeil Toukm (cM.
puc. 20).
CraestaeM psj mosiCHeHHin K 3Toit Tabsmie. B mepBom crosibne, Ha-
quHaAsg C TPeThbeil CTPOKU 1Mo N + 2 0003HaUYeHbI DA3UCHBLIE BEKTOPDI,
COOTBETCTBYIOIIHE MOJOKUTETBHBIM KOOPIMHATAM KpaiiHeil Touku (B
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c* | ... | cn Cn+1 . Chy . Cd t
6asuc b(xp) | at | ... ] a® a™t! . ako . a?
1
a C1 T 1 PN 0 T1n+1 ce T1ko ce T1d tl
a’® Cjo N 0 e 0 Ljo,n+1 PN Ljoko “ee Ljod tjo
a” Cn, Ty 0O [...] 1 Tpntl o Tk - Tnd tn
z o IS R cz~x"+1 cz~xk° cz~xd
0 1]...]0 Apt1 ... Ag, Ay

Puc. 20. Cummiekcuas Tabnia

Hamem ciaydae 310 a', ..., a"). Bo BTopoM cTo/61e HA COOTBETCTBYIO-
MUX MecTaxX CTOAT 3HAYeHH:d C; BEKTOpa C* ¢ TeMH yKe HOMepaMH, 4TO
U CTOJIONB a .

[Tocemamii cToIOEI 3aMOTHAETCS [P MCCJIETIOBAHUE CHMILIEKCHOI
TaOJINIIBL.

B nepBoit crpoke, HaumHasg ¢ 9ETBEPTOrO CTOJIONA, CTOAT JJIEMEH-

THI C1, . .., Cq. BTOpasi CTPOKA, HAYMHAS C TPETHEIO CTOJIONA, — BEKTO-
pot b,al, ..., a Tlox HUMEH — pasz/IOKeHHe STHX BEKTOPOB 110 OA3MCY
a',...,a". $cno, uro B cury Toro, uto Ax = b,

n
_ Jop.
b= E a’x;.
j=1
Tem caMbIM pas3oxKeHHeM BEKTOpa b SBISIeTCS BEKTOP T, HEHYJIEBBIX

KoOp/JiuHaT Kpaitneir Touku x. [IpejiiiosiozkumM, 410 BEKTOPbI ak, k =
1,...,d, umeroT cieyloliee pasJiozxKenue 110 6asucy a',...,a"

n
a" = E a’ x .
=1

Takum obpaszom, a* = Ayz¥, u caenosarensno, A = A, X, rae

r11 ... T1d

X=1............

Tni Tnd
— MaTpuia pasJioxKenuii BekTopos al,...,a? no 6asucy a',...,a", a
2% — croabupr sroit Mmarpunel. Torma X = Ab_lA. OueBuaHO, YTO TTIPH
k =1,...,n pasnoxenusa BeKTopos a* Tpusnanpusl: a’ = a”. [Tostomy

Marpuma X Ha caMOM Jejie UMeeT BHU/I

1 ... 0 Tin+1r --- T1d
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[Tomoxum ¢ = (ci,...,¢,). B mpeamocieaueii cTpoke z B cTOJIOIE
HIOJ BEKTOPOM I, 3aIHUIIEM 2y = Cj - Lp. 10Ta 29 — 3HaAUeHne (PYHKITHO-

HaJa B HAUAJIbLHOMN Kpaiineil Touke . [Tog Bekropamu af, k =1,...,d,

samuineM zp = ¢ - ¥, To ecTh

Z:(Zl,...,2d>:Cz .

OueBuiHO, 910 2 = ipu kK =1,...,n.

B nocsieueit crpoke A, HauMHAS ¢ 9€TBEPTOTO CTOJIONA, 3aIUCHIBA~
€TCsl PA3HOCTH MEXK/ly SJIEMEHTAMHU MPEIIIOC/e/Heil CTPOKH U JIeMeH-
TaMu nepBoit crpokn: A = z — ¢,

asee cieayer uccjie0BaTh CAMILIEKCHYIO TabJIUILY.

Jlekmus 10

IIpennoxkeuue 15. Ecau A > 0, mo eexmop © — pewenue 3adai
(43), a sexmop y* = c; Ayt — pewenue deoticmeennoti sadavu (44).

Hokaszamensvemeo. Yeaosue A > 0 osmauaer, uro z > c*. Tem ca-
MbIM ;X > c*. [lomcraBiss BeIpazKeHHe ¢, depe3 y*, MOIydaeM, 9TO
y* Ay X > c¢*. CrnemoBarennho, y*A > ¢*. Takum obpasom, y* — momy-
cTUMBII 371eMeHT B 3aja4e (44). Kpome Toro,

crr=c =y Ay- =y Ay =y"-b.

U3 caencrBus 5 (¢ COOTBETCTBYIONIUME 3aMEHAME SKCTPEMATbHBIX 3a-
Jad ¢ MEHEMYMa Ha MAKCHMYM W HA00OPOT) BBITEKAET YTBEPIKJICHUE
MIpeJII0XKeHU . U

Ipensoxkenne 16. Ecau das nexomopozo k Ap < 0 u ¥ <0, mo
anavenue 3adavu (43) pasro +00.

Zoxazameavcmeo. TTomoxum

0
z(t)=ax—t| | +te
0

(e1,...,eq — Kamommdeckmii 6asuc B R?). B cmay Toro, uto z* < 0,
x(t) > 0 mug Beex t > 0. Kpowme roro,

Ax(t) = Ax — tA" + tAey = b — ta” +ta* = b.
Buaunt, x(t) — gomycTuMblii 31emenT npu Beex ¢ > 0. Tlpu sTom

cax(t) =c-ay—tc -2t te; = ¢ -1y — tA.

Orcroma BugHO, 9O ¢* - (1) — 400 MpH t — +00. O
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[Iycts B cTpoke A mMEIOTCS OTpHUIATETIbHBIE YUCTA, 8 COOTBETCTBY-
[olIue cToa6Ibl ¥ comepKaT MOTOKUTEIbHbIe YHCTa. LIpeTmomoKmM,
qT0

min Ay = Ay,
k

re MUHEMYM Oepercss UMeHHO IO TeM CTOJI0IaM, KOTOpble 00JIaIaioT
yKa3aHHBIM BbIIIIe cBoiicTBOM. OueBu o, uTo n+1 < ko < d. Cronaberr,
COOTBETCTBYIOIIMIT UHIEKCY Ko, HA3BIBAETCS PA3PEIIAIONIUM CTOJI0IOM
(eCﬂI/I MHUHUMYM JAOCTUT'a€TCAd Ha HECKOJIbKHX 3HAYC€HUAX k, TO BbI6I/I—
paem 060§t n3 Takux cTosronos). st Tex j, npu KOTOPBIX ,k, > 0,
TTOJIOZKIM
Lj

t;=—_.

L jko
STI/I 3Ha4YeHnd CTaBUM COOTBETCTBEHHO B I1I0OCJI€JHEM CTOH6H€ CUM-
mjiekcHoit Tabsunpl. [lycrs

tj, = mint;.
J
Crpoka BekTOpa @/° Ha3bIBAETCH pas3pemmalomeil. DIeMeHT Ty, Ha3bl-
BAaETCsd Pa3pemaionuM 3JIeMeHTOM CHMILIEKCHOI TaOJIUIIbI.
Jlaee HeobxouMo U3 4ncia 6a3UCHBIX BEKTOPOB UCKJIIOYUTH BEKTOD
a’®, BMecTO HEero B3AThH a*O.

Teopema 21. Fcau te svinosmens, ycrosus npedsoscenut 15 u 16,
mo mouka x' ¢ HoBLLMU DA3UCHLLMU BEKMOPAMU

1 Jjo—1 ko jo+1 n
a,...,a ,a -, a ey @

ABAACMCA HOBOT Kpatineld mowkol, G 3navenue OYHKUUOHAAL NPU
amom eospacmaem na eeauvuny —tj, Ay, . Hosaa cumnaexcras mabau-
ua (0as 10601 Kpatineld mowku) mostcem Goims nocmpoena us cmapoti
€ NOMOULLIO CACOYOUUT COOMHOUEHUT!

( T X ,
:U]_ ]0.707 1§j§n,
2z = Ljoko
J .%'jo
T ) J= kOa
\ Ljok
(45) ) Joro . -
jokTiko ., :
Tjp— ————, J#Jo, 1<j<n,
J Ljoko
Jk Lok ik
) J = Ro-
\ Ljoko
Llokxasameavcmeo. Tlomoxxum
ko
! . .
T =T —t . + LjoCho-
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JlokazkeMm, 9TO BeKTOp &' ABJsgeTCa HOBOH Kpaiineil Toukoii. I[Tokazkem
cHaJasa, 9TO OH ABJIETCS JIOMYCTUMBIM BEeKTOpOM. Meem

Az’ = Az — t;, Ay +t;, Aey, = b — t;,a™ +t;,a™ = 0.

Kpowme Toro, npu j =1,...,n

x,
/o . — . . — . Jo
Ly = Ty t]oxﬂco =T

' Tjko > 0.
Ljoko

[pu srom 2% = 0. na n +1 < j < d, j # ko, nonmyqaem 2 = 0, a

x.
i>0.

Iy
'Tko - t.]() - )
L joko

[To nocTpoenuio y BeKTOpa &’ 10 CpaBHEHMIO C BEKTOPOM T J100aBHIACH

O/IHA TIOJIOXKUTeThHAs KoopaunHaTta kg, a KoopawHATa jo 0OpaTHIaCh B

HOJb. [IoCKOBKY 1O TipeiozKeHnto 14 y JOMyCcTUMON TOYKHU He MeHee 1

MOJIOYKUTEIbHBIX KOOP/JIMHAT, TO B HOJIb 0OpaTH/IACh TOJbKO KOOP/INHA~

Ta Jo. Takum 06pa3oM, y TOUKH &' POBHO 1 HOJIOKUTEIBHBIX KOODIMHAT,

U U3 TOrO Ke IpeIoykennd 14 cieayer, 4ro &' — KpaiiHgd TodKa.
st HOBOM KpaiiHeil TOYKH mMeeM

* / *

= —t. cF . ko ot =
c v =cC-x—tjc -0 +1c ey =c

*

“ T — L2k F Lo Cho

_ aX .
=c" - x =t Ak

Tem cambiM
* / * . .
¢ ===t A

Borauciium Tenepb KOOPAUHATDHI x;k paz/ioKenns cTojab1nos a’ mar-

punpl A 1o 6asucy a', ..., a’*" ' a* a0t .. @™ B crapom 6a3zuce MbI
HIMeJTH CJIeYIONINe PAa3IOKe NS

n n

(46) ab = Zajxjk = Zajxjk+aj°xjok, j=1,...,d.

j=1 j=1
J#Jo

B gwactrocTu, npu k = ko

n

ko _E I Jo .

a” = O’ Tjly + @7 T ok
Jj=1
J#Jo

[TockosbKy Tk, 7 0, TO BeIpasum a’° u3 HOC/IEeHEr0 ypaBHEeHUsI
n

ko
: - Lilk a
o = — § qt 220 +
L joko T joko

Jj=1
J#jo
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u nozcTaBuM B (46). meem

ko
0T a
E ajx]k—|—< E 7k° + — )xjok

j=1 Zjoko Zjoko
J#Jo J#do

LjkoLjok Lok
—E aj(x]k ]OJO)+akOL, k=1,...,d.

