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Jlekmus 1
1. BBEJIEHUE

Muorue mpuyuHbl MOOYZKJIAIOT CTABUTHh M PEIIATh IKCTPEMAJIbHbIE
3aj[a4u, T. €. 33Ja4d Ha MAKCUMyM U MHUHUMyM. IHTepec K HUM TpO-
SIBUJICS YK€ Ha 3ape Pa3BUTHUS MATEMATUKH W OCHOBHBIMU CTHMYJIAMU
OBLTH JTIOO03HATEILHOCTD U CTPEMJICHHE K COBEPIICHCTBY.

Cpean HamboJiee paHHHX, TOYHO PEIIEHHBIX 337a4 — TaK Ha3bIBae-
Mas u3onepumempuveckan 3adavwa — 3agada o popMe KpUBOH 3a1aH-
HOIl JITMHBI, OXBATBIBAIOIIEH HANOOJIBIIYIO ILTOIATH (OTBeT B Hell Ipu-
BO/IIJI B CBOMX cOYMHEeHUsIX emle Apucroresib — [V B. J10 H. 9.) 1 3aa4a
0 ¢opMe TOBEPXHOCTH 33JIAHHON ILIONIAJIM, OXBAThIBAIOIEH HANDO/Ib-
muit 00bem. OTBeTH Ha 9TH 3a1a49u J1j1st MbicauTeseii Ipesneit ['pernun
OBLTM CUMBOJIAMY COBEPIIEHCTBA Y€JI0BEYECKOr0 pasyma. Kpynueiinme
ux npejcrapurTenn: EBkanga, Apxumesn n ANOJIOHWN CTaBUJIA W Pe-
A pa3udHble TeOMeTpUYecKue 3aJa4dd Ha IKCTpeMyM. 3ajada o
NAPAANEAOZPAMME HAUOOALWET NAOUWGOU, KOMOPBLT MOHCHO SNUCAIMD
6 mpeyzoavnuk npuogurcsa B “Hawanax” Eskiuma (III B. go H. 3.);
331294 0 WaAPOBOM CE2MEeHME MAKCUMAALHOZ0 005EMa NPU 3a0aHHOT
NAOWaJY WaPo8OT Hacmy NOBEPTHOCIUY IMO20 CE2MEHMA COIEPIKUTCS
B counnennsix Apxumesa (roxe III B. g0 H. 3.); 3ama4a 0 Munumasb-
HOM PACCMOAHUL OM MOUKU NAOCKOCTU J0 INAUNCE U O HOPMAAAX K
AANUNCY U3 NPOU3BOALHOT, MOUKY NAOCKOCTU ObLIa TOCTaBJIEHA W Pe-
mena Anosutonuem (III-11 B. 1o H. 3.) B ero 3namenuThix “Konnkax”.

Jlonroe BpeMs KaxKjas 3ajada pelrajach UWHIUBU/IYAJIbHO, I0-CBOE-
My. [lepBblii mar K uccjieIOBAaHUIO SKCTPEMATbHBIX 3a/1a9 ObLI /e IaH
I1. ®epma B 1638 r0/1y, KOTOPBIH JOKA3aI (B COBPEMEHHBIX TEDMUHAX ),
YTO MPOU3BOAHAS (DYHKIIUN B TOUKE €e JIOKAJTHHOTO KCTPeMyMa paBHA
HYJIO (XOTSI IOHUMAHKE 9TOrO SIBJICHUS MOKHO U3BJI€Yb U U3 O0Jiee paH-
Hux BbickasbiBanuii 1. Kemepa). lanHoe cobpiTne 00BIYHO CYUTAIOT
HAYa/JIOM CTAHOBJICHUS] TEOPUHU IKCTPEMyMa.

BareM 0T paccMOTpeHusT 3329 Ha MAKCUMYM U MUHUMYM J1J1sT (DY HK-
U OJIHOrO IEePEeMEHHOI'0 IEePelLTd K PACCMOTPEHUIO SKCTPEeMaIbHBIX
3aJ1a4, TJe IepeMeHHble — caMu (DYHKIUH, T. €. 3JIeMeHThl OeCKOHed-
HOMEPHBIX IPOCTPAHCTB. DTHU 3a/Ia9d MOPOJIUIN HOBOE HAIIpaBJECHHE B
MaTeMaTHuKe, MOy YUBIIee HA3BAHUE 8aPUAUUOHHO20 UCHUCAEHUA. POXK-
JIeHMe BapUAIMOHHOI'O UCYUC/IEHUS YaCTO CBA3bIBAIOT C 3a/ia4eit o Opa-
xucroxpone, nocrasjaennoit . Bepuymm B 1696 romy. Dto 3ama4da o
¢dopme KpuBoOii HauCKOpeiiero ckara, T. €. 0 hopme KpuBOil, coeIHsI-
IOIIei JiBe TOYKU B BEPTUKAJIbHON IJIOCKOCTH, BJI0JIb KOTOPO# TeJI0 MO/
JICTBHEM CHJIBI TSyKeCTH 6e3 TPEeHHsS MPOXOJUT MYyTh OT OJHOW TOY-
KU JI0 IPYTOil 3a Kpardaiiiiiee BpeMsi (MOCTAHOBKA, MO-BUJIUMOMY, ObLIA
HaBestHa 0oJiee PAHHUME PAa3MbBIILIeHUAME [aTuies Ha 9Ty Temy).

OCHOBHBIM MOTHBOM /[IJI PAa3BUTHA BapHAIMOHHOIO HCUHCTEHUS
SIBIJIOCH TO, YTO MHOTHE 3aKOHBI TPUPOIBI, KAK BBIICHUIOCH, UMEIOT
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9KCTPEMAJIbHBI XapaKkTep, T. €. OHU HeKHM 3araJ0uHbIM 00pa30M sIB-
JIIOTCSl PENIeHUsAME 33724 Ha MAaKCUMyM u MuHUMyM. JI. Ditmep mo
9TOMY II0BO/ly BbICKa3aJicd Tak: ‘B Mupe He IPOMCXOJUT HUYErO, B YeM
He ObLJI Obl BUJIEH CMBIC] KAKOTO-HUOY/Ib MAKCUMyMa WJIM MUHUMYMa' .

2. DKCTPEMAJIbHBIE 3AJIAUN, UX ®OPMAJIN3ALINS

Baaun Ha SKCTPEMyM W3HAYATBHO CTABSATCSH, KaK MPABUIO0, HA ST3bI-
Ke Toit o0J1acTu 3HAHWI, N3 KOTOPOl OHU TTPOUCXOAT. st TOro, 4TOOB!
9TH 3390 HCCIeOBATH MATEMATHIECKIMU CPeICTBAME, HEOOXOTIMO
MepPeBeCTH UX HA MATeMAaTHYeCKUil gI3bIK, T. €. (hopmasu306ams. DTOT
MPOTIECC 3aKTI0YAeTCI B OMUCAHNN MUHUMHU3UPYEMOTO UJIA MAKCUMU3H-
pyemoro GbyHKIHOHAIA f BMeCTe cO CBoeii 001acThio onpenenenns X u
MHOzkecTBOM orpanndenuit C' C X . @opMain30BaHHAs] IKCTPEMATbHAS
3a/1a49a 3alUCHIBACTCH TaK

(1) f(z) —» min(max), z € C,

U 3aKJIF0YAETCs] B HAXOZXKIeHUH TakuX To4YeK & € C') B KOTOpbIX QyHKIH-
onas f pocruraer cBoero MunnMmyMa (Makcumyma) Ha C. Takue Toukn
HA3BIBAIOTCS 2400046 HOLMU WA GOCONOMHBMU MUHUMYMAMU (MAKCU-
mymamu) B 3amade (1) win ee pewenuamu. Ecan Hac naTEpECyOT 1
TOYKHA MHHHMYMAa, ¥ TOYKH MAKCHMyMa, TO BMeCTO min(max) muiiem
extr u roBopuM 0 33Jaue Ha IKCTpeMyM yHKIHoHaa f.

Ormernm ere, 9T0 ecyiu T — pernenne 3a1a49n (1) Ha MEHEMYM (MaK-
CHMYM), TO SICHO, UTO T — peIlleHne aHATIOTHIHON 331241 HA MAKCHMYM
(MmunuMyMm) ¢ dbyuakmuonasom —f Bmecro f.

Touku u3 muoxkectBa orpanndenuii C' HA3bBIBAIOTCS JONYCMUMBLMU
B 3azaue (1). Ecim C = X, 1o 3amava (1) massiBaercs 3a1adeii 6e3
02paHU¥eHU.

[Ipu permennn MHOTHX KOHKPETHBIX 3aJia4 HaIIeil 1eabio OyaeT Ha-
XOKJIeHHe TI00ATBHBIX IKCTPEMYMOB, HO JIJIsl 9TOTO IPEIBAPUTEIHHO
IPUXOUTCS UCCJIEOBATH 334y Ha HAJMYHE JIOKATHHBIX IKCTPEMY-
MOB (T. €. JIOKaJbHBIX MEHUMYMOB U MakcuMyMoB). Eciu B X ompeje-
JIEHO HOHATHE “OKPEeCTHOCTH TOYKH', TO Touka T € C' Ha3pIBaeTCd .A0-
KaAbHOM MUNHUMYMOM (Makcumymom) B 3a1ade (1), ecom cymecTByer
takag ee okpecrnocrb U, uro f(x) > f(Z) (f(x) < f(T)) ansa Beex
pgonycrumbix © € U (1. e. gust Becex ©x € CNU).

3. ITPOU3BOJHAS OTOBPAYKEHU S

Kak y»ke oTmMedasioch IepBBIM MAroM K HCCIEI0BAHUIO IKCTPEMATIb-
HBIX 331249 ObL1 pe3yabrar [1. Pepma 0 paBeHCTBE HYJIIO TPOU3BOJIHON B
TOYKE JIOKAJBHOrO KcTpeMyMa, pyHKIuA. /115 Toro 4rodnr cchopmyiu-
POBATH 3TOT Pe3yJIbTAT B JOCTATOYHO ODINEM BHJIE, JAIMM OIpee/eHne
IIPOU3BOITHON O0TOOparKeHUsI.
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[Iycts X m Y — nunHeiinble HOpMupOBaHHBIE TpocTpancTBa. CoBo-
KYIHOCTH BCEX JIMHEHHBIX HempepbIBHBIX omeparopoB A: X — Y o06o-
saauum vyepe3 L(X,Y). D10 HOpMUPOBAHHOE IPOCTPAHCTBO ¢ HOPMOii

Al = sup [Az]ly.
llo]lx <1
B cayuae, korpa Y = R, L(X, R) coBnasaer ¢ MHOKECTBOM BCEX JIMHEH-
HBIX HEIPEPLIBHBIX (DYHKIIHOHATOB Ha X U HA3BIBAETCHA CONPANCEHHHLM
npocmpancmeom K X . ConpsizKeHHOE MPOCTPAHCTBO K X 0003HaYaeTCs
X",

OIHEM M3 OCHOBHBIX IPHMEPOB PACCMATPHBAEMBIX B JIaTbHEHIIIEM
HOPMHUPOBAHHBIX HPOCTPAHCTB OyIeT sIBIATHC Hpocrpanctso RY, mosx
KOTOPBIM MBI OYJ1€M MOHUMATh COBOKYITHOCTH BCEX YIOPSAJ0OYEHHBIX Ha-

I
GopoB x = | i | u3d meiictBurenbubix uncen (ecau d = 1, T0 9T0 MpoO-
Zq
CTO MHOZKECTBO JIefiCTBUTEe/ILHBIX uuces, u Mbl numem R Bvecro RY).
Dementsl € RY HazpIBaIOTCH 6€KMOPAMU WX 6eKMOP-CMOAOUAMU,
agucia xrj, j =1,...,d, — xoopdunamamu eexmopa x. 111 SKOHOMIH
MecTa, smemenTsl RY Gynem samucwiBaTh Tak o = (11,...,74)7, TIe
cuMBos T 06o3HaYaeT TpaHCIOHUPOBaHHE CTPOKH B CTOJ6eI (B 0bIeM
cTydae — TpaHCTIOHEpoBanze MaTpuibl). B RY ecrecTBeHHbIM 06pazoM
BBOJMTCs onepaist (IIOKOOPMHATHOIO0) CJI0ZKEeHHsI BEKTOPOB U Oli€Pa-
st (MMOKOOPAMHATHOIO) YMHOYKEHUsI BEKTOPA Ha YUCJIO, TPEBPAIIA0-
e 3TO MHOYKECTBO B BEIECTBEHHOE JIMHEHHOE MPOCTPAHCTBO.
[ycts © = (71,...,24)7 € RY. Benmuuna

lo| = /2t + ... + 2?3
Ha3bIBaeTCs daunoti uiu modysem Bekropa x. Llomoxus nis x € R
[2]lpe = ||

(Takasi HOpMa Ha3bBIBAETCS €6KAU060T HOPMOL), TIOJTyUUM JINHEHHOe
HOPMUPOBAHHOE IPOCTpancTBO RY.
[Iycts a = (ay,...,aq) — BEKTOP-CTPOKA U3 d JeHCTBUTENbHBIX -
cen. Jnga kaxmoro v = (z1,...,7q9)7 € R? momoxmm
d
a-Tr = E (ljl’j.
i=1

DTO0 MATPUIHOE TPOU3BEIEHNE BEKTOP-CTPOKH ¢ HA BEKTOP-CTOJIOEIT T,
KOTOPOe MHOT/JIA HA3BIBAIOT 6HYMPEHHUM npouseedenuem. ZcHO, dTO
oTOOpazKeHne T — a - T ecTh JuHefinbli ¢Gynxkmmonan #a RY. Jlerko
HOHATH, 4TO U JII06OH Jnueitnbiii Gyuximuonan | na R? 3amaercsa 1o-
no6ubiM o6paszom ¢ a = (I(eq),...,l(eq)), rue

e1 = (1,0,...,00%, ... ea=(0,...,0,1)T
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— emandapmmnit 6azuc B RY. TakuM o6pa3oM, COMPIZKEHHOe TPOCTPAH-
ctBo (RY)* MOKHO OTOMKIECTBHTD ¢ MHOKECTBOM, 3TeMEHTAME KOTOPO-
r'0 SBJIAIOTCS HAOOPBI U3 d JIeHCTBUTE/IHLHBIX YUCE], HO PACIIOJIOKEHHBIE
B CTPOKY (C AHAJIOPHYHBIME OLEPAIMSIMU CJOZKEHHs] U YMHOZKEHHs Ha
THCIIA).

[Iycts X m Y — HOopmupoBaHHbie npocTtpanctsa, a U — OTKpbI-
Toe noamuozkectBo X. Orobpaxkenne F': U — Y naswiBaerca aud-
depennmupyeMbiM B Touke T € U, ecam Haiimerca Takoil omeparop
A € L(X,Y), uro ans Beex h € X, nist Koropeix T + h € U cmpa-
BeJITUBO TIPeJICTABICHHE

(2) F(x+h)=F(Z)+ Ah+r(h),

rae r(h) = o(||h|lx) ([[7(R)|lyv/lIkllx — O upu h — 0). JIuneitubiii
omeparop A Ha3bIBaeTCA NPOM3BOAHON oTOOparkenus F B Touke T n
oboznauaercs F'(T). Herpysno nokasars €JMHCTBEHHOCTh ONEpaTOpa
A, yromierBopsitorero paBeHcTBy (2).

Eciu orobpaxkenue F' muddepennupyemo B Kaxkaoii Touke U, To
onpejiesnero orobpaxkenune F': U — L(X,Y), conocrasnsiomee x € U
npoussouyto F'(x). Eciu 510 oTobGparkenne HenpepbiBHO B T € U (Ha
U), To roBopst, 4ro orobpazxkenue F' nenpepvisto dugdepernyupyemo B
z (ma U).

PaccmoTpuMm HEKOTOPBIE TTPUMEDHI.

Ipumep 3.1. Ilycrs U — oxpectrocts Toukn T € RY. Torga dyukmnms
f: U — R mnddepernmpyema B TOUKE T, €CaM CYNIECTBYET JMHEHHBII
dbynkmmonan ma RY, 1. e. BexTop a = (ay,...,aq) € (RY)* Taxoii, aro
g Beex h € R, 11a KoTopsIx T+ h € U cipaBe/yIHBO IpeICTaBIeHIe

f@+h)=f@) +a-h+rh),
rie [r(h)|/|h] = 0 mpu h — 0, 7. e. r(h) = o(|h|).

Orcrona Jjierxo cienyer (Geps B kauecrse h sektops (hy,0,...,0)T,
oy (0,...,0,hg)T), uro a; ectb yacTHast npousBoiHad MYHKIME f 110
nepeMenHoit z; B rouke T, j = 1,...d. Takum o6pazom,
of of
") ==—@),...,=—(@) ).
1@ = (=@ 5@
B xaccudeckoM anammse oboznadaior h = (dzy, ..., dzg)T u Torma
of of
"Z)-h=—=—(2)dx, + ... + =——(Z)dxg.
F@ = 2@+ 2@

OT0 BbIpakeHue HaszbiBaeTcs auddepennnaaom f u 0003HAIAETCS
df (z).

Ipumep 3.2. Ilycts Teneps U C R% n 3a1an0 orobpaskenmne F: U —
R%. JIuneitnsii onepatop A € L£(R% R%) Gy1em 0TOXKIECTBIATD C ero
MaTpHICH B CTaHJAPTHHIX 6a3ncax

e = (1,0,...,00%, ... eq, = (0,...,0,1)T
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¢\ =(1,0,...,0)",. .. ¢, = (0,...,0,1)"

d .
B R® u R% coorsercrienno, T. e. ecin Aej = > 52, aiieh, j=1,...,dj,

TO MaTpuIleil onepaTopa A Ha3bIBaeTCs MaTpHUNa (MBI ee 0003HAYAEM
TOii 7Ke OYKBOi) A = (a;)1<i<dy,1<j<d; Pa3Mepa do X di. B aTom ciydae
Az — upowussejenue marpunbt A Ha BekTop x. V3 onpejesenus gud-
depeHIupyeMoCcTu BbITeKaeT, 4To orodpazkenue F' nuddepennupyemo
B Touke T € U, ecin cymecTByer quHeiinniii oneparop A € L(R% R%),
1. e. MaTpuna A pasmepa dy X d; Taxas, uto a1d Beex h € R, s
KOTOPBIX T + h € U, cupaBejIuBo IPEJICTABIECHUE

F(& +h) = F(&) + Ah + r(h),

rae |r(h)|/|h] — 0 mpu h — 0, 7. e. 7(h) = o(|h|). Marpuna A Ha-
3BIBACTCA B 3TOM CJIydae NMPOU3BOIAHOI oroOpazkenus F B Touke T u
obozuavaercs F'(T).

Orobpaxenne F: U — R%® moxno sammcars B suge F(zr) =
(fi(@), s fa (@) vne f;: U = R, j = 1,....dy (fj(x) — 10 j-
ast KoopamHaTa BekTopa F(z) B crammaprHom Gasuce B R9). Jlerxo
IpPOBEpUTh, 4T0 F nuddepennupyeMo B TOYKE T TOrJAa U TOJBKO TO-
ria, korja dyukmun f;, j = 1,...,ds, nuddepenmupyemst B T. [Ipn
9TOM CTPOKH MaTpuupl F'(T) apimorca sexTopamu fi(7),..., fy, (7).
[Ipoussoauyto F'(T) mazwiBator mampuuets dkobu orobpazxkenus F' B
Touke T. Tem cambiM

Oft 0N Oft
70, &) 5, @) . (%)
af2 ~ af2 ~ af2 ~
afdz A .. 8fd2 A ........ a fd2 A
o, O o, @ Dy, (7)

4. TEOPEMA O CPEJHEM

Ecom z,y € X, to muoxecrso [z,y] = {z € X : z = (1 — Nz +
Ay, 0 < X\ <1} maswsiBaerca ompesrom, COeJUHSIONNUIT TOUKI T U .