Ljoko Ljoko
J?éjo
[Tostyuum passioxenus 1o 6asucy a', ..., a1 a* a/ot .. a”. Ilpn
5TOM KO3 (DUIMEHTH PA3JIOKEHHUST COOTBETCTBYIOT COOTHOIIEHUSM
(45). U

3arem HOBas CHUMILIEKCHAs TaOJIMIA BHOBb MCCJIEYeTCs, ¥ TaK Jla-
Jiee, TIOKa He TPHjeM K perrenuto 3aga4qu. QopMysibl 111 BEIYUCTIEHNS
3J1eMeHTOB TabJIIIHI, JTeYKAIINX Mo BeKTopaMu b, al, . .., a?, n ne texa-
MIIME B pa3periaoiieil CTpoKe, HA3BIBAIOTCS MPABUIOM HTPAMOYTOJIb-
HUKA — JIEMEHTHI, YIACTBYIOIIHE B 3TUX (POPMYJIaX, CTOIT B BEPIIHHAX

IpAMOYTOJIbHUKA B CUMILIEKCHOI T&6JII/III6.

Jlekmusg 11
19. ITPUMEPHI IPUMEHEHU $I CUMIIJIEKC-METO/JIA

Paccmorpum nmpuMepsl perenust psijia 3a/1a4 JUHEHHOTO HPOrpaMMu-
pOBaHUs C UCIIOJb30BaHUEM CHUMILIEKC METO/A.

ITpumep 19.1. Ilycts Tpebyercs pemuTh 3aa49y JUHEHHOTO TTPOTPaM-
MHUPOBaHUS
201 + @y +x3 — gy — max, x; >0, j=1,...,4,
T1— T2+ T3 =1,
221 + 29 + x4 = 3,
¢ 3aJaHHOil HavaabHO# Kpaiineit Toukoit = (0,0, 1,3)7

Basucubie Bekrops 3aech a® = (1,0)T u a* = (0,1)T. Cocrasnm
HePBYIO CUMILTEKCHY0 Tabauiy (puc. 21).

c* 2 1 |1 |-1]¢
6asuc xp | a' | a® | a® | a*
a’ 1 1 |-1]11] 0
at —11] 3 2 1 /0|13
z —21-1|-2]11]-1
A -3|1-3|0] 0
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13 TaGaumpl BUIHO, 9TO B KAYECTBE Pa3peNIaioliero CToI0ma MOKHO
B34Th cTOIOuL a' mn a?. BossMeM cronben a?. Torma paspematonias
crpoka a*. Bamensiem B 6a3uce sexrop a* Ha Bextop a’. Jljis HoBoro 6a-
3uca ¢ noMotpio dhopmya (45) cTpouM BTOPYIO CHMIUIEKCHYTO Tab/IHILy
(puc. 22).

c* 21111 |-1]|t
Hazuc xp | a' | a® | a®| at
a’ 1 31011 1
a® 1131211101
z 71511 2
A 310|101 3
Puc. 22

BexTtop A > 0, nosromy Toura T = (0,3,4,0)T asagercsa pemennem
3a/[a4M, a ee 3HAYeHue PaBHO 7.

Ecyiu 661 B KauecTBe pasperaioniero cToiona B IepBoil CUMILIEKCHO
TabnIe Mbl B3I cTobern a', To mpunuia 66 K TOIl 7Ke TOUKe, HO 32
OOJIbIIIee YHCJIO IIAroB.

20. METO/I UCKYCCTBEHHOTO BA3UCA JIJIsI HAXOXK/IEHW S
HAYAJIbHOW KPAWHEN TOYKU

Bynem cHOBa paccMaTpuBaTh 33,129y JHHEHHOTO IIPOrPAMMIPOBAHUS
B KaHOHHUYECKoi dopme

(47) ¢-x—max, Ar=0b, x>0,

rae ¢t € (RY)*, A — marpuna pasmepa nxd un b € R™. He orpanmunpas
OOIIHOCTH, MOXKHO cunuTaTh, aro b > 0. Ecan 310 He Tak, Hampumep
b; < 0, To yMHOXKHM 00€ 9acTH j-IO ypaBHEHHd HA — 1.

PaccmoTpuMm BecmomoraTenbHYIO 3a7ady, 100aB/Isds HCKYCCTBEHHBIE

nepeMeHHble T = (Tgy1,...,Tdsn)] U eJIUHAYHYIO MaTpHILy 1.
n
(48) —Zxd+j—>max, Ar+Ixz=b, >0, z>0.
j=1
Touka T = (0,...,0,b1,...,b,)" aBngerca momycrmmoii B 3amade

(48). Kpowme Toro, 3navenue 3ajmaun KoHewHo. VI3 Teopembl 17 BbiTe-
KaeT, 9TO peleHne B 3TOil 3a/1a4e CyIIecTBYeT.

113 npeanozkenusa 13 BBITEKaeT, 9TO TOUKA T ABIAeTCA KpailHeil g
sajaun (48). ByaeMm pemars 5Ty 3a1ady CHMILUIEKC-MeTo0M. [Tpu 3roM
MOT'YT BCTPETHTbC CJAEIYIONINE CHTYAIIHH.
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1. Pemenne 3amaun (48) comepKUT HEHYJIE€Bble UCKYCCTBEHHBIE Tie-
peMeHHbIe. DTO O3HAYAET, YTO B UCXOJAHON 3amaue (47) HeT IOMyCTH-
MBIX 3J1eMeHTOB. JlefiCTBUTENIbHO, €C/iM He BCe MCKYCCTBEHHBIE Iepe-
MeHHbIe HyJIeBble, TO 3HadYeHHe 3a/1a9u (48) oTpurareabHoe, a ecii Cy-
mectyer gomyctumbiii Bektop (29, ..., 297 B 3amaqe (47), To BekTOp
(29,...,29,0,...,0)T apasgerca momycrumeiv B 3a1aqe (48), a 3Hadenne
MaKCHMU3HPYeMOro (pyHKIIMOHAJIA HA HEM PABHO HYJIIO.

2. Pemtenue 3ajaqu (48) HE COMEPKUT HEHYJTEBBIX HCKYCCTBEHHBIX
HepEeMEeHHBIX M CpeJH 0A3UCHBIX BEKTOPOB HET BEKTOPOB, COOTBETCTBY-
IOIINX MCKYCCTBEHHBIM MEPEeMEeHHBIM. B 3TOM CIyuae penreHue 3a1aqu
(48) umeer Bug (T1,...,7q,0,...,0)T, arouka (Ty,...,74)7, B KOTOPOIE
KOODJMHATHI, HE COOTBETCTBYIONINE GA3MCHBIM, PABHBI HYJIIO, SIBJIAETCS
Kpaitneit mjst 3aga9u (47), Tak KaK CTOJIOIbBI, COOTBETCTBYIONHE OA3MC-
HBIM KOOPMHATAM Oy/IyT JMHEHHO HE3aBUCUMBI (CM. IpeioxKenue 13).

Jlajiee, B3gB B KadecTBe IMepBOHAYAIbHON KpaiiHeill TOYKH TOUKY
(T1,...,%4)7, MOoXKHO HpHCTYIATL KO BTOPOMY 3TAIly - DEIICHHIO 3a-
ngaan (47) ¢ TMOMOIIBI0 CHMILTIEKC-MeTOa. TeM CaMBIM MBI TIOJIyYaeM
JIBYXITAIHBINA MeToJ perenust 3agauu (47).

ITpumep 20.1. Pemuth MeT0I0M UCKYCCTBEHHOI'O Oa3uca 3a1a4dy

1 + 229 + 3w3 — 4xy - max, z; >0, j=1,...,4,
T+ xe— w3+ 1y =2,
$1+14$2+10$3—10l’4:24

PaccmorpuMm BeciomoraTeibHYIO 3a/1a4y, J100aBJIsis MCKYCCTBEHHbBIE
nepeMeHHbIe T5 U Tg:

—x5 —r¢ —wmax, x; >0, j=1,...,0,
T+ To — T3 + Ty + T5 :2,
x|+ 14.]32 + 10.1'3 — 1033'4 + X6 = 24.

Ucxomnasg kpaitasas Touka x = (0,0,0,0,2,24)7. Basucuble BeKTOPLI
a® = (1,007, a®=(0,1)".

CocTauM nepByIo CUMILIEKCHYIO Tab/IMILy J/Id BCIOMOIaTeJbHOM 3a,1a-
qn (puc. 23).

PaspemaionmM CTOI0IOM dBJIdeTcs CTOI0eI a’, paspenraiomnas
crpoka a®. amensiem B 6aszuce BekTop a’ Ha BeKTOp G W s HOBOTO
6as3uca CTPOUM BTOPYIO CUMILIEKCHYIO Tabauiy (puc. 24).

Tenepb 3aMeHseM BEKTOpP a° Ha BEKTOP a’ M CTPOMM TPETLIO CHM-
IJIEKCHYI0 Tabauiy (puc. 25).

Tak kak A > 0, To TOYKA
11 g

0,—,0,-,0,0
7677677
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c* 0 0 0 0 -1 -1t
6azuc xp | at | a® | a® | a* | ad® | af
a® —1 2 1 1 —1 1 1 0 2
12
a® —1| 24 1 14 | 10| =101 O 1 7
z 26| =2 | =15 | -9 9 -1 -1
A —2|-=15|1-9] 9 0 0
Puc. 23
c* 0 0 0 0 -1 =1 | ¢
6azuc xy | at | a®| a at | a® | af
2 13 12 12 1
O T A el [ N [
“ v e 14 | 6
12 1 5} 5} 1
2
il I T R Bl
“ VT i 7 710 i
2 13 12 12 1
St I B T e (il U I
: 71 14 7 7 14
13 12 12 15
A Plol = == o ] 2
14 7 7 14
Puc. 24
c* 010 0 0| —-1| —1 |t
basuc xp | a' | a? | a® | at]| d® ab
1 (13 7 1
4 il TR I T L
o 101Gl 12| 24
11| 11 15) 1
2 O|l—|—11 0 0| —| —
“ 6 | 24 12| 24
z 0 0 0 0 0
A 010 0 0 1 1

Puc. 25

SABJIIETCS pellleHneM BCIoMoraTeabHoi 3a1a4un. [Ipu sTom cpen 6a3uc-
HBIX BEKTOPOB HET BEKTOPOB, COOTBETCTBYIOIINX UCKYCCTBEHHBIM IIepe-
MeHHbIM. TakuMm 00pa3oM, B KadyecTBe Ha4daJIbHOW KpaitHeil TOYKH B
HUCXOAHOH 3aja4e MOXKHO B34Tb TOUYKY

11 1\7*
=(0,=.0 =) .
x (767767>
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CocTaBuM mepBY0 CUMILIEKCHYIO Tabauily (puc. 26), HCHoIb3ys pas-
JIO’KeHHs BeKTOPOB T, a' 1 a® u3 mocienHeil CHMILIEKCHO TaGIUIIEL.

c* 1 2 3 | -4 t
6azuc x| a' |a?| a® | a?
1 13 4
T VR R S I O
“ 6| 24 | 13
a? 2 11 ll 1] 0 0
6 24
15
3| ——121 4 | -4
N 12
9
A —— 0] 1 0
4
Puc. 26

Bamengem BekTop a Ha a' W CTPOMM BTOPYIO CUMILICKCHYIO TabIHILy
(puc. 27).

c* 1] 2 3 —4 |t
6asuc xp |a'|a®| a® at
4 24 | 24
R - | il s
¢ 13 MIBEINE
, 22 11 | 11
a 2/ —10| 1| — |——12
13 13 13
48 2 2
P Pl 2] =2
13 13| 13
41 | 54
A 010]——=1] —
13 ] 13
Puc. 27
3aMeHdgeM BeKTOp a? Ha a® W CTPOMM TPeThI0 CHMILTEKCHYIO TabIuILy
(puc. 28).
Bekrop A > 0, nosromy Touka

T =(4,0,2,0)"
SIBJISIETCS pellleHueM 3a/1a4u, a ee 3uadenue papuo 10.
21. TPAHCIOPTHAM 3A/JAYA

Pacemorpum Gostee moipo6HO TpaHcnopTHyo 3amady (40). Hamowm-
HUM, YTO pedb HJET O IePeBO3Ke OJHOPOIHOrO Tpy3a M3 7 IIYHKTOB
orupapiennsa Aip,...,A, B m OyHKTOB Ha3Hauenus Bi,...,B,,. U3
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c* 1] 2 13 |—-4]|t
6azuc xp | at | a® | a® | a?
24
al 11411 1 0] 0
13
ad 31210 T 1|-1
63
z 10] 1 I 3| -3
41
A 0 1 0] 1
Puc. 28

IyHKTa OTIPaBJeHus Aj MOXKHO YBE3TH () €JMHUIL IPY3a, a B IYyHKT
Ha3HavYeHUs1 [3; TpebyeTcs nocTaBUTh b; eaunuI rpysa. IIpm stom me-
peBO3Ka OJHOI eIMHHIBI I'Py3a U3 HyHKTAa Ay B IyHKT B, 00XoauTcs
B cj; pyOmneit. Tpebyercsa obecrieunTs HepeBO3KY IPY30B, 3aTPATUB IPH
5TOM HaHMeHBIIIYI0 BO3MOXKHYI0 cyMMy Jener. Obo3nadas depes Ty, Ko-
JHYECTBO I'Py3a, NePeBO3UMOro n3 myHkra Ay B myHKT B, momydaem
CJIEJIYOILY IO 3a/ia4y:

(49) chijkj—)min, 2 >0, k=1,...,n, j=1,...,m,

k=1 j=1

(50) Zwkj:ak, kzl,...,n,
j=1

(51) Zxkj:bj,jZL...,m.
k=1



BBIIIYKJIBI AHAJIN3 57

BBena obo3nauennsa

¢ = (C11,C125 - -y Clmy - -+ Cals Cn2y « -+ 5 Coum )
T = (T11, 19, o, iy - s Tl Tn2y o s Ty ) s
r1 ...100 ... 0 ...00 ...0
o0 ...011....1 ...0¢0...0
(52) A— o0 ...00O0...0...11...1 ,
10 ...010 ...0....10...0
01 0 01 0 01 0
00 1 00 1 0 0 1
b= (ay,as....,an,b1,0s, ... b7,
MBI 3amuceBasy 3aaady (49)-(51) B kanonmaeckoit hopme
(53) ¢ x—min, Ar=0>b, x>0.

Besikuit j1onmycTuMblit BEKTOP B 3TOM 3a/1a4€ Mbl HA3bIBAEM JIOILYCTUMbIM
ILJTAHOM IIEPEeBO30K, a pellleHue TPAHCIIOPTHONW 3aJa4l Ha3bIBaeTCd Oll-
TUMAJIBHBIM ILJIAHOM IEPEeBO30K.

13 yemoswmit (50), (51) BRITEKAET, 9TO

nm n m
szkj = Zak = ij =M.
k=1 j=1 k=1 j=1
NapiMu CJIOBaMU, O6IlLI/II7I 3allac I'py3a Ha BCe€X INYHKTAaX OTHIpPaBJICHHA
pPaBEH CyMMapHOﬁ HOTpe6HOCTI/I BCeX MIYHKTOB Ha3HaYC€HU. B sTom
cJydae roBopdT, 4TO UMeeTcd 3aMKHYTasd MOJeJIb TPAHCIOPTHOR 3a-
Ja9u.
MoxkHo paccMaTpuBaThb HE3aMKHYTbIE MOIC/JIH Tp&HCHOpTHOfI 3a/1a-
qu. HOK&)KGM, 9TO OHU MOT'YyT 6bITb CBEICHBI K SaMKHyTOﬁ MOJICJIN.
[IycTh cymmapHbie 3amachl OTIIpaBuTeieil 00JIbIe CyMMapHBIX TO-
Tpe6HOCTeI71 IIYHKTOB Ha3HAaYCHHIA, T.C.

n

Zak > Zb]
j=1

k=1

B s1om ciyuae paBencrsa (50) 3aMeHSIIOTCS HEPABEHCTBAMME

m
E xkjgak, k':l,...,n.
j=1

Bresem bukTHBHBIN MYHKT HazHadeHus B, 11 ¢ BeJIMYUHON 3aBO3a

n m
b1 = g ag — g bj
k=1 j=1
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U HYJEBBIMH CTOMMOCTSIMH I€PEBO30K B 3TOT HyHKT. JloGaBigsa HO-
Bble HEOTpHUIATeTbHBIE IepeMeHHBIe Tj 11, K = 1,...,n, momydaeMm
3aMKHYTYIO MO/IeJIb TPAHCIOPTHOM 3a/a4u ¢ OIPAHUYEHUSMU B BUJIE
PaBEHCTB

m+1

E Tpj=ag, k=1,...,n,
j=1

Y ag=b j=1,....m+1
k=1

[IycTh Temepb cymMMapHbIe 3allachl OTIpaBUTeseil MeHbIe CyMMap-
HBIX IOTPEOHOCTElH MYHKTOB HAa3HAYEHUS, T.€.

n m
k=1 j=1

Torna paBenctBa (51) 3aMeHSIIOTCSI HEPpABEHCTBAMUI

n
Zackj Sbj; jzl,,m
k=1

B s1om ciyudae BBogUTCH (DUKTUBHBIA IYHKT OTHpaBjeHust A, 1 ¢ Be-

JINYNHON BBIBO3a
m n
Upg1 = g bj — E ay
j=1

k=1
U HYJEBBIMHA CTOMMOCTSIMHU TIEPEBO30K M3 3TOro MyHKTa. /lobaBiisist HO-
Bble HEOTpUIATeJbHble IepeMeHHble Tpi1j, J = 1,...,m, moaydaem
3aMKHYTYIO MOJIeJIb TPAHCIOPTHOM 3aJa9u ¢ OTPAHUYEHUSIMU B BUJIE
PaBEHCTB

Zxkj:ak, k=1,....n+1,
j=1

n+1

Z]ij:bj, jzl,,m
k=1

Jlekmus 12
22. CBOUCTBA TPAHCIOPTHON 3A/JAYU

TpancrnoprHas 3a1a4a siBjsieTcs 3a/ia4deil JMHEIHOTO TTPOTrPaMMHUPO-
BaHUs ¥ MOYKET PeraThbCsd CUMILIEKC-MeTO0M. B ¢ty mpocToro crpo-
eHNs OrpaHudennii (MaTpuibl A) cylecTByer psij| yIpoleHnii TIpu pe-
IIEHUU STOM 3a/1a9i. DTOT YIIPOIIEHHBIH MeTOo/1 U Oy/IeT ONUCaH HUXKe,
HO CHavaJja HaM IMOTPedYIOTCS HEKOTOPbIe BCIIOMOraTeIbHbIe pe3y/IbTa-
THI.
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Jlemma 2. Jlaa 410600 mparcnopmmoti 3adayu cyuecmsyem donycmu-
MO NAGH NEPEBO3OK.

Zlokasameavcmeo. be3 orpanndenns OOITHOCTH MOXKHO CUHTATh, 9TO
paccMaTpUBAETCd 3aMKHYTash MOJEIb TPaHCHOpTHOH 3amadun. [losio-
KM

akb]
Tpj = ——.
kj M
Torma
agb; a - a
ab; Ok N~ Ok
Zxkj_ M _Mzbﬁ_M = Gk,
J=1 7j=1
n
Clkb bj bj
T = = ap = =M =b,.
Z WM M= M /
k=1
Tem cambIM T); — JOMYCTUMBII TIJIAH TT€PEBO30K. U

Jlemma 3. Jlas ao0boti mparncnopmmot 3a0a4u cyulecmeyem onmu-
MANOHBLT NAGH NEPEGO3OK.

Zoxazameavcmeo. B cuty 1eMMBI 2 U TOTO, 9TO 3HAUEHWE TPAHCIOPT-
HOH 3a/1a4M OTPAHUYEHO CHU3Y HYJIeM, 3TO 3HadeHne KonedHo. [[o Teo-
peme cymecTBoBaHus (TeopeMa 16), yauThiBas, 9T0 pa3aundHbie (hOPMbI
3a/1a4 TUHEHHOTO MPOrPAMMUAPOBAHNAS SKBUBAJEHTHBI, TOJIYydaeM CYIIIe-
CTBOBAHHUE ONTHMAJIBHOIO IJIaHA B JIFOOOH TpaHcHoOpTHO# 3amade. [

Jlemma 4. rigA=n+m — 1.

Jlokazamenvcmeo. TlpubaBum K n-oit crpoke marpuipl A Bee npeibi-
aymume. [losiyduum cTpoky, cocrosinyo uz ejaunut. [IpubaBum B 3T0ii
MaTpuIle K 1MocjeHeil CTPOKe Bce CTPOKHU, HauuHas ¢ n + 1-oit. [Touy-
9uM Takyo ke crpoky. CienoBarenbto, rg A <n+m — 1.
[lepecTaBum cTpOKM, HAUMHAS CO BTOPOI TO N-YI0, TIOCJe TTOCTIe/THel
crpoku marpuibl A. Torma, ecim B HOBOII MaTpuile B34Tb CTPOKH CO
BTOPOIi 110 MOCJIEHIOW U CTOJIONE 1, ..., m,m+1,2m+1,..., (n—1)m+
1, To mosyunTcs MuHOP nopsAKa n+m — 1, aBagionuiicsa TpeyroabHol
MaTpuIlell ¢ eJMHUIAMU Ha IJIaBHOW JuaroHaju. Tem cambim 1g A =
n+m— 1. U

N3 noxazanuoit teMMBl U Tipe/ijiozKeHns 13 BBITeKaeT, YTO KpaitHss
TOYKa B paccMaTpUBaeMOil TPAHCHOPTHOW 3ajjaue MOYKeT UMeTh He 00-
Jee n + m — 1 TOJOKUTETBbHBIX KOODJIMHAT.