Teopema 1 (o cpegnem). I[Tycms X, Y — nopmuposantvie npocmpar-
cmea, U — omxpumoe mnoocecmeo 6 X, omobpascenue F: U — 'Y
dugppepernyupyemo na U u [x,y] C U. Toezda

1F(y) = F(x)lly < sup [[F'(2)]l[ly — =|lx-

z€[z,y]

Jlokasamenvcmso. Eciu F(y) = F(x), T0 yTBepK/IeHIe TeOPEMbI 0Ue-
BujiHO. Ilycrs F(y) # F(z). Torga mo ciegcTBuio u3 TeopeMbl XaHa—
Banaxa (cMm. [3, ctp. 195]) maiimerca smement y* € Y™ rtakoif, ato
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ly*[ly~=1m
(3) (v, Fly) = F(2)) = [F(y) = F(@)[ly-
Pacemorpum dynknmio

o(t) =(y" Flz+tly—=)), 0<t<1

B cuny muddepennupyemoctn F' npu gocrarouno manaeix At mveem

p(t+At) —o(t) = (y*, Fz + (t + At)(y — z)) — F(z + t(y — z)))
= (y", F'(z + t(y — 2))(y — 2)) Al + o(Al).
Tem cambiv byukmust ¢ auddepenupyema B uarepsae (0,1) u

P(t) =y F'(z + ty — 2))(y — z)).
CurenoBarenbro, 10 Teopeme Jlarpanzxka cymecrByer Takoe 0 < 6 < 1,
aro ¢(1) — ¢(0) = ¢'(0), nm

(y", Fy) — F(x)) = (", F'(z + 0(y — 2))(y — z)).
Orcrona, yantsiBas (3),

I1F(y)=F@)lly < [[F'(z+0(y—2)lly—zlx < sup [F'(2)ll[ly—=lx.

z€[z,y]

0

[Iycts A € L(X,Y). TIpuMensis Teopemy O CpeiHeM K 0TOOPazKeHHIO
G(z) = F(x) — Az, nonyuaem
4)  IFQ) = Fx) = My —2)lly < sup [[F'(z) — Alllly — z|x-

2€[zy]

5. TEOPEMA D®EPMA /7151 TJIAJKUX 3AJAY BE3 OTPAHUYEHUIA

B srom nynkTe Oyaer jokaszaH u3HAYAJIBHBIN PE3YIbTAT TEOPUU IKC-
Tpemyma — teopema Pepma (HEOOXOIMMOE YCIOBHE SKCTPeMyMa st
DIaJIKUX 3a7a49 6e3 orpaHnvIeHuit).

[Iycts U — OTKpBITOE MOAMHOYKECTBO HOPMHPOBAHHOTO MPOCTPAH-
crBa X u f: U — R. PaccmorpuMm 3a1a1y

(5) f(z) = extr, zeU.

Teopema 2 (Pepma). Ecau T — aokarvhod sxcmpemym 6 3adaue (5)
u dynryua [ ouddepenyupyema 6 T, mo

(6) f'() =0.

Jlokasamenvcmso. Jlomyctum, ato muneiustii byuxiuonan f/'(Z) orau-
ven or Hyns. Torma Haiigercs snement x € X rakoit, uro f'(Z)-x > 0.
B cuny orkpoirocru U cymecrsyer d > 0 takoe, uro T + tx € U jisa
Beex |t| < d. Iuddepennupyemocts f B T 03HAUAET, 4TO NP TaKuX ¢

f(@+tx) = f(@)+ t(f () z+ o(t)/t).
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[Tycts 09 < 0 TaKOBO, UTO
lo(t)/t| < f'(Z) - /2.

Torna f(T + tz) > f(T) ans Beex t € (0,0) u f(T + tx) < f(T) nia
Beex t € (—dg,0). [omyuman nporuBopedne ¢ Tem, 9To T — JOKAJbHbIH
SKCTPEMYM. U

6. BTOPASI IIPOUBBO/IHASI OTOBPAYKEHUSI

[Iycte X u Y — HOpMEpOBaHHBIE HpOCTpaHCTBa, a U — OTKpBITOE
nojamuozKecTBO X . Ecan orobpaxkenune F': U — Y nuddeperupyemo
B Kaxk0ii Touke U, 10 omnpenesneno orobpazkenue F': U — L(X,Y),
conocrapsiiomiee € U npoussoanyio F'(x).

Haaum ompejesenue Bropoit npou3Bojanoit. Ilycrs orobpazkenue
F': U — L(X,Y) nuddepennupyemo B Touke Z. Torma rogopsar, uro F'
JBazK bl gnddepeHnupyemMa B T 1 COOTBETCTBYIOHIYIO (BTOPYIO) TTPOM3-
BoHY10 00o3Hadar F” (7). Tem cambiM i Beex h € X, jijis KOTOPBIX
T+ h € U, uMeeT MeCTO paBeHCTBO

F'(x+h) = F'(Z) + F"(@)h + o(|[h]|x).

dcuo, aro F"(Z) € L(X, L(X,Y)).

[pocrpancreo L(X, L(X,Y)) wusomerpuuecku un30MopdHO 1PO-
crpanctBy L£2(X,Y) Bcex HempepbIBHBIX OMJIMHEHHBIX OTOGparKeHmit
B: X x X — Y c Hopwmoii

1Bl = sup 1B, 2]l

lz1llx <1, |lz2llx<1
10T n30MOPGPU3M OCYILICCTB/ILETCS COIOCTABJICHUEM KaXKJI0My 0T00-
paxenuio A € L(X, L(X,Y)) orobpaxenns B: X x X — Y, neiicrBy-
oniero 1o npasuiy: Blxy, xe] = Azy[xs] (neiicTBue oneparopa Ax; na
sJ1eMenTe To). OveBnaHO, 9T0 B — OGuinHeiiHoe oTobpakeHue.

Jlekmusa 2

IIpumep 6.1. HaiizeM nepByio u BTOPYIO HPOU3BOAHYIO (DYHKIHUHI
F(h) = B[h,h|, tne B — 6unnneiinoe orobpazxkenue. Mmeem

F(h+ Ah) — F(h) = B[Ah, h| + B[h, Ah| + B[Ah, Ah].
Tax xax || BIAR, AR]ly < | BII|IAR], To
F'(h)¢ = BIE, B + Blh, €].
Hanee, noaydaem
F'(h + Ah)¢ — F'(h)¢ = BIE, Ah| + B[Ah, &].
Takum obpasom, npu Bcex h,&,n € X
(7) F(h)[n, ] = Bl§,n] + Bln, &].
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IIpumep 6.2. [Iycts U — okpectHocTh Toukn = € RY u dbynkuna
f:U — R gBaxnasl muddepenmupyema Bo Beex Toukax u3 U. Torma,
KakK OblLj10 1IOKa3aHo B npumepe 3.1,

P = (G @)

amagormauo mpuMepy 3.2 (3mecn f': U — (R?)*) momydaem, uTo ec-

mu dyuknua ' muddepenmupyemMa B TOUKe T, TO (DYHKIUH ——

al'j ’
j=1,...,d, tndpdepenuupyembl B TOUKe T U
ﬁ(51:\) f z rf 7
o3 0x101 T 0x07y
e I~ (G R e
(8) (@) = 029011 013 T Oxe01y
0x401, 0x 4075 042

DTy MaTpuIly Ha3bIBalOT mampuuet Iecca mna zeccuarnom Gynruyuy f
8 mouke T.

3BectHo (cM., mampumep, |2, Teopema 14.13]), uro y asaxasr aud-
depennupyemoil (pyHKIUU CMellaHHble HPOU3BOAHbIE COBIIAIAIOT
o0 f B 0*f
Ox;0ry,  Oxplx;
Tem cambiM 11 ABazK b1 audbdeperimpyemoii pyuknun matpuna [ec-
ca CUMMETPUYHAS.

7. TEOPEMA O CMEIIAHHBIX IIPON3BOIHBIX

Mpnbr jnokazkem Oosiee obmuit pesysbrar. [Iycrs X u Y — nopmupo-
BaHHbBIE POCTPAHCTBA, & U — OTKPBITOE MOIMHOZKECTBO X .

Teopema 3 (0 cMmemanHBIX TPOU3BOJAHBIX). FEcau omobpasicenue
F: U —Y dsascov dugdepenyupyemo 6 mourke ¥ € U, mo das scex
&EneX

F"@)[n,& = F"@)[€,n).

Joxkazameavcmeso. V13 onpejenennsa BTOPOil TPOU3BOIHON IId T J0-
CTATOYHO OJIM3KUX K T

F'(z) = F'(z) = F'(@)(x = 7) + a(2) |z — 2] x,

rie o € L(X,Y) n a(x) — 0 npu x — Z. [Ipn gocraTrovdno mMajbix 7
MOJIOKAM

p(x) = F(x+n) - F(x).
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Vmeem
P(x) = Flx+n) - F'@) - (F(z) - F'(7) =

FU @) (z+n—2) +a(z+n) |z +n—2]x - F'(2)(z - 2) —a(2) |z — 2] x

= F'@)n + oz +n)llz +n — Zllx — o)z — Z[|x.
[Tpu x = T nosyvaem
(9) P'(7) = F"(@)n + (@ +n)lnllx-
Takum obpazowm,
¢ () —¢'(@) = ez +n)llz+n -2 x —alz)llzr = 2| x — (@ +n)lnlx.
st npousBosibHOro € > 0 Haiigercs d > 0 rakoe, uro npu ||z —Z||x < ¢
BbINOJIHAETCs HepaBeHCTBo ||a(x)|| < e. Tlosromy, ecomn ||z —Z||x < 6/2
w nllx < 0/2, 1o flalz + )| < e, a(z)]| <emn fal@+n)| <e
CaenoBaTe/ibHO,
(10) ll¢'(z) = @) < e(llz = Zx + [Inllx) + el — Zlx +ellnllx

= 2e([lz = Zllx + [Inllx)-

J1jist JIOCTATOYHO MAJIBIX 7) U & OJOKUM
An,§) = F@+E+n) = FE+£) = F(T+n) + F(@) = 9T +£) - ¢(2).

113 (9) nveem

P (@)§ = F'(@)[n, ] + a@ + n)¢lnllx-

Otcroma

1A, &) = F' @), &llly = lle@ + &) — (@) — F'(@)n, ]Il
= lle(@ + &) — @) — ¢ (@) — a@ + n)&lnlxlly

Ucnonb3ys (4), nonydaem

1AM, &) = F"@)[n.&llly < sup [l¢'(z) — " @€l x

z€[Z,7+¢E]
+ @+ n)l[lI€llx Il
Orcrona, ¢ yaerom (10), npu ||€]|x < 0/2 u ||n||x < §/2 moxyqaem

1A, &) = F"@)[n, llly < 2e([€llx + Inllx)llElx + ell€lxInllx
< Be(llgllx + nllx) Il x-

[Tycth Temepb € u 1) — MPOU3BOIBHBIE dMeMeHThl X . [/ 10cTaTOTHO
Majoro t € R dymrem nmern

1A(tn, t€) — 2 F"(@)[n, €]lly < 3%((I€]lx + [Inllx) €] x-
[Mockonbky A(tn, t&) = A(t€, tn), T

[ F" (@) [n, ] — *F"(@)[€, n]!\y < 3t%([[€llx + [Inllx)*.
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I[Tocse cokpammenus Ha t2 B CHITY IPOU3BOILHOCTH £ TIPUXOINM K JTOKa-
3bIBAEMOMY PABEHCTBY. U

8. ®orMVJIA TENJIOPA

Teopema 4 (@opmyna Teiinopa). ITycmo X uY — nopmuposarmuie
npocmparcmea, U — oxpecmuocmo mouku T € X. Ecau omobpasicenue
F: U =Y dsascov dudepenyupyemo 6 mouke T, mo umeem mecmo
dopmyna Tetiropa

FG+h) = FZ) + F'(3)h + %F”(E)[h, B+ r(h),
2de r(h) = o(||h||%), m. e. |[r(R)|ly/lIP|% — O npu h — 0.

Jlokasamenvemeo. OueBuano, uro r(0) = 0. 13 npumepa 6.1 ciaenyer,
uro 77(0) = 0. Takum o6paszom, u3 (4) mosyvaem
lr(A)lly = [lr(h) = r(0) = r'(0)A]ly < S 17 (ha) = r(0)[[ o]l -
1€|0,

113 Toro ke mpumepa 6.1 (cm. (7)) u Teopemsb 3 BoiTekaer, aro 1 (0) =
0. IToaTomy

r'(ha) —r'(0) = "(0)h + o(||h[|x) = e(ha)[[] x,
rie a(hy) = 0 npu hy — 0. B cuny Toro, uro ||h]|x < ||h|x, nmeem
17 (h1) = ' (O) || < B(R)||7|x,
riae f(h) — 0 upu h — 0. Takum o6paszom,
lr(h)lly < B(R)|IR]%.
Il

9. HEOBXOJUMBIE 11 JOCTATOYHBIE YCJIOBUSA SKCTPEMYMA
BTOPOT'O ITOPAOKA

[Iycts U — OTKpbITOE HMOJMHOZKECTBO HOPMHPOBAHHOI'O IIPOCTPAH-
crea X u f: U — R.

Teopema 5 (HEOOXOAUMBIE YCIOBHS IKCTPEMYMa BTOPOTO MOPsiIKa B
3ajaue 0e3 orpanudenuii). Feau T — A0KAALHOT MUHUMYM (MAKCU-
mym) 6 3adave (5) u pynryusa f deasrcdw duddepenyupyema 6 T, mo
F1(Z) =0 u das a06020 h € X evinosnsemesa nepacencmeo

f'@)[h,hl 20 (<0).

Jokazameavemeo. TlycTsb, 11a onpeeeHHOCTH, T — JOKAJbLHBIIA MU-
auvym byukiuu f. [To reopema @epma f'(Z) = 0 u Torya no dpopmyie
Teitnopa mis sroboro h € X u mocrarouno Maibix ¢ € R umeem

0 F(E+th) — f(&) = 3" @A 1]+ o)

Orciofa (e Ha t% 1 yeTpeMasas ¢ K HyJII0) HoIydaeM TpeGyemoe Hepa-
BeHCTBO. /719 JTOKAJIBHOTNO MAKCUMYMa PACCYKICHUS aHAJTOTUIHbL. [
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Ecmm X = R? 1o f”(Z) — marpuma Tecca (8). Tem caMbiM U3 J0Ka-
3aHHOIT TEOPEMBI BBITEKAET

Cnencreue 1. Ecau X = R, T — noxasvnvidi munumym (maxcumym,)
6 3adaue (5) u dynrkyus f deascow duddepenyupyema 6 T, mo f'(T) =
0 u dan arbozo h € R swnoansemes nepasercmeo

RTf"(Z)h >0 (L0).
[Tepeiijiem Tenepb K JIOCTATOYHBIM YCJIOBHSAM SKCTPEMYyMa.

Teopema 6 (10CTATOUHBIE YCJIOBUS IKCTPEMYMa BTOPOrO IOPSAIKA B
3azade 6e3 orpanndennit). Ecau 6 3adaue (5) dpynxyus f deasrcdu dud-
depenyupyema 6 T, f'(xr) = 0 u cywecmeyem o > 0 maxroe, wmo das
ecex h € X

P@ ] =l (< —allhl),

mo T — A0KAAOHVT MUHUMYM (MAKCUMYM).

Jloxazamenvcmeo. 1lpeanonoKuM i OnpeaeeHHOCTH, ITO
f"@)[h, b > al|h]%-

Torma misa jgocrarouno Masibix h o dpopmyie Teitiopa
~ - 1., - 1
F@+h) = [@) = 5" @) b + o([[]l%) = 5allhllx + o(lAllx)

= (5 + o) 1Al

Orciona monyqaem, uro f(Z + h) — f(Z) > 0, . e. T — JOKaJIBHBINH
MHHUMYM. [IJ1 JIOKQJILHOTO MaKCUMyMa JI0Ka3aTe/IbCTBO aHAJIOTHIHO.

]
Caencreue 2. Ecau X = RY, dynxyua [ 6 sadaue (5) deasicdv. dug-
dpepernvupyema 6 T, f'(T) =0 u das ecex h € RY, h #£ 0,
(11) WP @h >0 (<0),
mo T — AOKAAOHBT MUHUMYM (MAKCUMYM).
Jokasamenavcmeo. Ilycts hT f”(Z)h > 0 ana moboro memysesoro h €

R?, Oynkmua h? f”(Z)h wenpepuisaa ma RY. O6ozmaumv wepes a ee
MUHMMaJIbHOE 3HAaYeHue Ha eJIuHUYHOI cdepe

Sl = {zeR: |z] =1}

deno, uro o > 0. Yuursisas, uro h/|h| upunamiexur S, Gygem
HMeTh

hT "(F)-L h
h] =
CrenoBarenbHo, 11s Bcex h € R?
hT f7(2)h > alhl?.

Tenepb yTBepzKieHHe CJIeCTBHS HEIIOCPEICTBEHHO BBITEKAET U3 Teope-
MBI 6. O
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Yenosust (11) o3mawaror, 4ro KBajpaTtudHas ¢Gopma ¢ MaTpuiei
(8) mosoxkuTENBLHO (OTPUIATENBHO) onpeeneHa. COrmacHO KPUTEPHIO
CubBecTpa 9TO PABHOCUJIBHO TOMY, YTO IJIABHBIE MUHOPBI TOW MaT-
PHIIBI MOJIOKUTEIbHBI (YepejiyloT 3HAKH, IPUYeM MepBblii — OTpHIia-
TEJIbHBII).

10. CTPOrAsdd ANO®PEPEHIINPYEMOCTD

[Tycts X — nopmuposannoe npocrpancrso, £ € X u r > 0. IToso-
KM

Bx(z,r)={ze X ||z —2|x <r}.

Oroopazxkenne F': U — Y, rne U — OTKpBITOE MOAMHOMKECTBO X,
HA3BIBACTCS cmpozo duddeperyupyemovim 6 mouke T € U, ecnu Haii-
aercsa takoii oneparop A € L(X,Y), uro gis moboro € > 0 cymie-
creyer 0 = 40(g) > 0, obsazaiomee TeM CBOHCTBOM, 4TO JJIsl BCEX
x1, T2 € Bx(Z,d) cupaBeyinBo HEPABEHCTBO

| F(21) — F(22) — Az — 22)[ly < ellzr — 2| x-

Orciona cienyer (nomarast o = 7), uro F' auddepennupyemo B T un
tem cambiM A = F'(Z).

IIpennoxkeuune 1. I[Iycmv X, Y — wopmuposarmvie npocmparcmea,
U — omxpumoe nodmmooscecmso X u omobpasicenue F: U — Y
nenpepvieno ouddepenvupyemo 6 mouke * € U. Toz2da F empozo dudgp-
depenyupyemo 6 T.

Joxazamenvcmeo. Ilycts € > 0 u 6 = §(e) > 0 takoe, uro ||F'(z) —
F'(@)| < € min ¢ € Bx(Z,0). Ecim z; € Bx(Z,0), j = 1,2, 10
[21,23] C Bx(Z,0) u rorua, nonoxus A = F'(Z), B cuy (4), nosy-
qaem

[1F' (1) — F(z2) — F'(Z) (21 — 22)[ly < eflr — 22|x,
T. e. F' crporo nuddepennnpyemo B . O

Jlekmus 3
11. TEOPEMA O CYHNEPIO3ULINN

[Iycrs X, Y, Z — nopMmupoBanubie npoctpanctsa, U — OKpecTHOCTH
rouku T € X, V — okpecraoctb Touku Yy € Y, p: U = V., o(T) =y,
VvV = Z, F=1vop: U— Z — cynepnosutiusi 0ToOpakeHuit ¢ u .

Teopema 7 (o cyuepuozunuu). Ecau omobpascenue ¢ duddeperiyu-
pyemo (cmpozo dupdepernyupyemo) 6 moure Y, a ¢ duddepenyupyemo
(ecmpozo duddeperyupyemo) 6 moure T, mo omobpasicerue F dugde-
penyupyemo (cmpozo duddepenyupyemo) 6 mouke T u

F'(z) = ¢/(§) o ¢ (Z).
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Jlokasamenvemso. Tlomoxum aist kparkoeru L = ¢ (Z) u M = ¢'(y).
Bynem mpemmonmarars cHadana ctporyio andgepeHnupyeMocTb 1) B
TOUKe Y u @ B Touke T. ITo oupegesnenuto crporoii auddepennupye-
MocTHu Jist Jjioboro €1 > 0 maiiayres 07 > 0 u 09 > 0 Takue, 4T0 JJIsd
BCex T1,Tes € Bx(T,01) u ays Beex y1,ys € By (Y, 02) cupabemBbl
HEepaBeHCTBA
(12) lo(z1) = @(@2) — L(z1 — 22)|ly < ez — 22 x,

(13) [0(y1) = (y2) — M(y1 — y2)llz < erllyr — v2lly-

Jlna moboro € > 0 BbiOepem €1 > (0 Tak, 4To0BI BBHIIOJIHSIOCH Hepa-
BEHCTBO

el|| M|| +e||L|| + €2 < e.