Jlemma 5. Jlobve n+m—1 cmpor mampuyv, A Aunetino He3a6ucuMb.

Jokazameavcmeo. Kak ObLIO OTMEYEHO, CYMMa IEPBBIX 7 CTPOK COB-
Ma/IaeT ¢ CYMMOU OCTaBIUXCS CTPOK

ol + . +at=a" o,
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DTO 03HAYAET, UTO JIF0Oast CTPOKA €CTh JIMHeiiHAas KOMOMHAINS OCTaB-
muxesas n + m — 1 crpok. B cmny toro, uro rg A = n+m — 1, 3tn

OCTaBIIKECA CTPOKU JIMHENHO HEe3aBUCHUMBbI.

23. METO/JbI HAXOYK/IEHIS HAYAJIBHON KPAMHEN TOYKU B
TPAHCIIOPTHOM 3ATIAYE

O

Byzem paccmarpuBarh 3aMKHYTYIO MOJIE/Ib TPAHCIOPTHOW 3a/1adu.
Kak 0b1710 OKa3aHo, HE3aMKHYTasi MOJEJ/b JIET'’KO CBOIUTCS K 3aMKHY-
TOW BBeJeHWeM (PUKTUBHOTO MOCTABIINKA MM (PUKTHBHOTO TOTpPeOH-

TeJid.

Wcxoauyio TpaHCIOPTHYIO 3aja4dy OyaeM 3ajaBaTh B BUJE ILIATEXK-

HOli Marpuibl (puc. 29).

bl b? bm

ay | C11 | C12 Cim

Qg | Co1 | C22 Com

Ap | Cpl | Cp2 Cnm
Puc. 29

,H.HH COCTaBJIEHUd MaTPHIIBI ILJTaHa II€PEBO30K y,ILO6HO HUCIIOJIBb30BaATh

crenyoryo Tadbaumy (puc. 30).

by | by by,

ay | T11 | T12 Tim

Ag | T21 | T22 Lom

Ap | Tnl | Tn2 Tnm
Puc. 30

1. Meton “ceBepo-3anagHoro yrJja’

Haznaunm MmakcumabHO BO3MOYKHYIO TIEPEBO3KY M3 IIYHKTA OTIIPaB-
sennst A; B nyHKT HasHavdenus Bi. To ecTh 3amorasieM BepXHUI JIEBBIi
ssieMenT (211) Marpunbst X = {x);} n1ana nepeBo3oK Tak, 4TOOBI LyHKT
otupapieHns Ap, muO0 IMYHKT HasHaYeHHA B, mub0 006a 3TH MyHKTA

OKaKyTCd IMOJTHOCTBIO O6CJIy>K€HHbIMI/I.



BBIIIYKJIBI AHAJIN3 61

Ecnn nyukT ormpaBienns A; oKasascsg MOJHOCTBIO OOCTYKEHHBIM,
TO B JaJbHeHIIeM IpHu HAXO0XKIeHUH TePBOHAYATBHOTO ILTaHA TepeBOo-
30K BBIBOJUM IIE€PBYIO CTPOKY MaTpuilbl X U3 PACCMOTPEHHSI U Pac-
CMaTpUBaEM TOJILKO OCTABIIYIOCS YacTh MaTpuibl X. Ecin nyHkT Ha-
3HavYeHns B oKa3aJiCs MOJHOCTHIO 00C/IYKEeHHBIM, TO aHAJOTUYIHO BbI-
BOJIMM TEePBBIH cTOJIOEIl W3 JajbHeifnero paccmorpenusi. Ecin ke u
IYHKT OTIHpAaBJIeHUs, U IYHKT HAa3HAUEHUs OKa3aJUCh IIOJTHOCTBHIO 00-
CJTyZKEHHBIMU (TaK MOYKET CJIyUYUTHCsI TOJBKO B BBIDOXKJIEHHON 3a/a-
9e), TO BBIBECTH U3 PACCMOTPEHHsI CJeyeT WIH MePBYI0 CTPOKY, WUJIH
nepBuIit cToben maTpunbl X. g onpeaeneHHocT 6yaeM BBIBOIUTD
nepBbiit croiben marpunbl X. B aToM ciiydae B 4nc/io 6a3UCHBIX dJ1e-
MEHTOB Ha CJIeJIYIOIIEM dTalle BBEJAEM JIEMEHT C HyJIeBbIM 3HAYEHHUEM
1epeBO3KU, CTOSIINI B CEBEPO-3aI1a/IHOM yIJIy OCTaBIIecs 9acTu MaT-
punpst X (212 = 0).

DTy Mporeaypy MPOIOIKAEM 0 TeX TMOP, MOKa BCE MyHKTHI OTIPaB-
JIEHHS W IIYHKTHI Ha3Ha4deHus He OyayT obcayzkensl. Ilocaeaneit mepe-
BO3KOIl Oy/ieT mepeBo3Ka M3 IMYHKTa OTIpaBieHusd A, B IyHKT Ha3Ha-
yenuda B,,.

Ha kaxkmom mare oOCTyKUBaeTCs OJWH W3 IIYHKTOB OTIPABIEHUS
WM Ha3HAYEHMSI, a Ha IOCJIe/[HeM Iare oOC/IyKUBarOTCsd 00a IyHKTa,
A, u B,,. TTosromy unc/io 6a3ucHbIX 3/1eMeHTOB Oy1eT poBHO N+ m — 1.
Haiigennplit mian Oyaer JOMYCTUMBIM ILJIAHOM TI€PEBO30K, COJeprKa-
muM He 6ostee n + m — 1 MOJIOKUTETBHBIX KOOPAWHAT W SIBJSTIOIIHICST
(kak Gy/eT MOKA3aHO HUZKe) KpallHeil TOUKOil MHOZKeCTBa, JOMYCTHMBIX
9/IEMEHTOB.

ITpumep 23.1. SamaauM TPAHCIOPTHYIO 3a/a9y B BUIE ILTATEXKHON
marpunst (puc. 31).

by =40 | by =15 | b3 =42 | by =13
a; = 10 2 1 5 11
as = 80 4 3 4 2
as = 20 6 2 7
Puc. 31

[Tocrpoum 1o merosiy “ceBepo-3anajHoro yrsa’ epBOHAYAIbHBII
IJIaH 1epeBo3oK. Haznaumm MakcuMaJibHO BOSMOXKHYIO 11€PEBO3KY, PaB-
nyio 10, u3 nynkra orupasienus A; B nyHkT Hasnadenust Bi. To ecrb
B MaTpHIE MMepPBOHAYAJIHLHOIO TJIaHa epeBo30kK X mojioxkum x1; = 10.
IIpu sToM u3 myHKTa OoTHpaBieHus A; Bechb Ipy3 OKarxKeTCd BbIBE3eH-
HBIM, MO3TOMY ZT12 = ¥13 = x14 = (. BeIBoguM m3 paccMoTpeHUs
MEePBYIO CTPOKY MaTpunbl X U pacCMaTPUBAEM TOJBKO OCTABIIYIOCS
MaTpuIy padMepa 2 X 4.
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B nyukr nasznadenus B; octaerca npuBe3tu 30 eaunut rpy3a. Ha-
3HAYNM MaKCHUMaJbHO BO3MOYKHYIO MEepeBO3KY, paBHYyIO 30, U3 MyHKTA
orupasienus As B nyHkr HasHadenus Bi. Tem cambim xo; = 30. Ilpu
9TOM IYHKT Ha3Ha4YeHUsi 31 OKarKeTcs MOJHOCTHIO 00C/Iy ) KeHHBIM, T0-
sroMy x31 = (. BeiBoauM u3 paccMOTpeHus MepBbIii CTOJIOEI] MATPUILBI
7 paccMaTPUBaeM TOJHKO OCTABIIYIOCS MATPHILy pasmepa 2 X 3.

[lasee, Ha3HaUYaeM MAKCHUMaJbHO BO3MOYKHYIO IE€PEBO3KY, PABHYIO
15, u3 myakTa ormpasiaenus As B myHKT HasHadeHnsa Bs. Tem caMbiM
Too = 15, a £33 = 0, TaKk KakK MYHKT Ha3Ha4UYeHUd By OKa3bIBaeTCsd IOJI-
HOCTBIO 00cTyKeHHBIM. [Ipomoszkas 3ToT mporece, TPUXOIUM K MaT-
puiie 1epBOHAYAJIBHOIO ILJIAHA HEPEBO30K, B KOTOPOI JIjIs HALVISIHOCTH
He OyJieM mucarh HyJieBble 3HadeHus (puc. 32).

by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 30 15 35
az =20 7 13

Puc. 32

O06111ast CTOUMOCTD 11E€PEBO30K 110 TAKOMY HAYaJIbHOMY IJIAHY DaBHA
cx=2-10+4-30+3-15+4-35+7-74+8-13 =478.

OrMernM, YTO ONHCAHHBIA MeTOJ HAaXOXK/EHHs IIePBOHAYAILHOIO
IJTaHA TePeBO30K He YUNTBHIBAET CTOMMOCTH IepeBO30K. [losTomy o
MOKeT 0Ka3aThCs JaJeKO He ONTUMaJIbHBIM. lIpuBenem apyrme meTo-
Jbl HAXOXKIeHNd HAYAJIbHOU KpaliHeil TOUKHU, YYUTHIBAIOIHEe CTOUMOCTHU
1ePEBO30K.

2. MurumyM 1o maTpuiie

Bribepem B miraTekHoii MmaTpuie C' MUHAMATLHBIA 3/1eMeHT. [lycTh

mMin Cij = Cpyjo -

k.
Ecium mMuHEManIbHAs CTOMMOCTH MEPEBO3KU JIOCTHTAETCS HA HECKOb-
KUX 3JIeMEeHTaX, TO BbiOupaeM Jji000it u3 Hux. Haznauum makcumasibHO
BO3MOYKHYIO [IEPEBO3KY M3 IYHKTA OTIpaBjieHuss Ay, B IIyHKT HA3HAYE-
uust Bj,. Tem cambpiM myHKT otnpasiienus: Ay, WIn MyHKT Ha3HAYEHUSI
Bj, (mam oba mynkra ogHOBpeMeHHO) Oymer obciayrken. B mrarexuoi
MaTpHUIle COOTBETCTBYIOMIAs CTPOKA WJIW CTOJIOEI] BEIBOJISATCS U3 JTasTh-
Heililero paccMoTpenns. Eeam u NyHKT OTOpaB/ieHnus, U MyHKT Ha3Ha-
YeHUs OJHOBPEMEHHO OOCIYXKHJIHUCH, TO JIJIsl OHpeJeJeHHOCTH OyI1eM
BBIBOJUTH U3 PACCMOTPEHUS CTOIOEIT MATPHUILI X .
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B ocraBmeiica wacTu miaaTe:KHOW MATpPHIIBI BHOBL HIMETCSI MUHU-
MaJbHBIM 37€MEHT W TpOoIeaypa MOBTOPSETCS 0 TeX TOop, MoKa Iep-
BOHAYAJIbHBIN IJIAH [1€PEBO30K HE Oy/eT M0JIyYeH.

ITpumep 23.2. 3agaauM TPaHCIOPTHYIO 3aJa4y B BHJE TOM »Ke ILIa-
TeXKHOIl MATpHILI, KOTOpas ObLaa Ha puc. 31. Beibepem B miaTexKHoit
Marpune C' MUHUMAJIbHBIH 3/1eMeHT. VIM sBjIsieTcs cTOMMOCTh ¢1p = 1.
Hasznaunm makcuMa/ibHO BO3MOXKHYIO 1epeBO3Ky, paBuyio 10, u3 u3
IyHKTa OoTIpaBjienusd A; B myHKT HazHadenus Bs. [Ipu 5TO0M M3 1myHK-
Ta ornpaBieHusd A; Bech IPy3 OKasKeTcsl BbIBE3EHHBIM. B 1miaTeKHoit
MaTpHIle mepBas CTPOKa BLHIBOAUTCS U3 JAJbHEHIIero pacCMOTPEHHUSI.

B ocraBmreiica yacTu miaTe:kKHoil MaTpuIbl 2 X 4 BHOBbL UIETCI MH-
HUMAJILHBIN 371eMeHT. MUHIMAaJIbHAs CTOMMOCTD IIePEBO3KHU JIOCTHTAeT-
cs Ha JBYX dJEMEHTaX C3p = Co4 = 2. BwiOupaewm so6oit u3 nux. g
OLIPE/IEJIEHHOCTH C32. HazHauMM MaKCUMa/IbHO BO3MOXKHYIO 1IEPEBO3KY,
paBHYIO D, U3 LyHKTa oTnpan/jienus Az B myHKT HasHadenus By. Ilpu
9TOM NYHKT Ha3HavyeHusi By OKayKeTcs MOJIHOCTHIO 00C/IyKeHHbIM. B
IIaTeyKHoi MaTpuie 2 X 4 BTopoit cTos0e1] BHIBOAUTCS W3 JajbHeil1ne-
0 PacCMOTPEHWUSI.

B ocraBmeiica yacTu miaTe:kKHoil MaTpHIB 2 X 3 BHOBDL UINETCI MH-
HIMAJILHBIN 3j1eMeHT. VIM aBagercda CTOUMOCTD Coy = 2. HaznaunMm Max-
CAMAJTbHO BO3MOYXKHYIO MTePeBO3KY, PABHYIO 13, U3 W3 MYHKTa OTIPaB-
nennst A, B myHKT HaszHadenusa By. Ilpm sTroMm myHKT HasHavenus By
OKazKeTCsl 1OJHOCTHIO 00C/IyKEHHBIM. B 11aTe:kKHOi MaTpHIE 1OC/Ie/1-
HUiT CTOJIOEI, BBIBOJUTCH U3 JIAJIbHENRIIEro pacCMOTPEHNUS.

[Tpoto/izkast 3TOT HpoIece, IpuieM K HadadbHOMY ILJIaHY TePeBO30K,
oToOpaKeHHOMY Ha, puc. 34.

by =40 | by =15 | b3 =42 | by =13
a; =10 2 1 5) 11
as = 80 4 3 4 2
as = 20 6 2 7

Puc. 33

by =40 | by =15 | b3 =42 | by =13
a; — 10 10
az = 80 40 27 13
as =20 > 15

Puc. 34
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O061asa cTonMOCTb TIEPEBO30K MO TAKOMY HAYATLHOMY ILTAHY paBHA
cr=1-104+2-5+2-13+4-40+4-27+7-15 = 419.

Meto “MuHUMYMa 110 MaTpuUIie”, yIUTHIBAIONIUN CTOUMOCTH TIEPEBO30K
B JIaHHOM TpuMepe okaszaJicad 6osee 3(pEHEeKTUBHBIM 10 CPABHEHUIO C
MEeTO/IOM ‘“‘ceBepo-3allaIHoro yria’.

3. Muanmym mo CTpoke

Bribepem B mepBoii cTpoke miaarTe:kHoil Marpurbl C' MUHAMAJILHBII
ameMment. IlycTn

min C15 = C1jq-
J

Ecmu MuHEMYM JocTHTaeTcs Ha HECKOJIBKHX 3dJ€MeHTaX, TO BBhIOHMpa-
eM J1100oi 3 HuX. HazHaunMm MakcuMa/IbHO BO3MOXKHYIO HIEPEBO3KY M3
HyHKTa orupasienus A, B nyHkr nazunadenus Bj,. Tem cambIM yHKT
ornpasiennst Ay wiam nyHkT HasHadenus Bj, (uim oba IIyHKTA OIHO-
BpeMeHHO) GyzieT obc/y KeH. B rmaTekHoit MaTpuile coOTBeTCTBY IOTIAsT
CTPOKa, WJIW CTOJIOEI BBIBOJSITCS U3 JajbHeifnero paccMorpenns. Fe-
JIM U MYHKT OTIIPaBJIEHUsd, U IIYHKT Ha3HAUYEHUs OJIHOBPEMEHHO 00OC/Ty-
JKIJTHCh, TO JIJIS OIPEeJIeTeHHOCTH OyAeM BBIBOIUTH U3 PACCMOTPEHHS
crosiber; MaTpuinl X .

B mepsoii cTpoke ocrapIieiica YacTH ILIATEXKHOH MATPHUILI BHOBb
UIIETCS MUHUMAJIBHBIH 3JIEMEHT U IIPOIELy Pa IMOBTOPSIETCS JI0 TEX TOP,
[IOKa MMOKA, MIePBOHAYAIBHBIN IJIaH HEePEBO30K HEe Oy/1eT MOJIyYeH.

ITpumep 23.3. 3agaauM TPaHCIOPTHYIO 3aja4y B BUJE TOM »Ke ILIa-
TEeXKHOI MaTPHIILl, KOTOpasd ObL1a Ha puc. 31. BeibepeM B mepBoii cTpoke
wiarexkHoi Marpuibl C' MUHUMAJILHBIA d1ement. VM sgBisiercs crou-
MoCTh c12 = 1. Haznauum MakcuMaJibHO BO3MOZKHYIO II€PEBO3KY, paB-
nyio 10, u3 u3 nynkra orupasienus A, B nyHKT HasHadenus Bs. I1pu
9TOM M3 IIYHKTa OTHpaB/ieHust A, BeChb I'Dy3 OKayKeTCsl BbIBe3eHHbIM. B
IJIaTeKHOW MaTpHUIle TepBasi CTPOKa, BBIBOIUTCS U3 JAJbHEHIero pac-
CMOTPEeHHS.

B mepBoii cTpoke ocTaBuIeiicsg YacTH IIATeXKHOH MaTpuibl 2 X 4
BHOBb HIIETCSI MUHUMAJIbHBLIN 3eMeHT. MuHuMaaIbHasg CTOUMOCTD ITe-
PEBO3KH JIOCTUTAETCI Ha Coy = 2. HaszHaumMm MaKCHMaJILHO BO3MOXK-
HYIO II€PEBO3KY, paBHyIO 13, U3 U3 IyHKTa OTUPaB/IeHUs A B LyHKT
nasznavenus By. Ilpu srom nynkr nasuadenusi By OKazKeTCs IMOJIHO-
cThiO 0OC/IyKeHHbIM. B 1iarexkuoit marputie 2 X 4 nocjieiauit crosoery
BBIBOJUTCST W3 JaJIbHEHIIero pacCMOTPEHMSI.

B mepBoii cTpoke ocTapIeiics dacTw TUIATEXKHOW MaTpwuibl 2 X 3
BHOBb HIETCSI MUHUMAJIBHBIN 371eMeHT. VIM aBageTcs CTOUMOCTD Coo =
3. HazmaumM MaKCHMAJIbHO BO3MOXKHYIO IE€peBO3KY, PaBHYIO O, W3
IyHKTa OTHpaBiaeHns As B myHKT HasHadenus Bs. Ilpm 3ToM myHKT
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Ha3HaUYeHUsT Bs OKayKeTcsl MOJTHOCTHIO OOC/TY:KeHHbIM. B 1uiaTe:kHON
MATPHIE BTOPOil CTOJIOEI] BBIBOJAUTCS U3 JTATBHEIIero pacCMOTPEHUS.

[Tpoosizkast 3TOT 11pOIIECE, NPUJIEM K HAYaJIbHOMY ILJIAHY [1E€PEBO30K,
oTobpakeHHOMY Ha, puc. 36.

by =40 | by =15 | b3 =42 | by =13
a; =10 2 1 5 11
as = 80 4 3 4 2
az = 20 6 2 7

Puc. 35

b1:40 b2:15 b3:42 b4213
ay = 10 10
as = 80 40 5 22 13
az — 20 20

Puc. 36

O061mag cTonMOCTb TIEPeBO30K MO TAKOMY HAYAIbHOMY ILTAHY paBHA
cr=1-10+2-13+3-5+4-40+4-22+7-20 = 439.

4. MuauMyM 110 CTOJIOILY

Meto aHajiornydeH MpeabIaIyIeMy, HO BMECTO CTPOK paccMaTpuBa-
JOTCS CTOJIOIEI.

ITpumep 23.4. 3ajgauM TPAHCIOPTHYIO 3aJa4y B BUJE TOR »Ke ILIa-
TEeXKHOW MaTpuilbl, KoTopas Obljia Ha puc. 31. Beibepem B B nepsom
crosibne mirarexxuoit marpunsl C' MUHUMAJIBHBI d1emedT. VM sBirsier-
¢ CTOMMOCTD €17 = 2. Haznauumm MakcuMaibHO BO3MOXKHYIO TEPEBO3-
Ky, paBayto 10, u3 w3 myHKTa OTHpaBjieHust A; B MYHKT Ha3HAYEHUS
By. Ilpu sToMm u3 myHKTa oTupaBieHns A; Bech rpy3 OKarKeTcs BbIBe-
3eHHBIM. B miaTe:kHoit MaTpuie mepBas CTPOKa BBIBOJTUTCA U3 JTAJTb-
HeHUImero pacCMOTpPEHHU.

B mepBom cTposbie ocTaBiieiics YacTu ILIATeXKHOW MaTpHUIb 2 X 4
BHOBb MIIETCS MUHUMAJIbHbINA djieMeHT. MuHuMaJ/ibHAsl CTOMMOCTD 11e-
PEBO3KH JlocTUTAaeTCs Ha o1 = 4. Haznauum MakcuMaibHO BO3MOYKHYIO
nepeBosKy, pasuyio 30, U3 U3 IMyHKTa OTIpaBjieHnst Ay B MyHKT Ha3HA-
yenus Bi. [Ipu 3Tom nyskT HazHavenusi B OKaxKeTcs MOJTHOCTHIO 00-
cayzKeHHbIM. B miarexxnoit maTpuiie 2 X 4 nepBbIil ¢TOJIOEI], BBIBOIUTCS
73 JaJbHEeNIero paccMoTpeHus.