[To Tak BbIOpanHOMYy €1 Haiijiem 0; > 0 u 0y > 0 Tak, 4robbl UMen
mecto Hepasencrsa (12) u (13). IMomoxum

. Ja )
0 =min | 0, ———— | .
( Ve + L]

Ecau Tenepn x1, 29 € Bx(7,0), 1o n3 (12) nveem

(14) lo(z1) = p(z2)lly < lle(@1) — (@2) — L(zy — z2)lly
+ [[L(z1 — o)y < ez — zalx + [|Lfl[[1 — 22l x
= (1Ll +e0)llwr = 22llx.
[Tonarast B 3TOM HEpaBeHCTBE T1 = T, & MOTOM Ty = T, MOJIyvaeM
lez;) =ylly < (Ll +21)d <02, j=1,2.
Takum obpaszom, st y; = ¢(z;), j = 1,2, cupaseyuso (13). [Toub3sy-
sch (13), (12) u (14), nmeem
[ F(21) — Faz) — Mo L(x1 — a2)||z
< [Ylp(1)) — ¥(p(2)) — M(p(x1) = @(22))ll2
+ [IM (1) = p(2)) — Mo L(zy — 22)||z < exllp(a1) — @(x2) v
+ [[M][[[p(z1) = p(2) = L(w1 — @2)||z < ex(|L]| + €1) |1 — 22|x
HIMller]|lzr =2 x = (1| M|+l | L] +eD) 21 —o][x < llzr—aa]|x
Jlokarkem Terepb yTBEPKIECHUE TEOPEMbI JIJIsl Caydast, Korja 1 and-
depennupyemo B Touke Y u @ nuddepernupyemo B Touke T. ITo ompe-
neneHnio audepeHnupyeMoCTH i Jiodoro €, > 0 HaiiaxyTes 6 > 0 u

dy > 0 rakume, uro jyst Becex Ax € Bx(0,d1) u gusa Beex Ay € By (0, d2)
cIIpaBe I IUBLl HepaBeHCTBA

(15) [p(Z + Az) — ¢(z) — LAz|ly < &f|Az||x,
(16) [T+ Ay) — () — MAylly <elAylly.
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JLnsa moboro € > 0 BeiOepem £ > (0 Tak, 9TOOBI BBIIOHAIOCH HEpa-
BEHCTBO

|| M| + el L]l + €} <e.
[To tak BoiOpannomy &1 Haiigem 0; > 0 u o > 0 Tak, 4TOOB UMEIN
mecto Hepasencrsa (15) u (16). [omoxum

. 5 )
0 =min | 0y, ————— | .
(151+||L||

Ecmu Teneps Az € Bx(0,0), To u3 (15) umeem

(A7) (@ + Az) = o(@)[ly <[0T + Az) — ¢(Z) — LAz|y
+ [ILAz]ly < el Axflx + [[L][[[Az]x
= (Ll + el Az|[x < ([[L]| +£1)d < da.
Takum obpazom, st Ay = (T + Azx) — ¢(T) cupaBeyiuBo Hepa-
Benctso (16). Vmeem
|F(Z + Az) — F(Z) — M o LAx||2
< [[Plp(T + Az)) = P(p(T) = M(p(T + Az) — (7))l 2
+IM(p(Z+Az) = (Z)) = Mo LAz|z = [¥(y+Ay) —¢(H) - MAy| 2
+ IM(o(Z + Ax) — (7)) = M o LAz[|z < &1 Aylly
+ 1M |lle( + Az) = () — LAz|y < er(|[L]] + &)l Az x
+[M|led]|Az||x = (x| M]| + er||L]| + D) [Az]x < el|Az]x.
U

12. TEOPEMA O IIOJIHOM /IU®O®EPEHIIUAJIE. OIIEPATOP
HEMBILIKOTI'O

Ecmun X, Y — HopMupoBaHHBIE IPOCTPAHCTBA, TO HOPMY B IPOCTPAH-
ctBe X X Y MOXKHO, HAIpUMED, OIMPEIETUTDh CAEAYIONNIM 00pa30M:

Gz, )l xxy = max{|[z]lx, lylly}-

[Tycts W — okpecrrocts Toukn (Z,y) € X XY u F: W — Z, tae
7 — HOPMHUPOBaHHOE TPOCTPaHCcTBO. Ecan orobpakenune x — F(x,7)
(oupenesnennoe Ha npoeknuun W na X) auddepennupyemo B Touke T,
TO COOTBETCTBYIONLYIO IPOU3BOIHYIO HA3BIBAIOT YaACMHOT npoussoonot
omobpasicenus F no x 6 mouke (T,y) u obosuavator F,(T,y). Auna-
JIOTMYHO, YaCTHYIO NPOu3BOAHYI0 F' 1o y B Touke (T,y) obo3HAYAIOT

Fy(ﬁ ?/\)

Teopema 8 (o monunom auddepennumane). [Iycme X, Y u Z — nop-
Mmuposarrwvie npocmparcmea, W — omxpumoe nodmmooscecmeo X XY
u F: W — Z. Ecau wacmnoe npoussodnve I, u F, nenpepwero. 6
mouxe (T,y) € W, mo F' — cmpozo duddepernyupyemo 6 (T,Y) u

FI(2,9)(§n) = Fo(Z,9)§ + F, (.0, (€X, neY.
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Joxasamenvcmeo. dnsa moboro € > 0 maimerca 6 > 0 Takoe, 9TO

U = Bx(x,0) x By(y,6) C W n nnsa seex (z,y) € U
1Fe(z,y) — Fo(z9)ll <e/2, ||Fy(z,y) — Fy(Z,9)l] <e/2.

Nmeem

A= F(zi,y) — F(x2,y2) — Fo(Z, ) (21 — 22) — Fy (2, 9)(y1 — v2)
= F(x1, 1) — F(a2,41) — Fo(Z,9) (21 — 22)
+ Flaz, ) = Faz, y2) — Fy(T,9) (41 — v2)
[To Teopeme o cpeauem (em. (4)) mns Beex (x1,y1), (2o, y2) € U

”AHZ S sup HFx(a>yl) _Fa:(/x\a/y\)HHxl _-IQHX

a€lr1,z2]

~ o~ € IS
+ sup ([ Fy(22,0) = By (@, D)y = gelly < Sllen = z2llx + Sl —wally
be[y1,y2]

< emax {[|z1 — 22l x, |ly1 — v2llv}-
U

[Iycts G orkpwiToe mogmuoxkectso R x R u f: G — R —
dbyukmua nepemennbix t € R n o € RY, menpepriBHas BMecTe co
cBoeil JacTHOil mpom3BoaHoit f, Ha G. llycth cymecrByer ¢byHKIHs
r € C([tg, t1], RY) makasa, aro ['(z) = {(t,z(t)) : t € [to,t1]} C G.
[Tonoxum

U= {ZL‘ € C([to,tl],Rdl) : F($) C G}
Herpyano y6eaurnest, uro U orkpbito B C([to, t1], R™). Orobpaskenue
F: U — C([to, t1], R%), onpenenennoe Mo mpaBmIy

Fa)(t) = f(t,x(t))

Ha3bIBa€TCA 0Nepamopom Hemmunoeo.

13. ITPOU3BOHAS OTIEPATOPA HEMBIIIKOTO

IMpennoxxenue 2. Onepamop Hemwviykozo F' nenpepviero dudpepen-
yupyem wa U u F'(z)h(t) = fo(t,z(t))h(t) dasa mobwxr v € U,
h € C([to,t1], RM) u t € [to, t1].

Joxkazameavemso. Tlycrs & € U. Cymecrsyer 0y > 0 Takoe, 9T0 KOM-
MAaKT

K= {(t,x) it e [to,tl], |ZL’ - §<t>| S 50}
npunaanexkut G. Ilycrs € > 0. @yukuus f, paBHOMEPHO HENPEPHIBHA
na K u mosromy maiigercs 0 < 0 < §p Takoe, 9To ecan |r; — xa| < 0,
1o || fu(t, z1) — fu(t, z2)|| < & mast Beex (t,z;) € K, j =1,2.

Jlna moboro t € [tg,t1] oTobpazkenue g: BRdl( (t ), §) — R,
g(x) = f(t,z) — fo(t,Z(t))x, muddepernupyemo Ha BRdl (55(25 ,0) 1 ero
npousBoHast B Touke x umeet Bui ¢ (x) = f.(t,x) — fo(t,Z(t)). H CTh
Tj € Be(ionri)(T,0), j = 1,2. Torma x;(t) € BRdl( ( ),0), J =
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1 Mbl IMeeM 110 TeOPeMe O CPeIHeM, MPUMEHEHHOI K 0TOOpakKeHuo g
(yuurbiBasi, uro ecau « € [21(t), z3(t)], T0 © € Bga, (Z(t),0))

|f(t21(t) — f(t,22(1) — fult, T(8)) (21(1) — 22(2))] <
< sup ([ fo(t ) = fo(t,2(0))||Jon () — 22(t)] < efwa(t) — 2a2(t)]-

z€[z1(t),z2(t)]

[TockoMbKY 9TO BepHO jj1s j1060ro ¢ € [tg, t1], To oTcioga caemyer, aTo
orobpaxkenne F crporo mauddepennupyemo B T u uro F'(T)h(t) =
fx(t,Z(t))h(t). Tak kak T — npousBoabHas Gyuknusa u3z U, To F nud-
depenrupyemo Ha U.

Jlokaxkem HenpepbIBHYIO AudpepeHnupyeMocTh oToopazKenusa F' Ha
U. B cuny paBHOMEpPHOiT HEIIPEPBIBHOCTH f, HAa KoMIakTe K s Jo-
Goro ¢ > 0 maiigerca 0 < § < §y Takoe, 4T0 ecau |1 — xa| < O,
10 || fo(t,21) — fu(t,z2)|| < € mus Beex (t,2;) € K, j = 1,2. Ilycrs
h € C([to, t1],R™) u & € Beg.4yr41)(T,0). Torna x(t) € Bya, (Z(t),9)
s moboro t € [tg, t1]. CrenoBarensuo, aas moboro t € [to, t1]

[F'(2)h(t) = F@)R(0)] = |folt, () h(t) — fo(t,Z(8)) ()]
< /2t 2(t) — falt, Z@))|[P(E)] < elh(D)].

Orcrona BeITeKaer nenpepuiBHOCTH F’ st moboit pynknuu € U. O

3ameuanmne. lIpegnoxkenne 2 ocraercs cupaBeIIuBbIM, ecan U 3a-
MEHUTH Ha,

U'={z € CY[ty, t1],R™) : T'(2) C G }.

Jlekmus 4
14. OBOBIIEHHBIIT ONMTEPATOP HEMBIIIKOT'O

Hawm monamobuTcst ere oauH omneparop, KOTOPBIH SBJISETCS HEKO-
TOpeIM 0000meHnemM omneparopa Hembinkoro. Ilycte G — oTKpbITOE
noaMuoKecTBO R X R% x R% g f: G — R% — (pynknua nepemen-
HpiXx t € R, 2 € R" u u € R%, menpepbiBHAs BMecTe CO CBOHU-

MH YaCTHBIMHU Ipou3BoaHbIiMu f, u f, Ha G. [lycTh cymecTByer mapa
(z,u) € C*([to, 1], R™) x C([to, t1], R?%) Taxas, ato

F(z,u) = {(t z(t),u(t)) : t € [to,t1] } C G.
[Tonoxxum
U={(z,u) € C'(ty, 1], R™) x C([to, t1],R®) : I'(z,u) C G }.

Jlerko mporeputh, uro MHOXkecTBO U orkpwiro B Cl([tg, 1], R™) x
C([to, t1], R%). Onpenenum orobpazkenue F: U — C([tg, t1], R%®) no
IIPaBUITY

F(xvu)(t) - f(t,x(t),u(t)),

KOTOpOe Ha30BeM 0bobuiertviM onepamopom Hemwviuyrozo.
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CaenctBue 3. Obobuwennovili onepamop Hemwmukozo F nenpepuiero
dugppepenyupyem na U u

Fia, u)(h(t),£(2) = folt, (t), u(®)h(t) + fult, (1), u(t))S(t)
ona mobvx (z,u) € U, (h, &) € C([to, t1], RN) x C([to, t1],R%E) u t €
[to, t1].

Jokasameavcmeo. YactHas mpousBomHast 1mo T orobpaxkenus F,
YUUTBIBASL 3aMevaHue, CJAEJaHHOE 10C/Ie JIOKA3aTeJbCTBA 11PEeIJI0ZKe-
nnsa 2, pasua f,(t,z(t),u(t)). Ee nenpepwisrocts na C([tg, 1], R™) x
C([to, t1], R%) BriTexaer u3 paBHOMepHOit HenpepbIBHOCTH [, (L, T, u) Ha
KOMIIAKTe BUJIA

Ky ={(t,z,u): t € [to,t1], |z —2(t)] < do, |u—1u(t)] < dp}

Tem cambiv ona mempepbibHa 1 Ha Cl([tg, t1], RT) x C([to, t1], R%).
YacrHast 1poU3BO/IHA 110 U TAKYKe HEIPEPbIBHA B CUJLY TeX YKe IPUYHUH.
[Tosromy 10 Teopeme o mosroM auddepennmare (reopema 8) orobpa-
xenue F' uenpeposiBao Jguddepentupyemo na U u cpaBejjiuBa cOOT-
BeTCTBYIOIIAsT (bopMmyJia JJjisi TPOU3BOIHOMN. U

15. JIEMMA O ITPABOM OBPATHOM U JIEMMA O 3AMKHYTOCTU
OBPA3A

Jlemma 1 (o npaBom obparaom). ITyemo X u Y — 6anazosv. npo-
cmpancmea, A € L(X,Y) u ImA =Y. Tozda cyuecmsyrom omobpa-
ocenue R:Y — X u wonemanwma v > 0 maxue, wmo AR(y) = y u
IR lx < yllylly daa arbozo y € Y.

Jlokasameavcmeso. Tlo reopeme Banaxa 06 orkpbiTom orobpazkenuu |3,
crp. 243] muoxecrBo A(Bx(0,1)) orkpbiro. OHO, 04€BUHO, COAEPKUT
HOJIb U TEM CaMbIM COJAEpPKUT HeKoTopbiii map By (0,7), 7 > 0, . e.
Juist Kaxkaoro z € By (0,7) naiigercs snement x(z) € Bx(0,1) Takoii,
gro Az(z) = z. [onoxum R(0) =0, a ecou y # 0, 10

ANyly [ r
R = .
W ==\ T

Torma AR(y) =y n [[R(y)|lx <lylly, rae v = 2/r. O

Jlemma 2 (o 3amkHyToCTH O06pasa). IIycmv X u Y — 6anazosol
npocmpancmea, A € L(X,RY), B € L(X,Y), C: X — R¢xY,
Crx = (Az,Bx) ulm B =Y. Toeda Im C — samrnymoe nodnpocmpar-
cmeo 6 R x Y.

Jlokazamenvcmeo. Iycrs (y,2) € cllmC u nycrs {z,} — nocuemno-
BaTeJbHOCTH B X Takag, 4ro y = lim, .. Ax, u z = lim,_,, Bx,.
[Monoxum h, = R(Bx, — z), tjie R — npasbiii o6paTubiii K B, Toraa
B(x, — hy,) = z. Tak kaxk ||h,||x = ||R(Bz, — 2)||x < 7||Bxn, — 2|y,
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10 h, — 0 npu n — oo u nodromy lim, . A(z, — h,) = y. Takum
00pa3oM, y IpUHAIIEKAT 3aMBIKAHUIO 00pa3a MHOXKECTBa

X,={rxeX:Bx==z}

npu ortobpaxennn A. Ho A(X,) — mmmeitnoe mMmoroobpasme B RY u
TeM caMBIM 3aMKHyTO. Clie10BaTenbLHo, CyIecTByeT Takoe T € X, 94To
Br=zuy=Az, e (y,2) € ImC. O

16. TEOPEMA O HESBHOI ®YHKIINU

Teopema 9 (O6061eHHAsT TeOpeMa 0 HesiBHOM byukimn). [Tyecmo 3 —
monoaozuseckoe npocmpancmeo, X u'Y — 0anaxo6v. npocmpaHcmea,
U — oxpecmuocms mouku T € X, F: UXx X =Y uo € X. Ecau

1) F(z,0) =0;

2) F wnenpepuero 6 mouke (T,0);

3) F dugpdepenyupyemo no x 6 mouke (T,0) u das kasrcdozo € > 0
cywecmeyrom oxpecmuocmu U(e) C U u V(e) movex T u 0
makue, wmo oas ecex x,x’ € U(e) u o € V(e) eunoansemes
COOMHOWEHUE

1F(x,0) = F(a',0) = Fo(Z,0)(x — 2')ly < ellz —2'l|x;

4) Im F,(%,5) = Y,

mo natidymes okpecmuocmu Uy C U u Vy mouex T u o, omobpasicenue
w: Uy x Vo = U u xonemanma K > 0 maxue, wmo F(p(x,0),0) =0
ul|le(z,0) —z||x < K||F(x,0)|ly daa scex (x,0) € Uy x V.

Jloxazamenvcmeo. O6o3nadum st kparkocru A = F.(Z,0). Tak kax
Im F,(z,0) = Y, To no jemme o npaBoMm obparHoMm (jgemma 1) cy-
mectByer oroopaxkenue R: Y — X wu koncranrta v > 0 Takwe, 9TO
AR(y) =y u [[R(y)|x <~llylly ana seex y € Y.

[Iyctb g9 > 0 takoBo, uto 6§ = €9y < 1 u U(gy) u V(g9) — okpecr-
HOCTH TOYeK T U 0, COOTBETCTBYIONINE € (U3 (HPOPMYIUPOBKU TEOpe-
mbl). Ilyers 6 > 0 takoe, uro Bx(Z,0) C U(gp). Boibepem okpect-
woctu Uy u Vy Tak, uro Uy C Bx(Z,0/2), Vo C V(ep) u npu sT0M
|F(x,0)|ly <d(1—6)/2y, ecim (x,0) € Uy X Vj.

[Tycrs (z,0) € Uy X Vp. Pacemorpum 110c¢/1€10BaTE/IHOCTD

(18) Ty =Tp1 — R(F(zy-1,0)), neN, zy=uz.

JlokazkeMm, 4TO 3Ta NOCJAEJ0BATEJbHOCTh NpuHAIeKRUT Bx(Z,) u
dbyugamenTasibia. [lepoe jgokasbiBaem 1o unjayknuu. flcno, aro xy €
Bx(z,9). llycrs zy, € Bx(7,0), 1 < k < n. [Ipumensst K 06enM gactsm
(18) omeparop A, mosyanm

(19) ANzy, —xp 1) = —F(xy_1,0).
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Ucnonb3ysa mociepoBareibuo (18), oleHKy Jijis mpaBoro 0OPATHOTO,
(19), ycioBue 3) TeopeMbl U 3aTeM UTEPHUPYs MPOIEAYPY, OYIeM UMeTh

(20) N#ns1 = @allx <ANF (@0, 0)lly = Al[F(20,0) = F(2n1,0)

— A(l’n — xn—l)HY S 9”1771 — CL’,—L_1||X S P S 0””1‘1 — ZL’HX

Hasee, o HepaBeHCTBY TpeyroabHuKa, (20), (18), ycaoBuio 2) Teopembr
U COTJIACHO ofpejiesieHnio okpectrnocteit Uy u V, morydaem, 4To

21) [l#ntr —Zllx < [ — 2llx + [lz — Z[|x

< zntr —@allx + oo+ flon —2flx + lo — 2|

<@+ D)o —2l|x e - T|x

8 . )
< mHF(%U)HY tllz=2lx <5 +5 =09
T. e. T,11 € Bx(¥,0) u 3HauuT, BCs MOCTIEA0BATEILHOCTD { X, } TpuHaI-
nexur By (Z,9).
[locrenoBarensuocts {2, } dyngamenranbna. leiicrBurensao, uc-

nonb3yst (20) m paccyxkaast Kak B NPEJIbIIYIIEM HEPABEHCTBE, Oy1eM
UMeTb Jiid Bcex n, m € N

”xn-i-m - fl?n”X < ”xn-i-m - xn-i-m—lHX +..o+ ||'Tn+1 - xn”X <
mn

4]
<O 0 [l -z < lzn = 2llx < 50"

—1-4
[Monoxum p(x,0) = lim, o z,. U3 (21) caenyer, uro ¢(x,0) €
Bx(Z,0) C U. U3 ycaoBust 3) T€OpeMbl CJIEAyeT, 9TO I KazKJI0r0
o € Vy orobpaxenue F(z,0) nenpepsiBao ua Uy, u TOrja nepexojs K
npezeny B (19) npu n — oo, moayqaem, aro F(p(z,0),0) = 0.
B (21) nokaszamno, aro

Y
|20 — z||lx < mHF(%U)HY-

[Tepexojisi 3/1€ch K mpejiesly npu n — OO, HPUXOJUM K HEPABEHCTBY
le(,0) = zllx < K|[F(z,0)lly, mae K =~/(1-6). O

PaccMoTpuM crydaii, Korga Y COCTOUT U3 OJHOTO JIeMEHTa (3aBUCH-
MOCTH OT Hero ormedarsb He Gyaem). Torma us TeopeMbr 9, paceMarpu-
Bast BMeCTO oroOpaxenus F(x) orobpaxkenne F(z) — F(T), nosyuaem

CaenctBue 4. [lycmv X u Y — banazxoswu, npocmparcmea, U —
oxkpecmuocmv mouku T € X u F: U — Y. Ecau F cmpozo dugpe-
peryupyemo 6 mouke T u Im F'(Z) =Y, mo natidemca okpecmmocmo
Uy € U mouku =, omobpasicenue ©: Uy — U u xonemanma K > 0
makue, wmo F(p(z)) = F(ZT) u ||p(z) —z||x < K||F(x) — F(Z)|ly daa
ecex x € U,.
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17. TEOPEMA JIIOCTEPHUKA

[Iycte M — memycroe MOAMHOXKECTBO HOPMUPOBAHHOI'O HPOCTPAH-
crBa X. Duement h € X HaspIBaeTcsa kacamesvhoim sexmopom x M 6
mouke T € M, eciiu cymecrBytor € > 0 u orobpakenue r: (—g,&) — X
rakue, uro T+th~+r(t) € M nust Becex t € (—e,e) u ||r(t)||x/t — 0, upm
t — 0. MHOKeCTBO BCeX KacaTeJabHbIX BeKTOpoB K M B Touke T € M
obozunavaercs depe3 15 M.

Jlekmuga 5

Teopema 10 (JTrocrepuuka). [Tyemo X,Y — 6anaxosw npocmpan-
cmea, U — oxpecmnocmo mouku T € X, omobpasicernue F: U —Y —
cmpozo dugeperyupyemo 6 T, ImF'(2) =Y uM ={z €U : F(z) =
F(Z)}. Toeda T:M = Ker F'(7).

Jokxazameavcmeo. Ilycts h € T3 M u r u3 onpeae/ieHnsa KacaTeIbHOTO
BekTopa. Toraa Beaeacrsue auddepennupyemoctu F' B TOUKe T umeeM
0=F@+th+r(t)— F@) =tF(Z)h+o(t),
oTKyza (menst Ha t W mepexojs K mpeeny npu ¢ — 0) ciegyer, 4To

h € Ker F'().

O6parno, nycrs h € Ker F'(T). Orobpaxenue F'(x) yaosiaerBopsier
ycsioBusim citegctust 4. CreoBaTeibHO, HAfieTCs Takash OKPECTHOCTH
Uy C U roukn T, orobpaxenue @: Uy — U n koucranta K > 0,
raxie, w10 F(p(x)) = F(2)  |p(x) — 2llx < K|F(x) — F@)y an
Becex ¢ € Up. Ilycrb € > 0 TakoBo, uro T + th € Uy npu t € (—¢,¢).
[onoxum 7(t) = (T +th) — & — th. Umeem F(Z+th+r(t)) = F(Z) n
lr(Ollx < K[F@+th) = F@)lly = K|[tF' @)k + o(t)|ly = Kllo(t)]y,

T. e. h — KacaTeJbHBII BEKTOD. U

18. TEOPEMBI OTJEJINMOCTU

[Iyctb A m B — HemycTble MOJIMHOXKECTBA HOPMHUPOBAHHOIO IIPO-
crparctBa X. 'oBopsr, aro Henyseroit pyukuonan r* € X* omdess-
em mnoscecmea A u B, ecim

* x) < inf (2%, z).
itelg@ ;o) < inf 2, 2)

Ecu HepaBeHCTBO CTpOroe, TO rOBOPAT, 9TO ¥ cmpozo omdeasem A u
B.

[Iycts uncao v € R takoBo, 4T0

sup(z*, z) <7 < inf (2", ).
€A zeB
Torma, reoMeTpuIecKn, OTIETHMOCTh MHOXKeCTB A n B o3Hadaer, 94To
OHHI PACIIOIOKEHBI 10 PA3HbIE CTOPOHBI OT TUIEPILIOCKOCTH

{zreX: (z5z)=7}
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HamomuanM GbopMyImpoBKY MmepBoii TeopeMbl oTaeuMocTa (eM. |3,
crp. 243)).

Teopema 11 (Ilepsas Teopema oraemumoctn). ITycmo A u B — neny-
CIBLE BHNYKABLE NOOMHONCECTEA HOPMUPOSAHHO20 NPOCMpPancmea X,
npuvem int A # ) u BNint A = (). Tozda mmoscecmea A u B omde-
UMD,

Orcroma ciaeayer

Teopema 12 (Bropas reopema orgenumoctn). ITycmo A — nenycmoe
3AMEHYMOE BOINYKA0E NOOMHONACECMBO HOPMUPOSAHHO20 NPOCTPAH-
cmea X u T ¢ A. Toeda muooicecmea A u T cmpozo omaoeumbo.

Jlokasamenvcmeo. Tak Kak A 3aMKHYTO, TO JOIOJHEHHE K A OTKPBITO
U [MO9TOMY CyIecTByeT Takoe r > 0, 4To oTKpbiThIii map By (T, r) He
nepecekaercsa ¢ A. Torga 1o meppoii TeopeMe OTIeJINMOCTH CYIIECTBYeT
HenyneBoit dyukmuonans xr* € X* rakoit, uto

sup(z*,x) < inf (2% x).

zEA z€Bx (Z,r)
Ho

inf (2%, z) < (2", 7),
xGBX(E,r)< > < >

TaK KakK HEHYJIeBOIl JIMHEWHbIIl HelpepbiBHbIN (DYHKIMOHAJ HE MOZKET
JIOCTUTATh TOYHON HUKHEell rpanu BO BHyTpeHnHei Touke. CrieoBaTe ib-
HO, MHOYKeCTBA A M T CTPOro OTaeuMBbl. U

19. JIEMMBI OB AHHYJISITOPAX

[Iycts L — moanpocTpaHcTBO HOPMHUPOBAHHOI'O TPOCTPAHCTBA X .
MmuoxkecTBO

Lt ={z*e X*: (2%,2) =0, Vo € L}

HasbIBaeTcss annyaamopom L. Jlerko Bugern, uto LT — 3amMkmyTOe
MOJIITPOCTPAHCTBO B X *.

JIlemma 3 (0 HerpuBMasIbHOCTH aHHy/IATOPA). [[ycmov L — 3amrnymoe
NOINPOCNMPAHCNGO HOPMUPOBAHH020 Npocmpancmea X, ne co8nadaio-
wee ¢ X. Toeda L codeporcum nenyaesoti snemenm.

Jlokasamenvemso. Tak kak L # X | to cymecryer T ¢ L. MHOXKecTBO
L, 09eBHIHO, BBIIYKIO M IO YCJIOBHIO 3aMKHYTO, MO3TOMY IIO0 BTOPOIi
TeopeMe OTIETUMOCTH HaiijeTcs HeHyaeBoil dyHKInoHan r* € X* ta-
KOii, 4T0
(22) sup(z*, x) < (2", ).

z€eLl
Torma z* € L. Jleiictutensno, ecin (2%, x0) # 0 A7 HEKOTOPOTO
o € L, T0 Tak Kak arg € L mrs aodoro a € R, Mbl umeem

sup(z”, z) > sup(z”, axo) = sup a(z*, z9) = +00,
zeL a€R a€R
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9TO TPOTUBOPEUHT (22). O

JIemma 4 (06 anmyaarope siapa). Ilyems X u Y — banaxosv npo-
cmpanemesa, A € L(X,Y) ulm A =Y. Tozda (Ker A)t = Im A*.

Joxasamenvcmeo. Ilycts x* € Im A*. Torma x* = A*yx, rae yx € Y.
st siioboro x € Ker A umeem
(x* ) = (A*y*, x) = (y*, Ax) = 0.
Tem campiv z* € (Ker A)L.
IIycts 2* € (Ker A)L. O6pas omepartopa M: X — R x Y,
Mz = ((z*,x), Ax),

3aMKHYT TI0 JIeMMe O 3aMKHYTOCTH 00pasa (JeMMa 2) i He COBIIJIaeT ¢
R x Y, tak kak (1,0) ¢ Im M. CrenoBareibHo, 10 JieMMe O HETPUBH-
AJIBHOCTH aHHYJIATOPa (JeMMa 3) CYIIECTBYET HEeHYIeBOH (hyHKIMOHAIT
(a,y*) € R x Y* rakoii, uro

alz*, z) + (y*, Ax) = 0
s Becex ¢ € X. [Ipu aTom o # 0, nO0 B IPpOTUBHOM CJIydae (pyHKIIHO-
HaJT y* OBLT OBI HyJIeBBIM B ¢ty Toro, uro Im A =Y. Takum obpaszom,

(" +a TA*y 1) =0
s Beex x € X. CnenoBaresbHO,

¥ = A*(—a'y*) € Im A*.
O

20. TTPABIJIO MHOYKUTEJEN JIATPAHYKA 17151 TJIAJKNUX 3AJAY
C OPPAHUYEHUSIMU TUITA PABEHCTB

[Iycte U — OTKpBITOE HOJMHOZKECTBO ODaHaxXOBa MPOCTpaHCTBA X,
f:U—=RuF:U—Y,neY — 6aHaxoBo IpOCTPAHCTBO. 3324y

(23) f(z) = extr, F(x)=0,
HA3BIBAIOT 3adavel ¢ 02panuMeHusMU muna pasencms. Ecan GyHxmnms
f u orobpazkenne F' 00agar0T HEKOTOPOIi TJIaIKOCTHIO, TO TOBOPAT O

2nadxol 3a0aue ¢ 02PAHUNEHUAMU MUNG PAGEHCME.
Conocrasum 3anaue (23) dynryuro Jlazpanoica

L(x, Ao, y") = Ao f(x) + (y", F(x)),
e Ao € R u y* € Y* naspiBarorcs mroscumenamu Jlazpanorca.

Teopema 13 (IIpasuio MHOKuTe€el Jlarpanxka). Ecau T € U — so-
KaavHol sxempemym 6 sadaue (23), dynrkyus [ — duddepenyupyema
6 T, omobpasicerue ' — cmpozo dugddepernyupyemo 6 T u Im F'(T) —
3aMEHYMOE NooNpocmpancmeo 6 Y, mo watidymca, He pasHbvie 00HO-
B8pEMEHHO HYA0, MHoscumeny Jlazpanoca Ng u y* marue, wmo

(24) Lo(Z,h,y") =0 = Nf(T)+ (F(2)y" =0.
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EcauIm F'(Z) =Y, mo Ay # 0.

Jlokasameavemeso. Pacemorpum cHadasa ciaydait, korga Im F/ () = Y.
[Tycrs h € Ker F'(Z). Orobpaxenue F' yja0BIeTBOPSIET YCJIOBUSIM TEO-
pembl JIrocreprnka (Teopema 10) u mostomy h € T3 M, 1. e. cyiiecTBy-
1ot € > 0 u orobpaxenue r: (—e,¢) — X Ttakue, uro F(T+th+r(t)) =
0 st t € (—e,e) ur(t) =o(t) upu t — 0. Takum 06pa3oM, STeMEHTHI
T+th+r(t),t € (—e,¢e), nomycrumsl B (23) 1 TaK KaK T — JIOKAJbHbIH
3KCTPEMYM B 9TOH 3ajia4e, TO

f@+th+r(t) — f(Z) = t{f'(2), h) + o(t)

COXPAHSET 3HAK IS JOCTATOTHO MAJbIX t. [leist mocjieiHee COOTHOIIIe-
uue Ha t > 0 u yerpemisisa ¢ k nmyso, noiayvaem, uro (f'(Z), h) coxpa-
uger 3nak. Ho h — mnpoussosbubiii 1ement u3 Ker F/(Z) n nosromy
(f'(z),h) = 0 aaa moboro h € Ker F'(Z), 1. e. f'(Z) € (Ker F'(7))*.
Coruacro Jiemme 00 annyssitope siapa (emva 4) f'(7) € Im(F'(7))*
M, CJIeJIOBaTE/IbHO, CyIIecTByeT QyHKmuoHaa y* € Y™ rakoii, 910
(@) = —(F'(z))*y*, wmn f'(Z) + (F'(Z))'y* = 0. Tem cambim pa-
BeHCTBO (24) ¢ \g = 1 goKazaHo.

[Iycts Teneps Im F'(Z) # Y. Tak Kak 100 yCJIOBHIO MOJAMPOCTPAH-
crBo Im F'(Z) 3aMKHYTO, TO 1O JIEMME O HETPUBUAJIBHOCTH AHHYJISITO-
pa (slemma 3) cymiectByer HenyJeBoit yHKIoHax ¥* € Y* Takoii, uro
(y*, F'(z)x) = 0 goist moboro x € X, 1. e. (F'(Z))*y* = 0. D10 mokaspi-
BAET YTBEPK/ICHUE TEOPEMbI B PACCMATPUBAECMOM Caydae ¢ Ag = 0. [

Paccvorpum wacTHBIH caydait 3agaam (23), korma X = R% Y =
R?% a orobpaxkenue F sanaercs dbyukmmsavu fj: R4 — R j =
1,...,dy, 7. e. F(z) = (fi(2),..., fo,(x)T, 2 € RY. Takum obpaszom,
paccMaTpUBaeTCs 3a1ada

(25) fo(x) = extr, fi(x)=0, j=1,...,ds.

[TockosbKy JmHejiHble YHKIMOHATB Ha RY  gBidioTcs BeKTOp-
crpokamu (A1, ..., Ag,), TO dynkuug Jlarpanxa 3agaun (25) 3anucl-
BaeTCs B BUJIC

L(z,\) = Z)\jfj(fc),

rae A= ()\0, )\1, c 7)\d2)-
Knaccuueckum MMPaBAJIOM MHOXKHUTEJEel J’Iarpamxa JJId TJTIAJKNUX KO-
HEYHOMEPHDLIX 3a/Ja4 ABJIideTCd CJIeAyIolee YyTBepzK/AeHue.

Teopema 14 (ITpaBuio muOXKuTesel JlarpaHKa B KOHEYHOMEPHOM
caydae). Ecau T — aokasvhold sxempemym 6 sadaue (25), dynryus
fo dudepenyupyema 6 T, a dynryuu f;, j =1,...,ds, cmpozo dugh-
deperyupyemv, 6 T, mo Halioymes, HE PAGHBIE 00HOBPEMEHHO HYAI0,
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muootcumenu Jlazparorca Ao, A1, . .., Ag, maxue, ¥mo
do

L(Z,N) =0 & > Nfi@)=0.
j=0

Ecau sexmopo f1(T), ..., fo,(T) aunetino nesasucumo, mo Ao 7# 0.

JToKa3aTeIbCTBO Cpa3y CJAeAyeT U3 NPEABLAYINEeH TeopeMbl, eCjn
YyUeCTh, 9TO MoAnpocTpancTBo Im F’(T) KOHEUHOMEPHO U TO3TOMY 3a-
MKHYTO, a JHHeilHasg He3aBHCHMOCTL BeKTOpoB f1(7),. .., f,(T) sxBu-
BaJieHTHa yeaosuio Im F/(7) =Y.

[IpuBeeM npuMep, MOKAa3BIBAIOIIHIA, 4TO ¢ \g 7 0 MPaBUIO MHOXKH-
Tesiedi Jlarpan:ka MOXKET He BBIIOJHATHCA. PACCMOTPUM 3312ty

Ty — min, 2} — 23 =0.

Buech dy = 2, dy = 1, fo(z) = 1, fi(z) = 2} — 23,
E(w, )\0, )\1) = )\0131 + )\1(%? — .’L’g)

Herpyano yoeautnest, uro touka Z = (0,0) aBaserca TOUKO# MUHUMY-
Ma B paccMaTpuBaeMoil 3ajade. B cuiy Toro, 4ro

Ex(oa )\07)\1) - (>\070) - Oa

Ao HE MOXKeT OBITh OTJIMIHBIM OT HYJIS.

21. YCJIOBUSI SKCTPEMYMA BTOPOTO TOPSIAKA JJ1s1 TJIAJKUX
3AJAY C OPPAHUYEHHUSIMU TUIIA PABEHCTB

Teopema 15 (HeoGxomnmble yCaoBHsi 9KCTPEMYMa BTOPOTO MOPSIIKA).
Ecau T — aokanvnod munumym (makcumym) 6 sadaue (23), dynryua
f u omobpasicerue F' deascov duddpepenyupyemn 6 T v Im F'(T) =Y,
mo Hatidemcea muoncumensv Jlazpanorca y* € Y™ marot, wmo

(26) L(Z,Ly)=0 <« [f(@)+F @)y =0
u oas ecex h € Ker F'(7)

(27)  Lu(7,1,y%)[h, h] = 0 (< 0)
& U@ b+ (7, F(@)[h, h]) = 0 (< 0).

Aoxazameavcmeo. U3 jnBaxkjpl juddepeHimpyemMocTa 0ToOparKeHus
F B Touke T caepyer nenpepbiBHOCTh F/ B Touke T. B cuiy upeioxe-
nusi 1 orobpazkenue F' sBisiercs crporo juddepentupyembim. [ToaTo-
My coortHotenue (26) cpasy cuaemyer u3 (24).

Hokaxem (27). Ilycts h € Ker F'(Z). Orobpaxkenne F' yaoBieTBopsi-
er ycsioBusiM TeopeMbl JIrocreprnka (Teopema 10) u mostomy h € T3 M,
T. e. cymecTByior € > 0 u orobpazkenue r: (—e,e) — X Takue, 4TO
FZ+th+r(t)=0mmate (—e,e)ur(t) =o(t) unput — 0. Ecin &
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— JoKadbHBI MuHEMYM, TO f(T 4+ th + r(t)) > f(Z) ana goctarodno
masbix t. Teneps o dopmyie Teiinopa nveem (yuntoiBast (26)
0< f(@+th+r(t) — f@)=LE+th+7r1t),1,y°) — L@, 1,y7)
1

= §£m(?ﬁ, Ly*)[th +r(t),th +r(t)] + o(t?)
2
_ %ﬁm(f, 1,y h, h] + o(£2),
oTkyna caeayer (27). O
JIekuuga 6

Teopema 16 ([locraTodnbie ycaoBust SKCTpeMyMa BTOPOTO MOPsijiKa B
3a/1a9e ¢ OrpaHUYeHUsIMH THIIA paBeHCTB). [Tycmov 6 3adaue (23) Pyrk-
yusa f u omobpasicenue I dsastcov. dugdepernyupyemor 6 donycmumot
mouke T u lm F'(T) — samrnymoe nodnpocmpancmeo 6 Y. Tozda ec-
AU Hatdymes mrootcumens Jlazpanotca y* € Y u vucao o > 0 makue,
YImo

(28) L.(z,1,y")=0
u npu ecex h € Ker F'(T)
(29) Loa(@, Ly)[h B = alblk - (< —allhl%),

mo T — A0KaAHYG MUHUMYM (Makcumym) 6 3adaue (23).