B mepBoii conbie ocrapiieiics YacTd ILIATEXKHOH MaTpunbl 2 X 3
BHOBb HIETCSI MUHUMAJIBHBII 371eMeHT. VIM gaBasgeTcs CTOUMOCTD C3p =
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2. HazmaumM MakcmMasabHO BO3MOYKHYIO TEpPEeBO3KY, paBHYIO 15, u3
MyHKTa OTHpaBiaeHns Az B myHKT HasHadenus Bs. Ilpm 3ToM myHKT
Ha3HadeHus By OKaxkeTcst MOJHOCTHIO O0C/Iy:KeHHbIM. B rrarezkuHoi
MaTpuIile BTOPOH CToJIOeI] BHIBOJAUTCS U3 JAJbHEHIero paccMOTpEeHUSI.

[IposoJizkast 3TOT MPOIEce, MPHUieM K Ha9aIbHOMY ILJIaHY MTePEeBO30K,
oToOpakeHHOMY Ha, puc. 38.

by =40 | by =15 | by =42 | by = 13
a; = 10 2 1 5 11
as = 80 4 3 4 2
as = 20 6 2 7

Puc. 37

by =40 | by =15| b3 =42 | by = 13
a1:10 10
as = 80 30 42
as = 20 15 )

Puc. 38

O611ast CTOUMOCTD 11E€PEBO30K 110 TAKOMY HA4YaJIbHOMY IIJIAHY DaBHA
cfx=2-10+4-30+2-15+4-42+2-8+8-5=394.

Mero/ “mMuHIMYMa 110 CTOJIDILY” B JJAHHOM HIPUMepe OKa3aJicst Hanboiee
3 DEKTUBHBIM 110 CPABHEHUIO C JPYIUMU METOJIaAMU.

ITpennoxkenue 17. Onucannvie sviuwe Memodv, HaxoAcIeHUs Nepeo-
HAYAALHOR0 NAGHG NEPEBO3OK NPUBOIAM K NEPBOHA%AALHOT Kpalitel
MouKke MHONACECTNBE JONYCMUMDBLET INEMEHOE.

Zoxazameavcmeo. 3 npemyioxkenns 13 ciemayer, 9TO JTOCTATOTHO J0-
Ka3aTbh, YTO CTOJONMBI MATPHUILI A, COOTBETCTBYIOIINE OAZMCHBIM 3J1e-
MEeHTaM, JIHHEIHO He3aBUCUMEI.

OTMeTuM, YTO BO BCEX ONHMCAHHBIX METOJAX Ha KarKJIOM JTalle MbI
BBIBOJINM U3 PACCMOTPEHHSA JTHOO CTOJI0eI, THO0 CTPOKY MATPHUIH X .

JlokazarebCcTBO poBeAeM uHaAyKueit mo n+m = k. Ilpu n4+m = 2
Marpui@a A COCTOUT U3 OJHOIO CTOJIONA U YTBEPZKICHUE TPEJIJIOKEHMS
oueBuHO. [Ipemnosoxkum, aro mist n + m = k cToyOIbl, MOy daeMble
STUMH MEeTOJaMW JIMHEHHO He3aBUCHMBI. /[oKarkeM COOTBEeTCTBYIOIIee
yTBep:kaenne aiga n +m = k + 1. He orpannduBass oOIIHOCTH MOXKHO
CUNTATDh, UTO HA IEPBOM dTalle U3 PACCMOTPEHHS BBIBOJIUTCS IepBasd
CTPOKA WJIH MEePBbIii cTOJIOEI (B IPOTUBHOM CJIy4ae Mbl MOZKEM CTPOKH
WU CTOJIONBI TTePEOBO3HATUTD ).
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Ecan MBI BBIBOAUM M3 pACCMOTPEHHS MEPBYIO CTPOKY MATPHUIIBI, TO
9TO O3HAYAET, YTO MePBBIii MyHKT oTmpaBieHns A; oOCTyKeH IOTHO-
CTBIO, T11 — Oasucublil ssement, a r1; = 0, 7 = 2,...,m. Ilepsoe
orpanuyenne ypasaenuii (50) Boinosneno. [Tosromy B Marpuie orpa-
HUYeHnit A MOKHO yOpaTh NEPBYIO CTPOKY U TepBbie m ¢ToJ01oB. [list
HOBOIl MATPHIIBI 1O TPEIMOJI0KEHNI0 WHIYKINU TOJIYYeHHBIE JTFOOBIM
13 PaCCMOTPEHHBIX MeTO0B Oa3MCHBIE 3JeMEHThI CTOAT B N + m — 2
JINHEHHO He3aBUCHUMBIX cTOJ01ax. /JlobaBienue cTobna ¢ e TMHAIEH Ha
mepBoM MecTe (U eIne Ha OJHOM) K 7 + m — 2 JINHeHHO He3aBUCHMbIM
cTobmaM ¢ pacmmpeHneM u g00aBIeHHeM Hy/Is Ha IIepBOoe MeCTO K
KazKJIOMY U3 9THX CTOJIOLOB UPUBOJAUT K cucreme u3 n+ m — 1 juHeii-
HO HE3aBHCHMBIX CTOJIOIOB.

Ecyim MBI BBIBOAMM M3 pACCMOTPEHHUs THEPBBIi CTOJI0EI, MATPHUIIBI, TO
9TO O3HAYAeT, YTO MEePBBIii MyHKT HasHadeHust B; 00CIy»KeH MOJIHO-
CTBIO, T11 — Oa3uCHBI memenT, a £ = 0, K = 2,...,n. Ilepsoe orpa-
Hudenne ypasaeruii (51) Boimosaeno. [1oToMy B MaTpuile orpanude-
Huii A MoxkHO yOparh m + 1 cTpoky u eme n cTosabnoB. s HOBO
MAaTPHUIILI 10 TPEIIOMI0KEHNI0 HHIYKIMK TOJTyYeHHbIe JTIOOBIM I3 pac-
CMOTPEHHBIX METOIOB OA3UCHBIE JeMEeHTHI CTOAT B N + m — 2 JTHHEHHO
He3aBuCUMbBIX cTo/i0nax. /lobasienue crosibia ¢ ejunuieit na n+ 1 me-
cre (u emie HAa OJHOM) K T + M — 2 JIMHETHO HE3aBUCHMBIM CTOJIOIAM
¢ paciimpeHueM W J100aBJIeHHeM Hy/Is Ha N + 1 MecTo K KayKI0My W3
9THX CTOJIOIOB MPUBOIUT K CUCTEME U3 N+m— 1 JIMHEIHO He3aBUCHMBIX
CTOJIOIOB. Ul

24. 3AOAYA, IBOVCTBEHHAS K TPAHCIIOPTHOI 3AJIAYE.
METOA MOTEHIINAJIOB

T[To/ib3ysICh 3AIMCHIO TPAHCIIOPTHOI 33/1a41 B KAHOHUIECKOH hopme
(53) m BugOM aBOWCTBEHHOI eif 3amaun (cMm. (32)), mosrydaem 3aady,
JABOMCTBEHHYIO K TPAHCIIOPTHOM:

y*-b— max, y'A<c".
Ecan monoxurb
*
Yy :(ula"'7u7wvl:"'avm)v

TO JBOIICTBEHHAs 3a7a9a MOKET OBITDH [EepelucaHa B BHE:

Zukak + Z v;b; — max,
(54) sy P

up+v; <cy, k=1,...,n 7=1,...,m.

JIBoiicTBeHHbIE TIepeMeHHbIe U = (U, ..., Uy) U U = (V1,. .., V) Ha-
3bIBAIOTCS MOTEHIINAIAMMU.

OmHoBpeMeHHOE pacCMOTpPeHne HCXOAHON W JIBOMCTBEHHON 3a1adu
MIPUBOJIUT K METOJY PEIleHnsd, Ha3bIBAEMOMY METOIOM MOTEHIINATIOB.
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[Iycth m1d mexomHoOit TPAHCTIOPTHOW 3aa9W HaiileH MmepBOHAYATb-
HBIIl TJIAH TEPEBO30K X, ABAAIONUNCA KpalHeil TOYKOH MHOXKECTBA
jonyctuMbix 3Hadenuit. O comepxkut n + m — 1 HeOTpUIATEIHHBIX
KOMIIOHEHT, KOTOPbIe Mbl Ha3biBaeM Oa3uCHBIMU (IPU €ro HAXOXKIeHUH
MOZKHO HCIIOJIb30BaTh JIIO00I W3 ONMUCAHHBIX Bbillle MeTOI0B). IHeK-
cot (k,7) coorBercTByONINE GA3UCHBIM KOMIIOHEHTAM OY/I€M HA3bIBATH
6a3uCHBIMU HHJEKCaMU. MHOXKecTBO 6a3ucHBIX nH1eKCoB (k, J) 0603Ha-
quM depe3 B.

Paccmorpum cuctemy m3 n + m — 1 ypaBHeHUi 11 Ompeje/IeHus
n + M MOTEeHIHAJIOB Uy, Vj:

(55) Up, + Vj = Cgy, (k’,j) € B.

CTpoKH MATPHIBI 9TON CHCTEMBI (€CJTH PACIIOJOKATH HEN3BECTHBIE B
HOPSIIIKE Up, U, -+« y Uy, U1, V2, .« . .y Upy) COBHATAIOT ¢ GABUCHBIMU CTOJIO-
IaM¥ ¥ TO3TOMY JUHEITHO He3aBUCHMBL. 3 m0KazaTenbcTBa JIeMMBL D
caeIyer, 9To J00oil crober] cucreMsl (55) ecTh JnHelHAS KOMOHHA-
s ocTaIbHBIX. OTCIOZa BBITEKAET, YTO JIOOYI0O HEM3BECTHYIO B CH-
creme (55) MOXKHO HPUHSATH 338 CBOOOHYIO HEU3BECTHYIO, & OCTAJIbHbBIE
TOIJIA OJIHO3HAYHO Bbipa3sdTcs yepes Hee. [lojioxkum, nanpumep, u; = 0.
Torya ocrasbubie 7+ m — 1 MOTEHIMAIOB ONPEIETIATCH OJIHO3HATHO.

Jlexiuga 13
1 00 0 . 0 0 0
0 0 011 1 0 0 0
A — 00 0 0 0 . 0 11 1
0 010 . 0 0 0
0 1 0 01 0 01 0
0 0 10 0 . 1 0 0 1
Monosxum C = {2}, rae Gy =up + v, k=1,...,n, j=1,...,m,

a maTpuiy A onpegennMm ciaepyomnm obpasom: A = C — C.

Teopema 22. FEcau x — kpatinad mouka 6 mpaHcnopmuot sadayve u
A >0, mo x Aasaaemcsa pewenuem mpaHcnopmmot 3a0dai.