Jloxazameavcmeo. Pacemorpum  orobpaxenune G: X —  Im F'(Z),
onpenesnennoe mo dopmyne G(r) = F'(Z)x. Jdna wero, oueBmmHO,
BBITTOJIHEHBI YCJIOBUS CIEACTBUSA 4, COIJIACHO KOTOPOMY CYINECTBYIOT
oKpecTHOCTH Uy TOYKHU HOJIb, oToOpazxkenue ¢: Uy — X u KoHCTaHTa
K > 0 Takue, 4T0

(30) F'(@)(p(x)) =0
(31) () — zllx < K[| F'()x[ly

s Beex x € U.

MozKHO cUnTaTh, YTO B JI000H OKPECTHOCTH I €CTh JIOMYCTHMBIE B
(23) ToukH (T.K. H30TMPOBAHHASI TOUKA ABTOMATHYECKHU SIBJISIETCSI U JIO-
KJIbHBIM MUHUMYMOM, U JIOKaJIbHBIM MakcumyMmoMm). Ilycrs x € Uy u
T+ x — gonycrumblii snement B 3ajgade (23). Torga no dopmyste Teii-
J0pa

0= F@E+x) = F@)+ 3 F'@)r, ] + o Jal3).

OTCIO/La cJiedyeT, 4TO AJid JOCTATOYHO MaJIbIX X CIIpaBe/I/JIMBO HEPABEH-
CTBO

~ 1 .
@l < (17 @1 +1) ol
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a rorga u3 (31) mosydaem, 9ro
le(z) = zllx <Al
riae v = K(||[F"(Z)||/2 + 1). CaenoBarebho,
le(@)llx < llzllx +llzllx = @ +lzlx)lzlx

Cuuras, uro ||z|x < 1/7, umeem rakzxe OUeHKY

le(@)llx = [lzllx = [le(z) = 2llx = (1= 7llzlx)lzllx.

O6osnauast, qis kparkocru, L(x) = L(z,1,y*), caoBa o dbopmyie
Teiiopa moxyvaem (yuntbiBasg (28) u TO, 94TO T + & — JOMyCTHMAS
TOUKA)

~ DU S
[@+2) = [(@) + S @), o] + of[l]%)-
Orcropa, nonarag B = |L”(Z)||, yunrsisag, uro ¢(x) € Ker F'(T) co-
riacHo (30), mOJIyveHHbIE BbINIE ONEHKM, M CYMTAsl, ITO BbIIOJHEHO
nepBoe u3 HepaseHcTs (29), OygeM nMeTsh

fE+a) = f(7) = %L”(ﬁf\) (@) —o(@) + 2, 0(x) — p(x) +a] +o||=[I%)

= (L @lele), o)) — 2L @)[p(a) — 7, 9(a)

+L'(@)p(r) — @, 0(x) — a]) +o([l2]%) > %(aH@(fIJ)Hﬁ
— 2B|lp(2) || xl(z) — 2llx = Bllp(z) — 2|%) + ol|=[I%)
> %Ilﬂﬂllﬁ(a(l —llzllx)* = 2B [lllx (L + vl z]x)
— By’[|l=[I%) + olll=[I%)-

Herpynuo ybenuThbest, 9TO BbIpazKeHUe CHOpaBa HEOTPUIATETBLHO st
JIOCTATOYHO MAJBIX T U MOTOMY X — JIOKAJIbHBIH MuauMyM. Coyuai,
KOTJIa BBITIOJIHEHO BTOPOE U3 HePaBEHCTB (29) MccieiyeTcs aHa IO IHO.

g

22. TTIADIKUE 3AJAYN C OTPAHUYEHUSMU TUIIA PABEHCTB U
HEPABEHCTB

[Iycte U — OoTKpBITOE HOJMHOXKECTBO ODaHAaXOBa MPOCTpaHCTBA X,
fi:U—=R, j=01....muF:U—Y, rneY — 6amaxoBo mpo-
CTPAHCTBO. 3329y

(32) fo(x) > min, f;(z) <0, 1<j<m, F(z)=0,

HA3BIBAIOT 3ada4ell ¢ 02PAHUYEHUAMY TNUNG PAGEHCTNG U HEPLEEHCME.
Ecmn dyskmun f;, j =0,1,...,m, n orobpazkenne F 06/1aJal0T HEKO-
TOPOIi IIAJKOCTBIO, TO TOBOPAT O 24a0%K00 3a0a4e ¢ 02PaHU%eHUAMU
MUNG PaseHCMe U HePaseHCme.
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Conocrasum 3anaue (32) dynryuro Jlazpanica
‘C(I’X7 y*) = Z /\jfj('Q:) + <y*> F(x»v
=0

e A = (Ao, A, Am) € (R™ u y* € YV* Yuena Ay, j =
0,1,...,m, u dysknuonas y* Ha3bIBAIOTCH MHOHCUMEAAMY Jlazpar-
arca.

Teopema 17 (IlpaBusio muoxuteseit Jlarpanzxa B 3ajia4e ¢ Orpanu-
YeHWsIMH THIIA PDABEHCTB M HEPABEHCTB). Feau T — A0KaAvHoll Munu-
mym 6 3adave (32), dynryuu f;, j = 0,1,...,m, duddepernyupyemoi
6 T, omobpasicenue F' cmpozo duddepenyupyemo 6 T u lm F'(T) — za-
MEHYMOE NOONPocmpancmeo 6 Y, mo Hatloymesa makue MHOMCUMENU
Jazpanorca Ao, A1, ..., A U Y*, HE pasHvle HYAO 00HOBPEMEHHO, ONA
KOMOPBLT BHINONHEHDL YCAOBUA

(a) L(Z,\y*) = 0 & Yoo i (@) + (F'(@)'y" = 0 (yeaosue

CTNAYUOHAPHOCTIL) ;
(b) A; >0, 5=0,1,...,m (ycrosue neompuyamervrocmu,);
() \ifi(@) =0, j=1,...,m (ycrosue donosnsousets nescecmroc-

Ecau Im F'(Z) = Y u cywecmsyem eexmop h € Ker F'(Z) maxofi,
umo (f;(Z),h) <0 das scex j € Jo={j: f;(¥) =0, 1 <j<m}, mo
Ao # 0.

Jlokasamenvbemeo. 3aMeTUM CHAYaIa, YTO YTBEpXKIEHHE (C) MOXKHO
CcuMTATh BBIIOJHEHHBIM Beerga. B camom sesie, orOpocuM Te OrpaHu-
YeHus cpej HepaBeHCTB, Jist Koropbix f;(Z) < 0. Torua T Gyaer Jio-
KaJIbHBIM 3KCTPEMYMOM M B HOBOI 3amade. Ecim g sroii 3anaum 10-
kazaubl yrBepKaenus (a) u (b), To (¢) BBINOJHSIETCS ABTOMATHYECKH.
JTortoinuB HaiiileHnHbI HAOOP MHOXKHUTEMei Jlarpanrka Hy/IeBBIMU KOM-
MOHEHTAMH, COOTBETCTBYIOIMUMHE TeM HoMepaM, rie f;(Z) < 0, momydanm
yrBepxkenus (a), (b) u (¢) aist uexomHoi 3aa9u.

Kak u B J0Ka3aTe/bCTBE IIpaBUIa MHOXKHUTEIeH Jlarpanxka s 3a-
JAYK ¢ OPPAHNIEHUIMHA THIIA PABEHCTB PACCMOTPUM OTIEIBHO JIBA CIIY-
qasl.

A) Beipoxaennsiii cayuait: Im F'(Z) # Y. 3necw, dakruuecku, 1mo-
BTOPSETCS IOKA3ATEIHLCTBO paBujIa MHOKUTe el Jlarpanzka 1/ist BbI-
POKJIEHHOTO CJydvast B IJIaJKOH 3ajade ¢ paBeHcTBamMu. B cmiay To-
ro, 4To noanpocrpancreo Im F'(T) 3aMKHYTO, 10 JIeMMe O HETPUBH-
AJIBHOCTH AHHYJISTOpa (JleMMa 3) CyliecTByeT HeHyJIeBOl (hyHKIHO-
Hast y* € Y* makoii, uro (y*, F'(Z)z) = 0 ans mwo6oro x € X, 1. e.
(F'(z))*y* = 0. Octaerca nomoxkuts A\; =0, j =0,1,...,m.
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B) Hesbipoxkgennstit cayuait: Im F'(Z) = Y. Pacemorpum MHOZKe-
CTBO

C={((po, 1> ptm)" 5 y) ER™ XY :Jz € X : pyj > (fi(@), ),
j=0,1,....m, y=F'(Z)z }.

Ouesuano, uro C' — BeImykg0e MHOKeCTBO. Jlokaxem, aro 0 ¢ C.
[Ipenmonoxum, aro 0 € C. Torma cymecrByer Takoe rg € X, 4910
(fi(x),20) <0,j=0,1,...,m,u F'(Z)xe = 0. llo Teopeme Jltocrepmn-
kaxg € T;M,tme M ={z € X : F(z) = F(Z) =0}, 1. e. cymecrByor
e > 0 u orobpaxenue r: (—¢,¢) — X rakue, uro F(T+txg+1r(t)) =0
quist Beex t € (—g,¢) u ||r(t)||x = o(t) upu t — 0. B cuny auddepen-
nupyemocru byukuuii f;, 7 =0,1,...,m, B Touke T nmeem

[i(@ + two +r(t)) = fi(@) + (f5(2), mo)t + o(t) < f3(Z)

JUI JIOCTATOYHO MablX ¢ > 0. DTO 3HAYAT, YTO JjisI TAKUX ¢ TOUKH
T+ txg + r(t) ponycrumsl B 3agade (32), a 3Havenue QyHKuonasa fo
Ha HUX MeHblIe, yeM fo(7), B npoTuBOpeune ¢ TeM, 4To T — JIOKAJIbHbIH
munnmym. Urak, 0 ¢ C.

[Tokazkem Tenepb, uro int C' # (). PaccMoTpuM MHOZKECTBO

Co :{((M()?H’l?"'num)Tay) € R™ 1 x vV - Wy > d, 7=0,1,...,m,
y € F'(@)(Bx(0,1)) }, d= max |fj@)]

0<j<m

[To reopeme Banaxa 06 orkpbitom orobpaxkenuu |3, crp. 243|
muoxecrBo F'(Z)(Bx(0,1)) orkpeiro. Tem cambim Cyp — OTKPbI-
toe mHOXkecTBO. l[lokaxkem, aro Cy C C. ][lelicrBure/ibHO, MyCTh
(o, pt1, -+ ptm)Ty) € Co m x € Bx(0,1) Taxoe, uto y =
F'(z)z. Torma p; > d > (fj(x),z), j = 0,...,m, u 3Haunu,
(s i1 - - s o) Ty y) € C, e int C # ).

B cuny mepmoii Teopembl orgenumMocTn (TeopeMa 11) MHOXKeCTBO

C' MOXKHO OTJIeJIUTL OT HyJId, T.e. HaiijeTcd HeHy/1eBoil (PyHKIMOHAJ
Aoy ALy -+ s A, ¥) € (R™H* X Y* Takoit, uto

(33) > Npi+ W) =0
=0

A1 BCEX ((MO? M- 7:um)T7 y) eC. Ha‘60pr ((MO? My .- 7Mm)T7 0)7 rae
;i >0,7=0,1...,m, npunagnexar C' (nazno B3sats x = 0). [Togcras-
asisi ux B (33), mosydaem, 9To

> Ay =0
=0

a7 Beex fi; > 0, 7 =0,1...,m. OTciona BEITeKalOT HepaBeHCTBa \; >
0,7=0,1...,m, u yrBepxaenue (b) TeOpeMbl JOKAZAHO.
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g nroboro x € X u moboro € > 0
(fo@). ) +e,..., (f(@),2) + )", F'(Z)x) € C.

13 (33), nosywaem, 9To

m m

DN (@), @) + (v F(@)a) >~ YN

Jj=0 Jj=0
B cuty npou3BOJBHOCTH € JieBask YaCTh ITOIO HEPABEHCTBA (KOTOPast
ecTb JinHeHbIH (DYHKIMOHAT) HeoTpUnaTebHa Ha X M 3HAUUT, OHA
paBHA HYJIIO, & 9TO PABHOCHJILHO YTBEPKJICHUIO (@) TEOPEMBbI.

Jokaxkem mocJie/iHee yTBepzKieHre Teopembl. [lycTh BbIIOIHEHBI €10

npesnosoxennst u Ao = 0. Ecin npu nexkoropom 1 < j < m, f;(x) # 0,
To n3 ¢) caeayer, ato A; = 0. Tem cambiM u3 (a) BeITEKAET, 9TO

> N{f(@), by = 0.

Jj€Jo
B cuiy b) u toro, uro (fj(7),h) < 0, j € Jo, nomyqaem, uro \; = 0,
j=0,1,...,m. CrnenoBarennto, u3 a) BeiTekaetr, aro (y*, F'(T)x) =0
st Beex ¢ € X. Tak kak Im F'(Z) = Y, 1o (y*,y) = 0 npm Bcex
y €Y, e y* = 0. DTO NIpOTHBOPEIUT TOMY, UTO HE BCE MHOXKHUTEJIH
Jlarpanka paBHBI HYJIIO. ]

23. BBINYKJIBIE 3AJAYN BE3 OTPAHUYEHU

[Tycrs X — BemecTBeHHOe JHHeliHOE mpocTpancTtBo n f: X — R =
R U {+00}. MuoO)kecTBa

domf={zeX: f(zr) <40},
epif ={(r,0) e X xR:a> f(x), € dom f }

Ha3BIBAIOTCSI COOTBETCTBEHHO IPPerMuUEHbLM MHOHCECMEOM U HAD2PA-
durom (mmu anuepagom) Pynryuu f. Pyuxmuo [ Ha3HBaWOT €o00-
cmeennot, ecin dom f # ().

JI71s1 371eMEHTOB PACIIUPEHHOIT IPAMOil cunTaercs, 9410 a + (+00) =
+00 ans Beex a € R, a - (+00) = +o0, ectm a > 0, 0 (+00) =0 u
+00 + (+00) = +00.

Oyukmusg f: X — R HaszbiBaercs swnykaol, ecin ee Haarpadbux
BBITYKJ10e MHOXKecTBO B X X R. Herpyano nmpoBeputh, 9T0 (hyHKIHS
f BblllyKJia TOrJa M TOJBKO TOLJAA, KOIAA Jid JIOObIX T1,Ts € X u
siroboro 0 < a < 1 BBINOJIHSIETCSI HEPABEHCTBO

f((1 = @)y + axs) < (1 —a)f(x1) + af(z2),
KOTOpOE HasbiBaeTcs nepacercmeom Hemncena.

Teopema 18. Ilycmv X — aunetinoe HOPMUPOSAHHOE NPOCTNPAHCMEO
u f: X = R — deavcdv dudppepenvupyema na X. Tozda f — evinyk-
aas Pynryui mozda u moavko mozda, kozda f"(x)lh,h] > 0 daa scex
r e X uscexr helX.



32 K. FO. OCUITEHKO

Joxasamenvemeso. Ilycts f — Boinmyknas dyukmus. [Ipemgmomoxnm,
uyro cymectByer x € X u h € X makue, uro f’(x)[h,h] < 0. Io
dopmyae Teitnopa aast t € R umeem

2

Pl h) = f(@) + f @t + )0 + olr?),

o —th) = f(a) — @bt + ) + o).
Otciona, cKJIabIBasg 3TH PABEHCTBA, IMOJIydaeM
flz4th) —2f(x) + f(x —th) = f"(x)[h, h]t* + o(t?).
CnempoBaTebHO, IPH JTOCTATOTHO MAJIbIX ¢
f(x+th) —2f(z) + f(x —th) <0,

4TO NPOTUBOPEUUT BBILYKJIOCTH f.
[Tycre reueps f”(x)[h,h] > 0 miag Beex @ € X u Bcex h € X. s
IIPOU3BOJIBHBIX T1,To € X paccMoTpuM (DyHKIHIO

F(t) = [z + t(zy — 21)) = f21) — 1(f(22) — f(21)).
Nmeem F(0) = F(1) =0,
F"(t) = f"(x1 4+ t(xg — 1)) w2 — 21, 03 — 2] > 0.

[Ipeamonozkum, uro npu HekoropoMm t € (0,1) F(t) > 0. Torna Haii-
nercs Touka ty € (0,1), B koropoii dyukius F Oymer J0CTUrATh MaK-
cumasibHOro 3Havenust u, s3uauut, F'(ty) = 0. [Mockonbky F”(t) > 0
npu Beex t € [to, 1], To F'(t) > 0 npu t € [ty,1]. Tem campbiM byHK-
nust F' ue yOoiBaer na orpeske [to, 1], a snaunt, F(1) > 0. TToayuennoe
nporuBopedue jokasbiBaer, 4ro F(t) < 0 gua seex t € [0, 1]. Takum
obpasom, s Beex t € [0, 1] cnpaBeammBo HepaBeHCTBO

f(A=t)zy +tzg) < (1 —1t) f(21) + f(22),

YTO W O3HAYAET BHIMYKJIOCTH (DYHKINH f. U

[ycrs X = R%u f: R? — R. Econ f — nBaxapl nuddepeniupyenma,
10 f"(x) — reccuan f B Touke x (cm. (8)).

Caencrsue 5. Ecau gynruyus f: RT — R deasrcov, duddepernyupyema
na R, mo ona seasemes 6wnykaoti 6 mom, U MOALKO 6 MOM CAYYAE,
ecau ee zeccuan 6 aoboti mouxe x € R ydosaemeopaem ycaosuro

RTf"(x)h >0

ons ecex h € R (mampuua 2eccuana 6 060t mouke AGAACMCA HEOM-
PUUAMENDHO ONPEIENEHHOT).
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Jlekmus 7
24. CYBAUO®®EPEHIUAI. TEOPEMA PEPMA

[Iycts X — smmmeiinOe HOpMEUpOBaHHOE npocTpanctrBo, f: X — R,
T € X n dynkuua [ koneuna B Touke . Cybduddepernyuanom dymk-
yuu f 6 mouke T HA3BIBAETCSI MHOYKECTBO (BO3MOYKHO ITYCTOE)

of(x)={2" e X*: f(x)— f(Z) > (2", x —T), Vo € X }.
Carenytoree mpeJiozKeHIe MOKa3bIBaeT, 4To cydauddepeHuan 1o0-

CTATOYHO €CTECTBEHHOe 0OOOIeHNe MOHITHS MPOU3BOIHON HA BBITTYK-
Jible (DYHKIUU.

IIpennoxenue 3. [ycmo X — aunedinoe HOpMUposanmoe npocmpa-
cmeo u f: X — R — swnyraaa dynxuua, duddepenyupyemas 6 mou-

ke T. Toeda Of(x) = {f'(Z)}.

Zoxazameavcmeo. Tlycts v € X. Hdasa jgoboro 0 < a < 1 umeem 110
HepaBeHCTBY llenccena

f(1=a)Z+az) < (1-a)f(@)+af(z),
OTKY/I2
f@+ale—17)) - f(@) < a(f(z) - f(2)).
B cuny muddepennupyemoctu byHKnun f B TOUKe T HMeeM
a(f'(@),z = Z) +o(a) < a(f(z) — f(7)).
Cokpamast Ha W nepexoiast K npegeay npu « — 0, mosydaem, 9to
[(z) € 0f ().
O6paruo, eciim z* € Jf(Z), To ans mwo6oro x € X u jo6oro t > 0
nveeM f (T +tx) — f(Z) > t(z*, ). CaegoBarenbo,
HF(@),2) +olt) > ta", z),
T. e. (f'(Z),z) > (x*,z) nng moboro = u 3uaunt, x* = f'(T). O

[Iycte X — smHeiinoe HOpMupoBaHHOEe mpocTrpaHcTBo n f: X — R
— cobctBennas dyukIius. Pacemorpum 3agady

(34) f(z) = min, z€ X.

Teopema 19 (®epma B cybauddepennuaibuoit popme). Towka T A6-
AAEMCA 2000aNOHOM MUHUMYMOM 6 3adaue (34) mozda u moavko mo-

2da, kozda 0 € Of(Z).