Jokasamenvcmeo. Yemosue A > (0 03HAYAET, UTO HaliTeHBI MOTEHITHA-
JIbI Ul 1 Uj TaKue, 4TO

up+v; <cy, k=1,...,n, j=1,...,m,
npudeM u, + v; = ¢ upu (k,j) € B. TakuMm 06pa3om, BEKTOD
(ul, ey Uy, U, . ,vm) ABJIAETCA OOIYCTUMBIM B ABOWCTBEHHON 3a1a-

ve (54).
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C apyroit cTopomsl, OCKOIBKY Z; = 0 mpu (k, j) ¢ B, To

n m
*
o= g E CrjTrj = E CrjTrj = E (wk, + vj) Tk
k=1 j=1 (k.j)eB (k,j)€B
n m

=3 (ke +vj)wy
k=1

J=1

PaszbuBas moc/eHIo0 cyMMy Ha jaBe u yautbiBast yciaosus (50) u (51),
110JLy YaeM

n n

m n m m m n
cx= E E ULy + E E ViZTy; = E U E Ly + E Uj E Tkj
j=1 k=1

k=1 j=1 k=1 j=1 k=1 j=1
n m

= E Up Gy + E v;b;.
k=1 J=1

Orcroga u3 CIeCTBASA D BBITEKAET, 9TO T — PEeIIeHne HCXOMHON 331441,
a (u, v) — penrenue B JIBOMCTBEHHON 3a/ia4e. O

Yeaosue A > 0 gBisiercs He TOJIBKO JOCTATOYHBIM, HO M HEOOXOJIH-
MBIM JIJIs1 HEBBIPOKIEHHBIX TPAHCIIOPTHHIX 33 1a4. /Ij1s1 JoKa3aTe/ ibcTBa,
3Toro pakTa HaM MOTPEOYIOTCA HEKOTOpPhIE BCIOMOTaTeIbHbIE YTBED-
JKJIeHU.

JIemma 6. Jhobot murop mampuuyse A (52) pasen aubo 0, aubo +1.

Zoxazamenvcmeo. JlokazaTeabCcTBO MPOBEIEM € MOMOIIBIO WH/IYKITUN
10 TMOPAIKY MHUHOpPOB. /I MuHOpPOB mopsnka 1 yTBep:KaeHue JeMm-
MBI OUeBHUIHO. [Ipeamoiokum, 9T0 yTBepXKIAeHue JTOKA3aHO I BCEX
MuHOPOB A mopsnka k — 1. /lokazkeMm CIpaBemIMBOCTH YTBEPZKICHUS
JIEMMBI JIJId MUHOPOB nopsaka k. Pasnesum crpokn marpunst A Ha jase
TPYIIbI: TIEPBBIE N CTPOK OTHECEM K IMEPBOI TPYIIE, a MOCIeIYIONIne
m cTpok — Ko BTOpoit. [lycth Ay — Npou3BOJIBHBIT MUHOD TOPSIIKA,
k. Kaxapiii crosben, A, MoXKeT cojpep:Karh Jn00 JiBe eIuHUIbI, JTub0
OJTHY €JMHWUILY, JTUOO CILJIONIH COCTOSITH U3 HyJseil. B mociemgnem ciydae
oueBuaHO, 9T0 A = 0. [IycTsh KaxK b1l cToben Ay cOMEPKUT XOTsI ObI
omay equHAILy. Torma BO3MOYKHBI /IBa CIydas:

a) Xors OBl B OJIHOM CTOJONE A COIEPIKUTCSA OTHA €IUHUIIA,
6) BO Beex croabuax Ay COAEPKUTCH POBHO JBE €JIMHUILbL.

B ciyuae a) Bbibepem croJiber, coAeprKaliii OJHY eJUHUIYY U pas3-
JIOXKUM 110 Hemy wucciaeayeMbiit muaop. [omyaum, aro A = £A] |,
rae A)_; — Hekoropbiii Munop A nopsiaka k — 1. V13 npenosioxenus
WHIYKINN BeITEKaer, uTo Ay pasen au6o 0, 6o +1.

B cayuae 6) cpean ¢Tpok Ay UMEIOTCS MPeICTABUTENN KaK MePBOi,
TaK U BTOPOi TPy CTpOK. BozbMmeMm J00y0 cTpoKy Ap, IpHHAITe-
JKAIyIo MepBoil TpyIe, U TpudaBUM K Heil Bce OCTaIbHBbIE CTPOKH W3
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9TOoii 2Ke rpynmbl. [ToaydnM cTpoKy, comep:Kanlyio Bce eIUHANBI. AHa-
JIOTUYHO, TpuOaB/sist K JIF0O0H cTpokKe BTOPOil IPYIIIBI BCE OCTATbHBIE
CTPOKHU U3 ITOI Ke I'PyIIibl, CHOBA HOJYyYUM CTPOKY, COCTOAIILYIO U3
Beex eamuunil. [Tosromy B paccmarpubaemom ciaydae Ay = 0. O

Jlemma 7. Jas amobwz (ko,jo) € B cywecmeyem sexmop t = {ty;}
maxoti, wvmo At =0 u

+1 wau 0, (k,j) € B,
tk] = ]., (k,]) - (k07j0)7

O, 6 0CMaAbBHHIL CAYHYAAT.

Jloxazamesvecmeo. BekTop € JOIKeH yl10BJIETBOPATL CUCTEMe

Z Akjtr; = —Akojos

(k,j)eB

rae Ap; — coorBercTByIomuii crober MaTpuns A. Beibpas n+m — 1
JIMHEHHO HE3aBUCUMBIX CTPOK B 3TOH cucteMe (ITO BO3SMOXKHO CJIeTaTh,
Tak Kak 1g A = n+m — 1), nojay4um cucreMy ¢ HEBbIPDOXKJIEHHON MaT-
pureit A
At = —b,

rae t = {ty;}, (k,j) € B, a cronben b — nosyden u3 croabua Ay,
BBIOOPOM COOTBETCTBYIOIIUX CTPOK. Pelras Ty cucreMy IO MpPaBIILY
Kpawmepa, 6yjiem umeThb
_ Al
- T

Al

rje MaTpHIa flkj OJIyIeHA W3 MATPHIBL A 3aMeHof cToabua (k,j)

7%

Ha crosbern b. I3 jmemmbr 6 ciemayer, 9To \fl] = +1. Marpuna Ag; ¢
TOYHOCTBIO JIO 3HAKA M [MEePEeCTAHOBKHU CTOJIONOB TaKyKe SBIIETCHI HEKO-
TopeiM MuHOpOoM A. ITosromy ompegenuTens 9Toil MaTpuinl paseH 0
nian +1. O

Teopema 23. FEciu v — kpatinas mouwka 6 mpaHcnopmmot 3adaue c
n+m — 1 nososcumesvHvMU KOMNOHEHMAMU U

nknn Akj < 0,
7-]

mo cywecmeyem naak T makod, wmo ¢ - T < ¢ - x.
Jloxazamenavcmeso. IlycTh

min Agj = Apgjo-
7]

[Tonoxkum T = x + tt, rie t u3 gemmMbl 7. Beibepem t > 0 jocTaToqno
MaJtbiM, 9TOOBI &+t > 0 (B KayecTBe ¢ MOKHO BBIODATH MUHUMAJTHHOE
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T, U3 TeX, JJIs KOTOPHIX cooTBeTcTBYyIomue ty; = —1). Torma z + tt —
JIONYCTUMBIi 3JIEMEHT B 3aJa4e W B CHJIY TOTO, 9TO

Crj = Apj + Crj = Apj + ug + vj,
UMEIT MeCTO paBE€HCTBa

n n

cT—cr=tc-t= ZAk]+uk+vj)th: Z kith;
k=1 j j=1

k9+tZUJZth _tAkojo < 0.
Jj=1 k=1

ITocrenme aBa caaraeMble B 9TOI CyMMe PaBHBI HYJIO B CHTY TOTO, YTO
At = 0. Cnaraempie Ag;ty; = 0 ipu (k, j) # (ko, jo), Tak Kak Ag; = 0
upu (k, j) € B, aty; =0 upu (k,j) ¢ B u (k, j) # (ko, jo)- O

N3 Teopem 22 m 23 HemocpeACTBEHHO BBITEKAET

n

+1
k=1

||M3 l

CaencrBue 6. Kpatitas mouka T AGAAEMCA DEUEHUEM 6 HEBBLPONC-
dennotl mpancnopmmoti 3adave moada u moavko moezda, kozda A > 0.

25. AJIOPUTM PEIUEHNSI TPAHCIIOPTHOII 3AJAYN C IIOMOILBIO
METO/JA IIOTEHIINAJIOB

CdopmynupyeM TpaBUIO pelleHns TPAHCIOPTHON 3a1a9i METOI0M
moTeHnuaaoB. [1a pemnrernss TpaHCTIOPTHON 3a71a9W CJETIYET:

1. IlpuBecTu 33724y K 3aMKHYTOM MOJIEJIN.

2. HaiiTu nepBoHava/IbHBI TIJIAH TIEPEBO30K T, SIBJISIONIUICS Kpaii-
Heil TOYKON MHOXKeCTBa JOIYCTHUMbIX TOYEK (MPH HAXOXKJICHUH
MOZKHO HCIIOJIb30BATh JIIO0OI U3 OMUCAHHBIX BBIIIE METOIOB).

3. Haiitu moTenmuasl uy, v; 03 CHCTEMSLI (55) U MOCTPOUTH MATPH-
ny C' = {¢;}, tme & =u, +vj, k=1,...,n, j =1,

4. TIposectn nccaenosanue Marpuisl A = C' — C. Ecin A > 0, to
UCCJIeyeMblil IJIaH T SBJISETCS PElIeHueM.

5. Ecan

min Ay = Agyj <0,

k.j
TO CTPOUTH HOBBII ILTAH MEPEBO30K CJIEAYIOMIM 00pa30M: IO.JI0-

/ _ I ) ) ]

HKUM Ty o0 = T, T = Tpg 6 uan Ty; 1 GA3UCHBIX MHJEKCOB J, k
TaK, 4TO0bI T} ; MO-TPeXKHeMY ObLIM HEOTPHIATETbHBI, HO OJHA
n3 0a3UCHBIX KOMIIOHEHT 0OpaTu/ach Obl B HOJIb. BekTop MaTpu-
bl A, COOTBETCTBYIOIINI 3TON KOMIIOHEHTE, BHIBOIUTCS U3 YUCTIA,
6a3uCHBIX, a BEKTOP MaTpuibl A, cooTBeTCTBYIONIMIT WHIEKCaM
ko, jo BBOJUTCSA B 9UCJIO OA3UCHBIX BEKTOPOB. 3aT€M BHOBb HAUU-
HAETCS UCCJIe0BaHUe MOJYyYeHHOI Kpaiineil Touku 2/, T.e. mepe-
XOINM K II. 3.
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B HeBBIpOXKIeHHOMN 3ajadue B HOJTb MOXKET OOPATUTHCS TOJhb-
KO OJIHA M3 KOMIOHEHT BeKTopa &’. B BHIpOXKIeHHO# 3a1a4e Ta-
KOBBIX MOXKET ObITh HECKOJIbKO. B 3ToM ciiydae u3 ducia Oa-
3UCHBIX 9JIEMEHTOB MCKJII0YAETCS J00ast KOMIIOHEHTA ¢ HYJIEBbIM
3HAYEHNEM, KaK MMPABUJIO HCKJIIOYAETCS KOMIIOHEHTA ¢ HAanOO/Ib-
meil CTOMMOCTBIO TTIEPEBO30K.