A~

Jlokazamesvemeo. Eciu T — riobanbubiii MuaumymMm, o f(x) — f(Z) >
0= (0,2 — ) mas qgoboro z € X, 1. e. 0 € Of(Z). Ecu 0 € 9f(T), 1o
flz)—f(x) > (0,2 —2) =0, n. e. f(z)> f(Z) musa moboro x € X. O

Ecau B 3a7a4e (34) dyHkuns f — BBIMTYKIast, TO OHA HA3BIBAETCS Goi-
nykaol 3adauet 6e3 ozparuverutd. OTMETHM, 9YTO B 9TOM CIydae HET
CMBICJIA TOBOPUTH O JIOKAJTHHBIX MHHUMYMAaX, MOCKOJBKY JTIOO0H J10-
KAJbHBIII MUHUMYM SBJISETCS U T00ATbHBIM. [leficTBUTENBHO, MYyCTh
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T — JIOKAJBHBIi MHHHMYM, T. €. CYIIECTBYeT Takas OKPeCTHOCTb U
toukn Z, uro f(Z) < f(x) mns seex x € U. Ilycth Tenepb & — mpo-
u3BosibHas Touka u3 X. s jocrarouno masibix 0 < o < 1 Toukm
(1 — )7 + ax npunayiexar U u nosromy (1o nepasencrsy lenccena)
(@) < f(1 =)z +ax) < (1-a)f(Z) +af(z), oTkyzsa creayer, 1ro
f(@) < f(z).

13 mpennoxkennsa 3 u TeopeMbl 19 BbITeKaeT

CaencrBue 6. Ecau 6 sadave (34) f — ewnykaas dynryus, dug-
depernyupyeman 6 mouke T, mo T — 2400a40H0T MUHUMYM 6 TNOM U
moavko 6 mom cayuae, ecau f'(T) = 0.

25. BBITIYKJIBIE 3AJJAYN C OTPAHUYEHUSAMU. TEOPEMA
KAPVIIA-KYHA-TAKKEPA

Ilycte X — BemecTBeHHOe JHHeliHOe mpocTpaHcTBO, fi: X — R,
J = 0,1,...,m, — BeImyK/Jable (hyHKIUT U A — HEIycToe BBIIYKJIOe
noiMHOZKecTBO X . 3a1ady

(35) fo(x) = min, f;(z) <0, j=1,....m, z€A

HA3BIBAIOT 6bNYKA0T 3adavel nau 3adaueti 6biNYKA020 NPOLPAMMUPO-
GAHUA.
CesizkeM ¢ 3aadeil (35) caemyromniyto dbyukiuo Jlarpanxka

Lz, \) = Z Aifi(),

e A = (Ao, A1, ..., A ) — HaBOp MHOKHTE I JlarpamzKa.

Teopema 20 (Kapyma-Kyna-Takkepa). 1. Ecau T — munumym 6
sadave (35), mo natidemca makol Henyaecol Habop MmHotcumened

Jazpanoica \ = (Aoy ALy oy A, MO BHINOAHEHDL CACOYIOULUE YCAOBUA
(a) mingea L(x,N) = L(Z, ) (yeaosue munumyma);
(b) \; >0, 7=0,1,...,m (ycaosue neompuyamesbHocmu,);
() \jf;(@) =0, j=1,...,m (ycrosue donosnaowets nescecmroc-

2. Ecau cywecmeyem donycmumas 6 (35) mouka T u Habop MHOMCU-
meneti Jlazpanoica N = (Aoy ALy - oy Am), ydosaemsopaousue Yeao8uam
(a), (b) u (¢) u npu amom Ng > 0, mo T — pewenue 3adauu (35).

3. Ecau natidemesa mouka T € A maxasa, wmo f;(T) < 0,1 <j <m,
mo 6 1 A\g # 0 (ycaosue Caetimepa,).

Jlokasamenvcmso. Tlyets T — pemmenne 3a1aun (35). PacemMoTpum MHO-
JKECTBO

M ={p= (o, )" €R™ Tz € A: foz) — fo(T) < po,
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Henocpeacreennas npoBepKa HOKA3BIBAET, YTO 3TO MHOXKECTBO BBIITYK-
10. Kpome Toro, JIerko BUAETH, 9TO OHO COAECPZKHUT BCE BEKTOPHI € IO-
JIOZKUTEJHHBIMUH KOMIIOHEHTAMH (HAJ0 B3STh & = T) M TEM CAMBIM €r0
BHYTPEHHOCTH He mycra. Hakonemn, 0 ¢ M, Tak Kak B IPOTUBHOM CJIy-
wae Hamrescs 6ol amement T € A takoif, uro f;(T) <0,j=1,...,m, n
fo(®) — fo(Z) < 0, B npoTUBOpEUNE ¢ TEM, YTO T — MHUHUMYM.
CoryiacHo 1mepBoil TeopeMe OT/IeTUMOCTH HalIeTCsl TAKOi HeHY/IeBOi
dbyrknnona, T. e. BeKTOp A = (Ao, AL, .. ., Ap) € (R™H1)*, uro

(36) D Ay >0
j=0

st BeeX (b= (o, fi1, - - - ) € M. Tyers § > 0. Toacrasass B (36)
sektopsl (1,5,...,80)T,...,(6,...,d,1)T, a 3arem ycrpemnsia § x mymio,
noxydaeM, uto A; > 0, 7 = 0,1,...,m, T. e. JOKa3aHO yTBEepPIKIEHUE
(b) TeopeMbi.

Teneps nmoacrasum B (36) Bekropnt (4,...,0d, fj(Z),0,...,0)", j =

1,...,m (onu mpunamnexar M, Ha10 B3ATh & = T) U CHOBA, yCTPEMJIAs
J  Hymo, morydauM, 9to A, f;(Z) > 0. Ho A; f;(Z) <0, tak kak \; > 0,
a fj(z) < 0 u nodromy A;f;(z) =0, j = 1,...,m, 410 JOKa3bIBAECT

yrBepxKaenue (c).

[ycts z € A. SIcno, aro (fo(x) — fo(@) + 6, f1(z),. .., fm(z))T € M.
[Moxcrapisist sTor BekTop B (36), mpuxoanm (B mpegene npu § — 0)
K HEpPaBEeHCTBY Z;n:o Nifi(z) > Aofo(Z). dobasass cnpasa mHyJeBbie
cnaraembie \;f;(Z), 7 = 1,...,m, nomygaem, uro L(x,\) > L(T,\) u
(a) nokazaHo.

JToKaskeM BTOPOE YTBEPIKJIEHUE TeOpeMbl. IIycTh & — AOMyCTUMBbIi
ssieMeHT B 3ajade (36). Torga, ucnosb3ys 310 06CTOSITETHCTBO BMECTe
¢ (b), (a) u (c), 6ysem nmernb

Nofo(z) > Aofol(z) + Z Nifi(x) = Lz, X) > L(T,N)

= X0fo(@) + Y _Nifi(@) = Xofo(Z):
j=1

Jlens va Ay, mosydaem Tpebyemoe.

Jlokaxkem mocseinee yrBepzkaenne Teopemol. Eciun A\g = 0, To HeHy-
JIEBOI MHOXKHUTEH Jlarpanzka HaXOIUTCS CPeJIH OCTATBHBIX H MO3ITOMY
(C y1erom (C)) *C(f7 /\) - Zzﬁil )‘zfz(f) <0= 2211 /\zfz(:/i) = ,C(/ZE\, )‘)a

9TO HPOTHBOpEYHT (a). d
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26. ITPOCTEMIIIAA 3AJAYA BAPUAIIMOHHOI'O UCYUCIEHUSI.
YPABHEHUE DIJIEPA

[IpungaTo cunraTh, 4TO BAPUAIMOHHOE UCYUC/IEHUE POJUJIOCH C 3a/1a-
4u 0 OpaxucToxpone, mnpejiokennoit B 1696 r. 1. Bepuysuim ij1s perie-
HHST CBOMM COBPEMEHHHKaM. 3ajada Oblaa pelreHa caMuM DBepHy/Lin,
ero oparom flkoBom, Heioronowm, Jleitorunem u Jlonurasem. Pemenus
OBLTH pa3Hble, ¥ BCKOpE ellle OBIIO PeIleHo HECKOIbKO CXOIHBIX 3a,/1ad.

B nauase 18 seka . Bepuysuin npetoxu J1. Diinepy (Torma mosio-
JIOMY 9eJI0BEeKY, KOTOPOrO OH KOHCYJIBTUPOBAJI IO HAYYHBIM BOIPOCAM)
HaiTH 00IMUe MeTOAbl pellleHus MOMoOHBIX 3amad. Haunnas ¢ 1732 1.
JI. Dityiep Hava aKTHBHO THM 3aHUMaThCAd W 4depe3 12 jer 3aBep-
muji ¢Boit pynpmamenTaibublit Tpy/ “Modus invineniondi lineas curvas
maximive proprietate gemdenties sive soluto problematis isoperimetrice
latissimo sensu accepti” (“Meros HaxoXKAeHWsT KPUBHIX JIMHUI, 001812~
IONUAX CBOMCTBAMHU MAKCUMYyMa MJIM MUHUMYMa, WK PEIIeHUue U30IePH-
MeTPHYECKON 3a/1auu, B3ATOil B caMoM mupokoM cmbicse”), Jlo3aHHa,
1744 r. Tam, B yacTHOCTH, OBLIa PACCMOTpPEHA 3ajiava, KOTOpas HbIHEe
HA3bIBAETCSI MpOCTeiimiedi 3a1aueii (KIaccH4eckoro) BApUAIMOHHOTO UC-
YUCJICHHSA.

[Tycrs [tg, t1] — orpe3ok uucaoBoit upsamoii, G — OTKPBITOE HOIAMHO-
xectso R?, L: G — R — nenpepoiBHasg QyHKIHA HePeMEHHBIX {, T,
u o, r1 € R. 3agaua

(37) J(x) = /t 1 L(t,z(t), z(t)) dt — extr, xz(tg) =z, x(t1) = 1,

0

Ha3bIBAETCS npocmetiweds 3adaueti (KAaccuieckozo) 6apuatuoHHo20 uc-
wucaenus. PyHKuuio L HA3BIBAIOT UHMEZPAHMOM WU AGZPAHACUGHOM
3a/1a4.

Vrounum nocranoeky. O6osuaunm uepes C([to,t1]) u C([to,t1])
MHOKECTBA BCEX HENPEPBIBHBIX W HENPephIBHO AuddepeHInpyemMbIx
dbynknmii x wa [ty,t;]. DT0 HOpMHUpPOBAHHBIE MPOCTPAHCTBA COOTBET-
CTBEHHO ¢ HOpMaMH

]l (ito,ta]) = ax lz(t)],

1zl (fto,07) = max(||z|le(io,a)), 12| cito,))-

Oyuxkuua © € C([ty, t1]) naswiBaerca donyemumoti 6 sadaue (37),
ecom D(z) = {(t,x(t), z(t))" : ¢ € [to, t1]} C G m z(t;) =z, j =0, 1.

Jonycruvas GyHKIMA T HA3BIBACTCA CAAOBIM AOKANOHOIM MUHUMY-
mom (marcumymom) B 3anade (37), ecau cymiecTByer Takoe € > 0, 9410
JUIst JI000I JIomycTuMoit byHKIWE 2, 171t KOTOPOit ||2 — Z||c1(jgy,]) < €
BoInosiHsAeTCs HepasencTso J(x) > J(Z) (J(x) < J(Z)). Caabwuiii ao-
KaAoHbLT IKCMPEMyM — TO JTUO0 CIa0bIi JTOKAJILHBIH MUHEMYM, JTHOO
c1a0bIil JTOKATBHBINT MAKCHMYM.
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Hanee, ecnn dpukcnpopana (GpyHKIUA T, TO I/ COKPAIICHAS 3aIIUCH

ucnosbzyem obosnadenust: L, (t) = L,(t,Z(t),Z(t)) n anamornano ajst
qacTHOW MMPOU3BOAHON L 110 .

Teopema 21 (Heobxomumble ycaoBusi SKcTpeMyMma B 3ajgade (37)).
IIyemv T docmasasem caabvili aokarvroid sxempemym 6 sadaue (37).
Tozda, ecau pynwyus L nenpepuiena emecme co c60uMU “aACTIHOLMU
npouszeodnvimu no T u T 6 oxpecmuocmu U(T), mo Ly € C([to, t1]) u
ons ecex t € [ty, t1] ewnoaneno ypasrernue Jirepa

d ~
—L;(t)+ L.(t) =0.
SLa(t)+ L(t) = 0

Jlekmus 8

Joxazamenvcmeo. llyers x € C([to, t1]) u z(ty) = z(t;) = 0. Tlo-
JOXKUM T = T + ax, rae a € R. Jljist 10cTaro4H0 Majibix ¢ (DyHK-
us T, npunaiexkut okpecrnocru I'(Z). Kpome roro, ouesuHo, 910
o € CY[to,t1]) m zo(t;) = x4, 7 = 0,1. Tem campiM s ocTa-
TOYHO MadblX « (DYHKIMH T, JgonycTumbl B 3agaue (37). Dynknus
j(a) = J(z,) uMeer B HyJe JIOKAJbHBIA 3KcTpeMyM. lIMeer mecTo
IIpe/ICTABJIeHHE

~

J(@)=ToFoDoS(a),
rie S(a) =T+ ax, D(z) = (v, %), F(z,u)(t) = L(t,z(t),u(t)) n

B cuny auddepenmupyemoctu 06001eHHOTO onmepaTopa HeMbinmkoro
(categerBue 3), TeOpeMbl 0 HPOU3BOHOI cynepio3unuu hyHKuii (Teo-
pema 7) u TOro, 4TO IIPOU3BOJHASI JIHHETHOIO OlIePATOPa €CTh CAM ITOT
auneiinbiit oneparop (I’ = I, D' = D), nonyuaem

~

dJ(«)
da

:[OF’ODOS’(Q)

:Zﬁ(@amu»+aamu0dt

a=0 a=0

~

I[To Teopeme @epma npoussognas J(«) B Hyse paBHa Hy.o. CiegoBa-
TeJIBHO,

(38) /t ! <Ex(t)x(t) + Ei,(t)dv(t)> dt = 0.

[Iycts p Takas dpyukius, aro p = L,. Torga, unrerpupyio 1mo da-
CTSIM, MOJIyYaeM
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[Tostomy, 3 (38) caemyer, uro ais seex dbynxunit © € C([to, t1]), ana
KOTOPBIX Z(fy) = (t1) = 0 cupaBeIMBO PABEHCTBO

/ ' (~pt) + Za(t)) i(e) dt = 0.

to

Ho Toraa mis moboit KoHcTaHTH ¢ € R cripaBe nBo 1 TaKOe paBEHCTBO

(39) / ! <—p(t) FLa(t) + c) () dt = 0.

to

Bribepem ¢ Tax, 4To0bI

/tl(—p(t) + La(t) +¢) dt = 0.

Paccvorpum dyHnkimio

~

£(t) = / (—p(r) + La(r) + ¢) dr.

deno, uro x € CY([ty, t1]) u x(tg) = x(t1) = 0. Iloxcrapum 3Ty PyHK-
muio B (39). Torga mosydanm

t1 ~ 2
/ <—p(t) + L;(t) + C> dt = 0.
to

Otrciona cienyer, o —p + Ly + ¢ = 0. Tem cambiv Ly € C([to, t1]).
uddepennupyst paBeHcTBO p = L;i + ¢ u yuurbiBas, 9410 p = L,
oJIyuaeM ypaBHeHue Ditiepa. O

27. 3AJIAYA BOJIbIIA

[IycTh, KaK W B TPeJAbIIYIIEM cayuae, [to,f1] — OTpe30K 4ucioBoit
npamoit, G — oTkpbIToe moaMHOKecTBO R3, L: G — R — HempepsIBHAS
dbyukius nepemennbix t, r u . [Iycrb, kpome Toro, 3ajana yHKIs
[: W — R, rae W — orkpbiToe noamuoxkectso R2. 3agaua

t1
(10)  Bz) = / L(t, (1), #()) dt + U(x(to), 2(t1)) —> extr
to
Ha3biBaercsa sadauet Boavuya.
Oynkmua € C([ty, t1]) maspiBaetca donycmumoti 6 sadaue (40),
ecrm ['(z) = {(t,z(t),2(¢))T : ¢ € [to,t1]} C G u (x(ty), z(t1))T € W.
Cabbiii JIOKAJBHBIH SKCTPEMYM OIPEIEIIETCS aHATOTHIHO MPEJIbi-
JYIIEMy CJ1yYaio.
Oyukiun L, n L; onpeaessiiorcs Kak W paHbIlie, © KPOMe TOT0, JJIst
bynxmmm [(&o, 1) monaraem le, = lg, (¥(to), 7(t1)), 7 = 0, 1.
Teopema 22 (Heobxoaumble ycaoBust sKcTpeMyma B 3azgade (40)).

IIyemov T docmasasem caabvili aokarvrod sxempemym 6 sadave (40).
Toz0a, ecau pynrkyua L nenpepwiena emecme co C60UMU “4ACTIVHOLMU
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npouszeoduvimu no T u i 6 oxpecrnnocmu I'(Z), a dynkyus | nenpepois-
HA BMECTE CO CEOUMU HACTIHULMU NPous6odrvmu no & u &1 6 okpecm-
nocmu mouxu (T(t), T(t1))T, mo Ly € C([to, t1]), daa ecex t € [to, t]
BLINOAHEHO YpasHeHue DUiepa

d ~ -
——L;(t) + Ly(t) =
ZLa(t) + L) = 0,

a, Kpome 1moeo, 8blnoAHAETNCA YCAOBUE TMPAHCEEPCANOHOCTIIU,
~ N I .
Li(t;) = (=1)lg;, 5 =0,1.

Joxasameavemeo. Tyers x € C([tg, t1]) u T, = T + ax. Paccyxnas
TOYHO TaK Ke, KaK W B IPEeJIbIIYIINeil TeopeMe, TPUXOIUM K COOTHOIIIe-
HUIO

d RN ~
(1) Bla) / (Lx(t)x(t) + Lg-c(t)i:(t)) dt
da a=0 to
+ lfox(t0> + l§1x(t1) =0.
[TycTs p — pemenne 3anaun Komu p = Ex(t), p(ty) = —lzl. Tem caMbIM

t1 .
p(t) = _l& — / Lx(T) dT, t e [to,tl].
t

[Moxcrasisst p B (41) BMecTo L, n nHTErpUPYsl 10 YACTIM, IOJIYYaeM,
qT0

) [ (a0 L) a0 de + (@, - plt)atts) 0.

to

~

[Tycrb Teneps & — pentenne 3aga4du Komn & = —p(t) + L;(t), x(ty) =
le, — p(to), T. €.

o~

x(t) :ZA&) — p(to) +/ (—p(7) 4+ Li(7))dr, t € [to, t1].

to

deno, uro z € C([ty,t1]). [oacrapnas x B (42), IPEXOAUM K paBeH-
CTBY

/tﬁ <_p(t) + Ew(t)>2 di + @O — p(to))? = 0,

~

OTKyJa CJIeyeT PAaBeHCTBO P = L;, pABHOCHILHOE, B CILITY OIPe/Ie/IeHUS
P, ypaBHeHHIo Diiepa, a TakzxKe cooTHOmenne p(ty) = lg,, win L;(ty) =
le,- YenoBue Li(t) = —le, BXOAUT B Onpe/eenne p. O
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Jlekmus 9

Mpbi pacemorpesin “ojiHOMEpPHbIE” BapUaHTbl LHpOCTEleil 3a/a4u u
sagaun Bosbna. CoBepmeHHo aHaJIOrHYHO PACCMaTPUBAIOTCH UX BEK-
TOpHBIE aHATIOrH, Koraa ¥ = (x1,...,14)7. B aTOM ciydae posb mpo-
crpancts C([to, t1]) u C([ty, t1]) wrpator npocrpancrsa C([ty, 1], RY)
n Cl([to,t1],RY) — COOTBETCTBEHHO HEMPEPHLIBHBIX W HETPEpPHIBHO
muddepeHnupyeMbIX BeKTop-pyHKIHA co 3Hadennamu B RY. Omm
OIPEJIEJISIIOTCS  AHAJIOTUYHO OJHOMEDHBIM BapuauTaMm, riae |z(t)| =
Vrd(t) + ... + 2%(t). HeobGxoaumble ye10B1s SKCTPEMyMa 3/1€Ch HMeIOT
TOT ¥Ke BHJ U UX J0KA3aTEILCTBA OCTAI0TCA npexkauMu. Ho dbopmyssr,
pasyMeercst, Ha 10 IIOHUMaTh BeKTOpHOo. Hanpumep,

d ~ ~ ~

——La(t) 4+ Ly(t) = ——
L) + L) =0 &

28. VIHTEI'PAJIBI YPABHEHUST DMJIEPA

HamomuuMm, 9T0 mepBbiM mHTerpaioM nuddepeHnuajspHoro ypaBHe-
HUs Ha3bIBaeTCsd (DYHKIMSA, KOTOPas MOCTOSHHA HA PEITeHUIX JAHHOTO
YDABHEHHUS.

Ecyiu yrarpankuan L He 3aBUCHUT OT HEPEMEHHON X, TO ypaBHEHUE
Ditjiepa WMeeT OYEBUIHBIN MEPBbIil HHTETPaJI

p(t) = Ly(t,Z(t)) = const,

KOTODBIiI HA3BIBAETCS UHME2PAAOM UMNYADCA.
Ecyim narpankuman L He 3aBHCHT OT MepeMeHHO f, TO ypaBHEHUE
Ditepa WMeeT MEepPBBIil HHTETPaJI

H(t) = Ly(Z(t), 2(8)Z(t) — L(Z(t), Z(t)) = const .

OH HA3BIBACTCST UHMELPANOM IHEP2UL.
JI71s1 JoKa3aTeIhCTBa BRIYUCIUM TPON3BOAHY 0 hyHKnn H (yaursi-
Basl, YTO T YJIOBJETBOPSET ypaBHEHHO Diiiepa)

= Ll@(0), B(0)F(1) + 4 La(@(0),30)30) — L((2), 2(0)3(0)
d

- La(@(0.50)30) = (5 L(E(0,50) - L0, 30) ) 3(0) =0

[Tpu noKa3aTe bCTBe Mbl IPEIIOIOKAIN CYIECTBOBAHUE T

29. 3AOAYA JIATPAHIKA. OBIIIAST TOCTAHOBKA

[Tycts [to, t1] — KomeuHBIN OTPE30K, G — OTKPHITOE MOJIMHOKECTBO
R x R% x R, W — orkpsiToe noamuokectBo R x R¥ . bynkunn
Li: G— R, j=0,1,...,m, orobpaxkenue ¢: G — R" (nmepemennbix

teR, 2= (z1,...,24)7 € R, u=(u,...,uq,)" € R®2) u bynkmun
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li: W = R, j=0,1,...,m (nepemenusix & u &) HeIPepLIBHBI Ha
CBO€il 001aCTH OIpe/Ie/IeHns. 3a1a4a,

(43)  fo(z,u) = / 1 Lo(t, z(t),u(t)) dt + lo(z(to), z(t1)) — min,

0 T = p(t,x,u),
fj<x,u>=/1L<t £(t), u(t)) dt + L (a(to), 2(t2)) <0, 1< 5 <,

to

t1
fi(z,u) = / Li(t,z(t), u(t)) dt + 1;(z(t), z(t1)) = 0,
to
m' +1<j<m,
HasbiBaeTcst 3adavels Jlazpanotca sapuayuonozo ucuucaernus (B MOHT-
psirnHCKO# hopme).
Yrounnm noctanoBKy. [lostoxkum

7 = CY([to, t1], R™) x C([to, t1], R®).
Hopwmy B Z BBejem ciieytonimm oOpa3om:

[(z,u)||lz = ||$||cl([t0,t1],Rd1) + ||u||C([t0,t1],Rd2)'

[Mapa (z,u) € Z wasbiBaercs donycmumoti 6 sadaue (43), ecin

D, u) = {(t,2(0),ut) : t € [to, 1] } C G, (x(to), 2(lr)) € W,
(t) = p(t, z(t), u(t)) aus Beex t € [to, t1],
filz,u) <0, 1<ji<m file,u)=0 m+1<j<m.

Honycrumas napa (T, %) HA3BIBAECTCS CAGObIM AOKAALHOLM MUHUMY-
mom 6 3adavwe (43), ecam cyumecrByer Takoe € > 0, uro Jyist J11000i
JIOIYCTUMOM Tapel (x,u), aas Koropoit ||(z,u) — (x,u)HZ < £ BBINOJI-
HEHO HePABEHCTBO fo(x,u) > fo(Z, u).

Oyukuueit Jlarpanxka 3agaun (43) Ha30BeM (hYHKIUIO

L(z,u,\) = / 1L(t,x(t),éc(t),u(t))dt—i—l(x(to),x(tl)),

to
e

L(t,x,&,u) = Z N Li(t,x,u) + p(t) (& — o(t, z,u)),
=0
1(&,6) =D Nili(6o, &)
7=0

1 BEKTOD X = ()\07 >\17 BRI Amap) € (Rm+1)* X Cl([t07t1]7 (Rdl)*) ~ Ha-
O0op MHOXKHUTeJelt Jlarpamzka.

Ecmu dbukcupoBana napa (7, %), T0, KaK U paHbIIe, JJisi COKpAIIe-
HUsI 3aIUCH UCHOJb3yeM obosnauenust: L, (t) = L,(t,2(t),z(t),u(t)) u
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AHAJIOTMYHO [T YACTHON IIPOM3BOIHON 110 T U IO U, YACTHBIX MPOU3-
BOJIHBIX OTOOparkenus @, [ u 1. 1.

Teopema 23 (Heobxoaumbie ycioBusi MEHHHMyMa B 3agade (43)).
IIyemv (T,u) docmasasem caabvili AOKAAGHOIG MUHUMYM 6 3a0a-
we (43). Tozda, ecau dynryuu L;, 0 < j < m, u omobpasice-
HUE O HENPEPLIGHBL BMECTME €O CEOUMU YACTIHBLMU NPOU3COOHBLMU
no x u u 6 oxpecmmocmu mhnoccecmsa I'(Z,u), a dynryuu l;, 0 <
J < m, menpepwuieno dufdepenyupyemv, 6 OKPECMHOCTIYU MOUKY
(Z(to), (t1)), mo natidemes nenyaesoti nabop muoscumenet Jlazpan-
oca X = (Mo, AL, Amy D) € (R™F)* 5 C([tg, ], (RU)*) maxodi, wmo
BOLTLONHAIOMCSA

(a) yeaosus cmavyuonaprocmu (ypaskenus Direpa—lazpansica):

_%@ﬁﬂjgw:o<¢—mw:mwmw—Eg&@xm

=0

(b) \; >0, 7=0,1,...m" (ycrosusa neompuyamesvrocmu,);

(c) \ifj(,u) =0, 5 =1,...,m (ycaosua donoanmoweds nescecms-
KOCTNU,);

(d) Li(t;) = (=1)lg,, j = 0,1 (yeaosus mpanceepcarvrocmu,).

Jlokazamenvcmeo. Tonoxum € = (x,u), 5 = (Z,u) u ®¢) =
x?

(G(&), F(€)), tae G(&§) = (fuw+1(8), - fm(§))", F(§) = & — (L, 2, u).

Torna 3amaua (43) MoxKeT OBITH MEPENUCAHA B BHJIE
(44) fo(§) = min, f;(€) <0, 1<j<m/, &) =0.

Bysem npumensitb K 310it 3aja4de reopemy 17. U3 juddepennualib-
HBIX cBoiicTB bynknuit L; u l;, 7 = 0,1,...,m, u ¢, yrBepxKaeHuit
OTHOCHUTEJILHO (D HepeHIupyeMOCTH CyHepPIO3nuInii 0TOOpaKeHnii 1
Mpou3BOIHO 0000IeHHOr0 oneparopa Hewmbinikoro ciemyer mudde-
peHupyeMocth otobpazkenuii f;, 7 = 0,1,...,m’, u crporag audde-
PEeHITUPYEMOCTD OTO6pa)I§\eHI/Iﬁ FudG.

okazkem, aro Im (&) = C([to, t1], R%). Iycrs y € C([to, t1], R%).
Nmeem

F'(€)(h,v)(t) = h(t) — Ba()h(t) — Bult)v(t).
[Tonoxum v = 0. YpaBuenue
(45) h— Ga(t)h = y(t)

dABJIgeTCd JIMHeiHo# cucremoii auddepeHnuaj bHbIX YpaBHEHUI ¢
HelpepbIBHBIME  KO3ddurmentamu. [losromy g Joboro y €
C([to, t1], R™) cymectsyer pemenue s1oii cuctembt b € Ct([tg, t1], R™).
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B cuuty iemmbr 0 3aMKHYTOCTH 06pa3a (Jemma 2) Im @’ @ — 3aMKHYTOe
HO/IITPOCTPAHCTBO.

Takum obpa3om, Bce ycjioBHus TeopeMbl 17 BbinoiHEeHBI. Toraa cyiie-
crByer nenysesoii nabop muozxuTeseii Jlarpanaxa A = (Ao, ..., A, 7°)
Takoi, uTo Jjid pyukimun Jlarpanzxka

=D M) + (W GO) + " F(e) = Z Aifi(€) + (" F(E)),

BBIMIOJTHSIIOTCs yeaoBus craiuonapuoctu L£)(€, A) = 0, a, Kpome Toro,

BBIIIOJIHEHBI yCJIOBHA HeoTpumarenbHoctu A; > 0, 7 = 0,1,...,m u

YCJIOBUS JOMOMTHSIONEH HexkecTKoCTH A f;(Z,0) =0, j=1,...,m/.

BaiiMemMca UccaeI0BaHHEM YCJIOBUS CTAIMOHAPHOCTH, U3 KOTOPOTO
MoJIy4aeM ypaBHEHUS

(46) Lo(E / NE(OA(t) dt + Ty h(to) + T h(t)
+ (Y h(t) — Go(t)h(L)) = 0,
rie
M= NLja,
=0

a TaKzKe

(47) L1u(E N / (iA ) )dt — (y*, Bu(t)o(t)) = 0.

Jj=0

[ycrs y € C([to, t1],RY), a h € CY([to, t1], R%) apnserca pemennem
cucremb (45) ¢ nHavanbubiM ycaosuem h(ty) = ho. Torga u3 (46) umeem

/ M(#)h(t) dt — Te,ho — Te, h(ty).

Oupegennm GYHKIUIO P KaK PEINIEHHE CHCTEMBI

(48) —p = pPa(t) + M(t) = 0,
VJIOBIETBODSIIONIEe YCJI0BHIO P(ty) = —lA&. 113 (45) moyuaem
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Torya, BeipaKas M w3 (48), mosygaem

<mm=—/7mmw@@mmwﬁ—%%—@um

to

= [ GORO + phe) — POy e~ o~ ()

to

= [~ [ L on0) T~ Tuhin)

:[”WM@ﬁ+wm—&mo

[Tonarass hg = 0, mosrygaem, 4To

<mm=/}®me

to

a mosarag y = 0, B CHJIy OPOU3BOIBHOCTH Ry HOIydIaeM, 910 p(ty) = lg,.
Yuaursiast By dyHkiponata y*, usz (47) nmeem

OZXTRME“”_M”@QOMwm:o

B cuty Toro, 9To 3T0 paBEeHCTBO CIIPABEIINUBO JJIsd JI000H (DYHKIUN
v € C([to, 1], R?%), momyaaem, 1o

pOBu(t) = > ALyt

J=0

Jlekmus 10

30. BAJAYA CO CTAPIIUMU IMPOU3BOJIHBIMU. Y PABHEHUE
OUMJIEPA-TIYACCOHA

B kauecTBe CJIeJICTBUST TEOPEMBI, JOKA3aHHOW B IIPEIbILYIIEM pa3ie-
Jie, MOJIYYUM HEeOOXOMMbIE YCJIOBHsI SKCTPEMyMa B 3ajade CO CTapIii-
MH IPOU3BOTHBIMI.

[Iycte [tg,t;] — oTpe3ok 4ucaoBoii mpsimoii, G — OTKpPBITOE MOJI-
muoxkecrso R"2 [: G — R — menpepbiBHag yHKIms (HepeMeHHble

N . k
KOTOpOii obo3HaudaeMm t,x, T, ... ,x(“)) n xg ) € R, £E=0,1,....,n—1,
7 =0,1. Bamaua

@@J@:/%@amm%”¢Wmm%mm

to
W)y =2, k=01,...,n-1, j=0,1,

Ha3bIBaeTCd 3adaveti co cmapuumuy npouseodnmmu.
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O6o3uaunm uepes C"([ty, t1]) mpocTpancTBO BCex n pa3 HEMPepBIBHO
nuddepenupyembix bynkuuii r Ha [to, t1] ¢ Hopmoii

1zl o,y = max(||z]| e o 12 corys - - - » 12l eonn)-

Oynukmus x € C"([to, t1]) Ha3BIBaeTCSA donycmumot 6 3adave (49), ecin
T(z) = {(t,z(t),2(t),....,a™ )"t € [to, ]} C G

na®(t) =2 k=01,....,n-15=0,1

JonycrnMas GYHKIUSA T HASBIBAETCS CAGOBLM AOKANOHOM MUHUMY-
mom 6 3adaye (49), ecim cymecrsyer Takoe € > 0, 4ro Jyist J000i
Jo1ycTHMOil (YHKIME T, 1/t KOTOPOit ||€ — Z||cn(jty,4,]) < € BBIOJHS-
ercst Hepaserctso J(x) > J (7).

Teopema 24 (HeoGxoaumbie ycioBust Muarnmyma B 3ajade (49). Ypas-
nenve Ditnepa-Ilyaccona). I[Tycmv T — caabvlll A0KAAOHOT MUHUMYM
6 (49), dynryus L nenpepuena emecme ¢ 4acmmumy npoussoodHbL.MU
L, 6 oxpecmuocmu I'(T), Exoc) e C*[to,t1]), k= 1,....n— 1, u
L, € C" Y([to,t1]). Tozda L, € C™([to,t1]) u dan ecex t € [ty, t]
evinoaneno ypasnenue taepa—Ilyaccona

Z pd

k=0

Loxazameavcmeo. Obo3HAYASL & = T1, L1 = X, ..., Typ_1 = Tp, Tp = U,
3a1ady (49) MOXKHO 3amucaTh Kak 3a1ady Jlarpamnxka

t1
(50) / L(t,z1(t),...,z,(t),u(t)) dt — min,

to
:tlzx% sy jjnfl:xna j:n:ua

o(t) =2V k=10, j=01

[IpocTag mpoBepKa IOKA3LIBAET, YTO €CJU T — CAAObIA JIOKAIbHBINA

MuHEMYM B 3aja4e (49), To Bekrop-byukuus (Ii,...,T,,u)" — cra-
OBIil JIOKAJIbHBIIT MUHUMYM B JaHHOU 3ajade. CoryracHo obOIeil Teope-
Me 43 Haiiyresa Takue MHOKATE N Jlarparka Ao u p = (p1,...,Pn) €

C*([to, t1], (R™)*), He paBHbIe OJHOBPEMEHHO HYJIIO, YTO UMEIOT MECTO
paBeHCTBA

~

—p(t) = p(t)Pa(t) — AoLa(t),

[ockonbky ©(t, z,u) = (29, ..., 2y, u)T, TO 9TH paBeHCTBA UMEIOT BU

~

_pl(t) = _)‘OLxl (t);\
_pZ(t> =D1 (t) - )‘OLm (t)’
(51) S
—pn(t) =Pn-1 (t) — AoLa, (),
Pu(t) = AoLy(t).
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Ecmu Ao = 0, To cpa3dy Bujgno, uro u p = 0. Byzem cuurarh, 9to \g =
1. U3 Broporo pasenctsa ciaeayer, uto py € C*([to,11]), u3 Tpernero
— p3 € C3([to, t1]), makonen, u3 upeanocaeanero — p, € C™([to,t1]).
Torma u3 moc/eaHero paBeHcTBa CJIELyeT, YTO Ex(n) € C"([to, t1])-

13 coornomennii (51) BeIBOAUM (YUUTHIBAsI YCJIOBUS TEOPEMBI U I1e-
PeXo/isl K MPeXKHNM OOO3HATEHUIM: T = &, Ty = &, ..., Tp = o1,
u = x™), uaro

= : . d nel (n
L(t) = pu(t) = =a(t) + - La(t) = ... = (=1) ()
n—1
dr ~ Ldr -
DY Lo (t) = (—1)" =L,
+ 2 DT o Law () = (-1)" —n Lo (1)
k=1
n—1 - dk N
+)) (=1 ﬁLwa(t)
k=1
9T0, 0UYEBHUIHO, PABHOCUJIBHO ypaBHEeHHIO Ditnepa—IIlyaccona. Il
Jlekmus 11

31. IBOIIEPUMETPUYECKAS 3AAYA

[Toayunm Tenepb HEOOXOAUMBIE YCIOBUSA SKCTPEMYMa B H30IePUMeT-
PHAYECKON 3amade.

[Tycrs [tg,t1] — oTpe3ok uncaoBoit mpsamMoii, G — OTKPBITOE TOIMHO-
wectso R¥ Gynxkmuu fj: G — R, j = 0,1,...,m (unepemennbix
teR, z€Ru i € R uenpepwisunt na G, a; ER, j=1,...,m, u
r; € RY j=0,1. 3anaua

(52) J(x) = /t 1 fo(t,z(t),2(t)) dt — min,

/ﬁﬂ@x@jﬁ»ﬁ:aﬁlgjgm,x@ﬂ:%,aﬁﬁz

Ha3BIBACTCS U30nepumempuyeckols 3adaued. IcHO, 9TO ITO YACTHBINH
cay4aii 3amaqn (43) (muddepennuanbuas cBa3b: & = u).
Dynkius ¢ Ha3bBaeTcs donycmumol 6 3adavwe (52), ecmum x €

Cl<[t0,t1],Rd),
D(z) = {(t,z(t), 2(t))" : t € [to, t:]} C G,

t1
/‘ﬁ@x@Jﬁ»ﬁ:aﬁlgjgm,aﬁﬁzxﬁj:QL
to

Houycruvas GyHKIus T HA3BIBACTCA CAGOLIM AOKANGHOIM MUHUMY-
mom B 3amade (52), ecam cymecrByer takoe € > 0, 4ro st JH000
JOTMycTAMOMN DYHKIMH X, I KOTOPO# |7 — T ¢ (11,4, re) < € BBHITION-
Hgercsa Hepasenctso J(x) > J(7).
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[Tonoxxum

L(t,z, 4, Z/\ Fit ), A=A, A1, Am).

Teopema 25 (Heobxoammbie ycioBust mMuamMyma B 3agade (52)).
IIycmv T docmasasem caaboill A0karvhol murumym 6 3adave (52).
Tozda, ecau dynkuyuu f;, 7 = 0,1,...,m, Henpepwerv, emecme co
CEOUMU YACTMHULMU NPOU3BOOHBLMY 10 T U & 6 okpecmuocmu 1'(T),
mo watidemcs maxot ?/L\enynesoﬁ Hnabop mrootcumeneti Jlazpanarca A=
(Aos ALy -5 Am), wmo Ly € CY([to, t1], RY) u das scex t € [ty t1] 6wi-
noAHeHo ypasrerue iiepa

d ~ ~
_ELN) + L,(t) = 0.