IIpumep 25.1. PaccMoTpuM TpaHCIOPTHYIO 3a/1a4dy u3 npuMepa 23.1.

by =40 | by =15 | b3 =42 | by =13
a; = 10 2 1 D 11
az = 80 4 3 4 2
as =20 6 2 7
Puc. 39

Bribepem B kauecTBe HaUaIbHOT'O IJIAHA TOT, KOTOPbIH ITOJIYYaJICS 110
MeTOJLy “‘CeBepo-3aliaIHOro yrJa’.

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 15 35
az =20 7 13

Puc. 40

Haitnem morennuasisl u mocrpoum marpuiy C.
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vp=2|vy=1|v3=2|vu=3
Uy = 0 2
Uy = 2 4 3 4
Uz = 5) 7 8
Puc. 41
U1:2 U2:1 U3:2 1)4:3
uy =0 2 1 2 3
Uy = 2 4 3 4 )
Us =5 7 6 7 8
Puc. 42
by =40 | by =15 | b3 =42 | by =13
a; = 10 2 1 5 11
as = 80 4 3 4 2
asz = 20 6 2 7
Puc. 43
Nmeem
0 0 3 8
A=C-C=10 0 0 -3
-1 -4 0 O
Munumasibabiii ss1eMenT Agy = —4 < 0. JobaBjisss B nepBOHAYAb-

HBII TIJIAH HA MECTO HYJIEBOTO HEDA3MCHOIO JIEeMEHTA T3y BEJIUUUHY t,
MOJIy YUM

by =40 | by =15 | b3 =42 | by =13
a; =10 ?
as = 80 ? 15—t ?
az = 20 t ? ?
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CL1:10 ?
(12:80 ? 15—t ?
az = 20 t ? 13
Puc. 45
b1:40 b2:15 b3:42 b4:13
a1:10 ?
CLQ—SO ? 15—t ?
az =20 t 7T—1 13
Puc. 46
by =40 | by =15 | by =42 | by = 13
a1:10 10
az = 80 30 15—t | 35+t
az = 20 t 7T—1 13

Puc. 47

[TosiokuB t = 7, TOJIlyunM BTOPOIi IJIaH MepeBo30K (puc. 48).

by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 30 8 42
az =20 7 13

Puc. 48

SHaveHre MUHUMHU3UPYEMOTO (DYHKIHMOHAJIA, st 9TOro miraHa 450
(Ha TepBOHAYATIBHOM ILIaHe OHO OBLTO 479).
Haiizem BHOBB norennmal/ibl 1 nocrpouM marpuiy C'.
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n=2|1v=1lvs=2|vs=7
Uy = 0 2
Uy = 2 4 3 4
ug =1 2 8
Puc. 49
’01:2 U2:1 U3:2 U4:7
uy =0 2 1 2 7
Uy = 2 4 3 4 9
uz =1 3 2 3 8
Puc. 50
Nveem
003 4
A=C-C=100 0 -7
304 0
Munumasibibiii asiement Agy = —7 < 0. Jlobapiisiss B 1epBOHAYA/Ib-

HbII IJIAH HA MECTO HYJIEBOI'0 HeDA3MCHOI'O dJIEeMEHTA To4 BEJUYUHY
IOy YUM

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 88—t 42 t
az =20 T+1 13—t

Puc. 51

[Mostoxxus t = 8, noryuum Tperuil 1iaH 1epeBo3ok (puc. 52).

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 42
az =20 15 5

Puc. 52

SHaveHne MUHUMHU3UPYEMOTO (bYHKIIMOHAIA JJIs ITOTo IiaHa 394.
Haiizem BHOBB moTeHIma bl U ocTpoum matpuity C.
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76
V=2 |v=-—06|v3=2|v,=0
uy =0 2 —6 2 0
us =8 10 2 10 8
Puc. 53
Nmeem
0o 7 2 11
A=C-C=|[0 7 0 0
-4 0 -3 0
Munnmasbabiit sement Az = —4 < 0. JobaBisis B nepBOHAYAb-

HBIl TIJTAH HA MECTO HYJIeBOrO HeOA3UCHOTO JIEMEHTA T3; BeJHYHHY i,

IIOJTY YU M

[TostokuB t = 5, MOJIydnM YeTBEPTHI IJIaH MepeBo30K (puc. 55).

SHaveHne MHUHUMU3UPYEMOTO (YHKIIMOHAIA JJIs TOTO ILTaHa 374.

by =40 | by =15|b3 =42 | by =13
a1:10 10
a, =80 | 30—t 42 8+t
as = 20 t 15 5—t
Puc. 54

61:40 62:15 63:42 b4:13
a; = 10 10
az = 80 25 42 13
az =20 3 15
Puc. 55

Haiiiem morenmuansl u moctpouM Marpuity C' (puc. 56).

V=2 |1v=—2v3=2|v,=0
up =0 2 —2 2 0
Uy = 2 4 0 4 2
us =4 6 2 6 4

Puc. 56
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Hnmeem
0 3 3 11
A=C-C=1]030 0
0 01 4

B cuny Toro, uro A > 0, HOCTpOEHHBII YeTBEPTHIi ILJIaH IIePEeBO30K sIB-
JITeTCs ONMTUMAJIbHBIM U CyMMapHasl CTONMOCTD IepPeBO30K paBHA 374.
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BOmIPOCHI K SK3AMEHY

1. Boimykseie MmuoxkecTBa. Boimykmas obonouka. Adduraoe mos-
npocrpancTso. Addunnag ob6omouka. PazMepHOCTHL MHOMKECTBA.
2. Teopema Kapareoiopu. Teopema 0 BblyKJ/10# 000JI04KH KOMITAK-
Ta B KOHEYHOMEPHOM HPOCTPAHCTRE.
3. Konnueckasi obosiouka. Teopema Kapareogopu jijist KOHHIECKOit
000JI0YKH.
4. Teopema Panona.
5. Teopema Xemnnn.
6. Beimykuble pyuknuu. Yeaosus Beinykiaoctu. Teopema Kapymma—
Kyna-Takkepa.
7. Cy6auddepennuan. CyoauddepeHInan HOpMbI.
8. Cyomuddepennuan Boinyk/i0it auddepennupyemoit dyHnxmmm.
Teopema Pepma B cybauddepentmanbioit hopme.
9. Cyomuddepennuanpuoe ucaunciaenne. Teopema Mopo-Pokade-
Jlapa.
10. Teopema /ly6osunkoro-MuoTnna.
11. Cyoauddepenrmanipuas ¢popma teopeMmbl Kapyma—Kyna—Taxk-
Kepa.
12. JIBoiicTBeHHOE ONMHUCAHKE BBIMYKJIBIX 3aMKHYTBIX MHOYKECTB.



78

13.
14.
15.

16.

17.

18.

19.

20.

21.

22.
23.

24.
25.
26.
27.
28.
29.
30.
31.

32.

33.

34.

35.

36.
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Teopema o moroueunoit Bepxueit rpann apOUHHBIX DYHKITHII.
Conpsxennas dyuknug. Teopema Penxens—Mopo.
JIBOMCTBEHHOCTH IKCTPEMAJBHBIX 3aJad. 3aJjava JIHHEHHOTO
POrpaMMUPOBaHUs B HOPMaJibHOU (opMe U JIBOMCTBEHHAs K
HEMH.

Teopema 0 3aMKHYTOCTH KOHEYHOTIOPOXKJIEHHOTO KOHYCA.
Teopema o cyiecTBOBaHUM peIIeHHS 3aJa49d JIMHEHTHOTO IIpO-
rpaMMHUPOBAHHUS.

Teopema 0 ABOHCTBEHHOCTHU JJIs 3aa41 JTUHEHHOTO ITPOrPpaAMMHU-
pOBaHUSI.

Pasymmanbie hopmbl 3a1a9 JIMHEITHONO IPOrPAMMHUPOBAHKS U CO-
OTBETCTBYIOIIUE JBONCTBEHHbIE 3a/1a4H1.

Boiykiibiit anajinz u Teopus JMHEHHBbIX HepaBeHCTB. Teopema
Munkosckoro—Papkaria.

Teopema Ku @ans.

Teopema [eiina.

[Ipumepnl 3a/1a4 JTUHEHHOrO ITPOrpaMMHUPOBAHUS. 3a/1a9a OITH-
MaJIbHOTO IJTAHUPOBAHUS IPOM3BOJICTBA M TPAHCIOPTHAA 3a/1a-
Ja.

Sanadya HA MUHUMAKC.

Kpaiinue Touku B 3ajia4e JIMHEWHOIO POIrPAMMUPOBAHUSA
CuMIIeKCc-MeTo 1 pelnennsi 3324 JIMHEHHOTO MPOrpPaMMHUPOBa-
mnst. Coayuait A > 0 n cayyait A, < 0, 2% < 0.
CuMILIeKc-MeTo | perenust 3aja4 JIMHEHHOTO TPOrpaMMUPOBa-
Husi (OCHOBHAsSI TeOpeMa).

Metoa uckyccTBeHHOro 0Oasmca i HaXOXKJIEHHS HadaIbHOMI
KpaliHeil TOUYKH.

Tpancnopthnasg 3amada. 3aMKHyTas Mozaenb. CBejeHne He3a-
MKHYTBIX MO/Ie/Iell K 3aMKHYTbIM.

CymiecTBoBaHUe ONTUMAJIBHOTO TLJIAHA TEPEBO30K B TPAHCIOPT-
HOI 3a/1a4e.

CpoiicTBa MaTPHUIIBI OPPAHNYEHUIT B TPAHCTIOPTHON 3a1a4e (paHr,
JIMHeHHAsS He3aBUCUMOCTD CTPOK).

MeToabl HAXOXKIEHHS HadYaJbHOU KpaiiHeil TOYKN B TPaHCIOPT-
HOII 3amade.

JlokazaTeTbCTBO TOrO, UTO MEPBOHAYAJIBHBIN ITLIaH MEPEBO3OK,
[OJIy4aeMblil 110 MeTojaM “CeBepo-3aliaIHOr0 yrija’, MUHEMYMa
110 MaTpPUIle, CTPOKE WM CTOJIONA, IIPUBOJAUT K KpaiiHeil To4ke.
Meros norennuaJsion. Jlocrarodnoe ycjaoBue Jijist ONTUMAJIbHOCTH
IJIaHA MTEPEBO30K.

Teopema o cylecTBOBaHWYM JIyYINNero ILIaHa TEPEeBO30OK MpH
mink,j Akj < 0.

AJropuT™M peleHuns TPAHCIOPTHO 3aa4Un ¢ MOMOIIBI0 MEeTO/1a
MOTEHIIHATOB.