Jokxazamenvcmeo. PaccMorpuM cieyrontyio 3a1ady Jlarpamnxa

(53)

(54) /ttl folt,z(t),u(t)) dt — min, & =u,

t1
/ F(b () u(t) dt = ay, 1< j<m, w(te) =70, (tr) =
to
Hecioxxuast mpoBepKa 1MoKa3bIiBaeT, YTO €CJIH /x\ — cJIA0BIi JIOKAJIBHBIHT
SKCTpeMyM B 3ajade (52), 1o (Z,u), rjae U = T, — caabblil JOKATbHBIH
3KCTPEMYM B JIAHHOK 3aJiade.
CorytacHo Teopeme 0 HEOOXOJMMBIX YCJIOBUSIX MUHUMYyMa B 3a/ade

(43) maitamyrcs Takue mMuoxkurenn Jlarpanmxa (Ao, A, ..., A\y) B p €
C([to, t1], (R%)*), He Bee paBHBbIe HyIIIO, 9TO

—p=p@a(t) = > _ N fi(t, 0
j=0

=3 At 3.0
§=0

[Tockonbky @(t,x,u) = u, TO MOTyYaeM PaBeHCTBA
= Nt 2,0)
=0
)=> Nfult.Z 0
=0

[ToacraBigas B 3T paBeHCTBA T BMeCTO U ybexkmaemcs, uro Lj; €
C*([to, t1], RY) m umeer mecto pasenctso (53). O
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32. 3AJIAYU OIITUMAJIBHOTO YIIPABJ/IEHUS

Bapuanuonnoe ucuucjienne, Kak yzKe rOBOPUJIOCH, HHTEHCUBHO Pa3-
BUBAJIOCH B 18 Beke (B ocHOBHOM ycmusivu Disiepa, Jlarpanxka u Jle-
Kauzapa). B 19 Beke B ero pasBuThM NPHHSJIN yYaCTHE TAKHE MaTeMa-
tuku Kak [Iyaccon, Beitepmirpace, 'nmianbepr u [Tyankape. K nagary 20
BeKa MPEeJMET, B CYIECTBEHHOM, OKa3aJicst ncuepnanubiM. [locTpoenne
TEOPUH IKCTPeMyMa (KaK OHa IPeJICTAB/sIaCh B Te BPEMeHa), Ka3a-
JIOCh, 3aBepiineHo. Ho BIOCIEICTBUE HMOSIBUJINCH BBIMYKJ/IbIE 331a49H, a
3areM, B Hadase 50-X TOJOB MPOILIOr0 BeKa POJUIOCH ONTHMATLHOE
yIpaBeHne — HOBOe HAIpaBIeHHEe B TEOPUU IKCTPEMYMa, OXBATLIBA-
I0lee BapuaIlnoOHHOe ucYucjienne. HeoOXoaumbie yCI0BUS IKCTPEMY-
Ma B 33Jla9axX ONTHMAJBHOIO YIpPaB/IEHUsI ObLIN MOJIYYEHbI B IIKOJIE
JI. C. Tlourpsiruna. OCHOBHOI pe3y/IbTaT Ha3bIBAETCsl IIPUHIUIIOM MaK-
cumyma [Tourpsiruna. B aTom pasjeiie paccmarpuBaercst 3a1a49a, OMTH-
MaJIbHOTO YIPABJIEHHS U JTOKA3BIBAIOTCA I Hee HEOOXOIMMBIE YCJI0-
BHUS MHHHMYMA.

[Iycth [to,t1] — KOHEUHBIN OTPE30K, G — OTKPBITOE MOJIMHOKECTBO
R x R4 U — memycroe momMuOxkecTBo R%, dyukmua f: G x U —
R u orobpaxenue @: G x U — R (nmepemennnix t € R, 7 =
(21, 24)T €ERM wu = (uy,...,u4)T € R®) nenpepoiunt na G x U
u xo,r; € RM. Banaua

(55) J(z,u) = /t 1 ft,z(t),u(t))dt — min, &= @(t,z,u),
u(t) e U, x(to) =x0, x(t1) =1

HA3BIBACTCS 3adavel] ONMuUMAALH020 ynpasaenua. IlepeMeHHY0 T da-
CTO Ha3bIBAIOT (a30BOIi MepeMeHHOM, a % — yIpPaBICHHUEM.

Vrounum moctanosky. Ilycts PCY([tg,t1],R%) — coBokymHocTb
Beex Kycouno-nenpepbisno audddepenuupyembix, a PCO([ty, t1], R%) —
KYCOYHO-HENPEePLIBHBIX (byHKIMI Ha [t,11] €O 3HAUEHMSMEU COOTBET-
creento B RM u R%. Tlapa (z,u) € PC([ty, t1], R%®) x PC([to, 1], R%)
HasbiBaeTcst donycmumoti 6 3adaue (55), ecan

D(z) = { (t,2(t) : t € [to, 1] } C G,

Brouenne u(t) € U u paBenctso &(t) = (¢, 2(t), u(t)) BeImonHAIOTCSA
IUIst Beex ¢ € [to, t1], re dbynkung u HenpepbiBHa u x(ty) = xg, x(t1) =
xI.

33. TITPUHIIUTT MAKCUMYMA

Honycrumas napa (T, %) HA3BIBAETCA CUAOGHOLM AOKAAOHOIM MUHU-
mymom 6 zadave (55), ecu cymiecrByer Takoe € > 0, 4To st JIE00OH
JOTyCTHMOf maphl (T, u), IS KOTOPOit || — Z|| oy 4], rd1) < € BBITON-
HeHO HepaBeHcTBO J(x,u) > J(Z,u).



BAPUMAIIMIOHHOE NCYUCJ/IEHUE 49

Oyukuueit Jlarpanxka g 3agaun (55) 6yaeM Ha3bBATH (BYHKIIUIO

L(z,u,\) = / 1 L(t,x(t), 2(t), u(t), Xo, p(t)) dt,

to
rae

L(t,z,&,u, No,p) = Nof(t, z,u) + p( — p(t, z,u)).
QyHKITHIO
H(t,x,u, Ao, p) = pp(t,x,u) — Ao f(t,z,u)
Ha3bIBAOT (ynkyuets Ilonmpazuna 3adavu (55).

Teopema 26 (Heobxonumbie ycnosust Munnmyma B 3aaa4ue (55). [Tpun-
mun Makcumyma Iourpsaruuna). ITyemo (T,u) docmasasem cusvhoid
A0KAALHOLT Munumym 6 3adave (55). Tozda, ecau pynryua f u omob-
PadACEHUE O HENPEPLLEHBL BMECTNE CO CEOUMU “YACTHBLMU NPOUBOOHbI-
mu no x 6 G x U, mo natidemcsa menyaesoti nabop muoscumenet
Jdazpanoca X = (No,p) € R x PC([ty,t1], (R™)*) marot, wmo euvi-
NONHEHO YCA0BUE CMAUUOHAPHOCTIU 1O T

-~

—La(t) + L(t) =0 & —p=p@.(t) — Mfult)

U 6 MoYKaTr HENPEPBLIGHOCIU iZ YCcaosue MUHUMYMA 10 U
(56)  min L(t2(1), 2(8), u, Ao, p(t)) = L(E, F(8), 5(2), (1), Do, p(1)).
ue

Yeaosue (56) MozkeT ObITH 3aICAHO B BUJIE YCJIOBHS MAKCHMYyMa MO
u

max H (t, Z(t), u, Ao, p(t)) = H(t,Z(t),u(t), Ao, p(t)).

ucelU
B cuity aToro coornomnenusi HeoOX0uMbIe YCJIOBHS B 3a/1a49€ OIITUMA/Ib-
HOTO ynpasJjienusi u Ha3biBaloT “IIpunimunom makcumyma [TouTpsruna”.

Jlekmus 12

CdopmyanposanHas 3aada ONTHMAJBHOTO YIPABIECHUS HE camMast
00111as1, HO JOCTATOYHO IIpeJcTaBuTe IbHass. Mbl IOJIyduM HEOOXOIUMbIE
yCJIOBHS JIIsI OOJIee ITPOCTOr0 BapHaHTa, KOI/a IpaBblil KoHell cBOOOIEH,
T. €. MOJyIUM HeO0OXOJMMBbIe YCIOBUA MUHUMYyMa B 3a/1a49e

(57) J(x,u) = /t CF(h ot u(t) dt — min, & = o(t 3 0),
u(t) e U, x(to) = zo.

DTH ycIOBUsSI MEHUMYMa Te JKe, 9TO U B 3aj1ade (55), HO jmobaBiisieTcst
ele ycsoBue TpaHcepcaabnoctu p(ty) = 0.

Jlnga qoKasaTeabeTBa TeopeMbl HaM HOTpeOyIoTCs aBe JeMMbl. laee
canraeM, 9To GYHKIUA [ U @ YAOBICTBOPAIOT YCJIOBUSAM TEOPEMBI 26.
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Puc. 1

[Iycrs (Z,u) — pouycrumas uapa B 3agaue (55) (wmu (57)), 7 €
(to,t1) — Touka HenpepwsIBHOCTH U, @ > ) CTOJNB MaJI0, 9TO DyHKIUS U
HenpepbiBHa Ha [T — @, 7| m v € U. Tlonoxum

T

v, te[r—a,r).

DyHKIHUIO U (T, T,v) HA3BIBAIOT u2oAbuamol eapuayued U, a napy (7,v)
— U20AK01.

Jlemma 5 (06 wurosbuaroii Bapumanum). Hatidemes maroe oy > 0,
umo dasa mobozo 0 < a < «q cyuwecmeyem eouHCMEEHH0e PEULCHUE
xo(t, 7,v) 3adavu Kowu
T =@(t,z,us(t,7,v)), x(ts) = xo,
onpedeaennoe na 6cem ompesxe [to, t1], npuvem xo(t, 7,v) = T(t) npu
t € [to, T — @] u, kpome mozo, npu o — 0
1) gynruyus xo(t,7,0) —  Z(t) 6 mempure npocmparcmea
C([tmtl]?Rdl);
2) Ppynryua
zo(t, T,v) — Z(t)
Q
6 mempuxe npocmpancmsa C([7,t1],RN), 2de dynwyus yr, 6
MOUKAT HENPEPLLEHOCTNU U, AeHCAUUT Ha ompeske [T, t1], ydo-
BAEMBOPACTN YPAGHEHUIO

— Yro(t)

(58) Yro = @m<t)ym
C HAYANADHBIM YCAOBUEM
(59) Yro (T) = QO(T’ /ZL’\(T)7 U) - §0(7_7 5(7)7 a(T»

JIemma 6 (o mpousBouoil dyuknmonana). Iycmo (T,u) — donycmu-
maa napa 6 3adave (55) (uau (57)). Tozda das Pyrkyuu

J(a) = J(xao(t, 7,0), us(t, 7,v))
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UMEETT, MECTINO PAGEHCINEO

(60) 7040 =Anf + [ " R Onlt)

2de Arof = f(r,2(7),v) — f(1,2(7),u(T)) u yry — pewenue 3ada4u
(58)—(59).

Zlokasamenvcmeo. meem

J/(O + O) _ ali%rio J(&) ; ‘](O)
= dim o [ (fnaltno).0) - £(2.50),3(0) d
+ dim o [ a0, 30) - (6,30, 3(0) de.

Nmeem B cuny auddeperiupyeMocTa f 1o x

f(tv Lo (ta T, U), a(t)) - f(ta E(t)v a(t))
= Fo(O)[za(t, 7, 0) — T(t)] + o(zal(t, T,v) — T(t)).
[Tosromy

lim ~ / Pzt ), 0(0) — F(4 30, A1) dt

a—040 v

- /tl Fo()yro(t) dt.

K mepBomy mHTerpary IpuMeHHM T€OPEeMY O CpeIHeM I WHTEeTPAJIOB
" TOTJa B UTOTE MOJIYyIUM

FO+0) = Tim (F(€2a(€.7,0),0) — F(6.3(). 7))
v " R O(t)

rae & € [T—a,7]. Korma a — 0+0, T0, oueBmano, & — 7, (&, 7,0) —
Z(7) cormacuo jemme 06 urospuaroil Bapuanuu, a u(§) — u(7), Taxk
Kak U HernpepsiBHa B Touke 7. Popmyra (60) mokazana. O

34. JTOKA3BATEJIBCTBO NPUHIIUIIA MAKCUMYMA

Jlokasamenvecmeo npunyuna makcumyma. Ilyers (T,u) — cuabHbIT
JIOKAJIBHBIT MuHUMYM B 3a1ade (57). OGo3nadas depe3 p — pelienune
JUHENHON cucTeMbl

(61) —p = p@.(t) — Fo(t), p(t) =0,

IIOJIy49a€eM YCJIOBHUE CTAIIUOHAPHOCTH IIO & U yCJIOBHE TPaHCBEPCAJIBbHO-
CTH.
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Tak kak mapa (T,u) gocraBiasger MUHEMYM, T0 Heobxomumo J'(0 +
0) > 0, min cormacuo (60)

Anf+ / F(Oyn(t) dt > 0.

[ToxcraBum croga Bmecto dyukiun f, ee Bbipazkenue u3 (61), a 3a-
TeM BMecTO (DYHKIMU @Y, e Bhipakenue u3 (58) u, yuuThiBasi, 4T0

p(t1) =0, a yr(7) = @(7,2(7),v) — (7, 2(7),u(T)), Oymem umersb

OSAmf+/ﬁ@@%dﬂ+p@%dﬂﬁﬁ=Amf+ﬂﬁwxﬂw
= [(r,%(7),v) = f(7,2(7),u(r))

< p(r)e(r,2(7),u(r)) — f(7,2(7), u(7))
Taxkum obpasom, g a000it Touku 7, rae (GpyHKIHUA U HelpephIBHA,

MaKCHMYyM BBIDazKeHHs cJieBa 10 BceM v € U J0CTHraercs B TOUKe
u(7). DTO U eCTh YCJIOBHE MAKCUMYMa 3 TEOPEMBI. O

Jlekmusga 13

35. HEOBXO/IUMBIE YCJIOBUA CUJBHOTO SKCTPEMYMA B
[IPOCTENILEN 3AJTAYE BAPUAIIMOHHOI'O NCYUCJIEHUSI.
YCITOBUE BENPIITPACCA U JIEXKAHIPA

Y1006l HE yCJI0XKHSITH BBIKJIQJIKH, BCIOLY Jlajiee OyjaeM HUMeThb JIeJI0
¢ KJIACCHYECKUM (CKAJSIPHBIM) BaPUAHTOM IMpOCTediiieii 3a1aqu Bapu-
AIMOHHOTO MCYHMCICHUsI, XOTS BCE JOKA3BIBAEMBIE YTBEPKICHUS CIIPa-
BEJUIMBBI M /IS BEKTOPHOTO BapuanTa. s onpemeneHnocTu Oymaem
paccMaTpUBaTh 3324y HA MUHHMYM

t1
62)  J(x) = / L{t, (8), #(1)) dt — min, a(t;) =27, j = 0, 1.
to

3mech [ty, t1] — OTPE30K YUCIOBOI MPsIMOil, HepephIBHAs (DY HKITHST
L mepemennwix t € R, x € Ru 2 € R onpenenena na maoxkecrse G X R,
e G C R? — orkpbitoe muozxkecrso u x; € R, j =0, 1.

Haiomnum raxwxe, uro gyuxuus x € C([tg,1]) naswisaercss dony-
cmumot 6 3adaue (62), ecan

D(x) = {((t,z(t)",2(t)) : t € [to,t1] } CG xR

n x(t;) = z;, § = 0,1, u gomycrumast GyHKIUS T HABBIBACTCS CAGOLIM
NOKAAOHOLM MUHUMYMOM B 3ajade (62), eciu cymiecTByer Takoe € > 0,
4TO JI/Tel JIF0OOM J0IycTHMOI DYHKIMH X, 11t KOTOPOI ||Z—7 |1 (11,41] <
€ BBINOJTHsIeTCs1 HepaseHcTso J(z) > J(T).
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B BapmannoHHOM HCYHCIEHHN, HAPSALY CO CJIa0BIM 3KCTPEMYMOM,
pPACCMATPUBAIOT €Ile U CUIbHBINA JIOKATBHBIH SKCTpeMyM, rjae OJid-
30cTh QyHKmit uamepsiercs B npocrpancrse C([ty, t1]). Tounee rosops,
oboznaunm gepes PC([to,t1]) npocrpancTBO KyCOYHO-HENpephiBHO-
muddepennupyembx bynkmuit Ha [to, t1]. Oynkmua z € PCY([ty, 1))
Ha3bIBAETCsI JOMYCTHMOI B 3a1ade (62), ecan jist BCeX TOYEK Hempe-
pbiBHOCTH (DYHKIMU & BbIIONHEHO yeaoBue (t,x(t), #(t)) € G u, Kpo-
me Toro, x(t;) = xj, j = 0,1. Ckaxem, uro gomycrumas QyHKIuS T
JOCTABIISAET CUAbHOLT AOKAALHOI Murumym B 3amade (62), ecan cy-
mecTByeT Takoe £ > 0, 9To jiig a0060i gomycrumoii hyHKIUU T, 1715
KOTOPOit || — Z|¢(fto,t1]) < € BbIIOMHSIETCSE HepaBencTso J(x) > J(T).

Bamernm, 9T0o ecau (PYHKIUSA T JOCTABIAET CHIbHbBIH MHUHUMYM B
sagaue (62) u upu srom T € C([tg,t1]), T0 T aBisiercs u ciabbim
MUHUMYMOM B 3TO# 3ajade. eiicrBurenbHo, nycts € > (0 Takoe, 910
kak TobKko & € PCY([to, t1]) m ||z — Z|lc(pon)) < & O J(x) > J(T).
Econ reneps x € C'([to, t1]) u ||z — Z||c1(to)) < € TO Taxk Kak, B
YaCTHOCTH, T € PCl([tQ,tl]) u ||£E — /x\HC([to,tl}) < ||$ — /x\||01([t07t1]) < g,
nosydaem, uaro J(x) > J(T).

Takum o6pa3oM, HEOOXOJMMBIE YCJIOBHS CJ1aOOr0 MUHUMYMA JIJIs
T € CY([to, t1]) aBAAIOTCA HEOOXOMUMBIMHA YCIOBUAMHA U CHILHOTO MHE-
HUMYMA.

Dyukuus, /1 KOTOPOH BBIIOJHEHO ypaBHeHHe Dijiepa Ha3bIBACTCS
axempemaavto (W cmayuoraphol mowkot) 3a1a4m.

[Tycth T — sxrcerpemadb B 3a1ade (62) u cyrecTByer

Lii(t) = Las(t, 2(t), 2(2)).
Tosopst, uT0o Ha (YHKIMH T BHINOIHEHO Yycaosue Jlescandpa, ecan
L;:(t) > 0 g Beex t € [to, t1] n yeuaennoe yeaosue Jleocandpa, ecin

L;:(t) > 0 ana Beex t € [to, t1].
[Iycts f: R = R — muddepennupyemas dyukius. OyHkiums

E(x,2’) = f(a') — f(z) = f'(z)(2 — )

HasbiBaeTcst pynkyuetd Belepwmpacca (coorBercrBytomeii dyHKIHN
f). Teomerpuuecku, £(x,z") — paszHocTh MeXKy 3HaUYeHHEM (DYHKIHN
f u dyuxmym g(y) = f(x) + f'(x)(y — x) (rpaduk KoTOpPOIH ecTh Kaca-
TesbHag K rpaduky dyHKIun f B TOYKe T) B TOUKe T’

Ecmu f — Bommykiasg dysknus, o E(x,2') > 0 mua Beex z,2’ €
R. JleiicrBurensuo, nycrth ¢, 2" € R u 0 < a < 1. [Io mHepaBeHcTBY
Ienccena

f(@=a)z+ad) < (1-a)f(z) +af(@),
OTKY/Ia
o (f(z +a( — ) - f(2) < fa') — f(2).

[Tepexons k mpegerny npu o — 0, moaygaem, uro f(x') — f(x) >

f'(@) (2" — ).



54 K. FO. OCUITEHKO

[Iycts L — unrerpant B 3a1a4e (62). Eciu L — auddepennupyemast
dyurnug no & #Ha MHO)KecTBe G X R, TO hyHKIMS

E(t,x,&,u) = L(t,z,u) — L(t,x,%) — L (¢, x,2)(u — ),

oupesesentasd Ha G X R x R, naspiBaercsa ¢ynryuet Betepwmpacca
dyrryuonara J. fIcao, aro npu Kaxkapix t u x — 310 GyHKIUs Beii-
epmrpacca, coorsercreyiomas dyuakmun G(1) = L(t, z, ).

ToBopaT, 4TO Ha 9KCTPeMaIn T BRITIOIHEHO ycaosue Bedpuwmpacca,
ecm E(t, (1), Z(t),u) > 0 must Beex u € Ru t € [tg, t].
Teopema 27 (HeoGxopumble yCI0BHs CUIBHOIO MHHEMYMA B 3aj1ade
(62)). Hycmo dynryua T € CH([to, t1]) docmasasem cunvrvi soxans-
nouli munumym 6 sadave (62). Tozda, ecau unmezpanm L nenpepoviser
BMECTE C UACTNHBLMU NPOU36ooHbLMu no T u T 6 G X R, mo

(a) dna scex t € [to,t1] svnoaneno ypasnenue Jirepa

CLalt) + Lt

(b) evinoaneno yeaosue Betiepwmpacca, m. e. das ecex t € [to, t1] u
u € R cnpasedauso nepasercmeo

S(t, i.\(t)? %\(t)v u) > 0;

(c) ecau cywecmeyem Lgz, mo evnoaneno ycaosue Jlescandpa,
m. e. Lyz(t) >0 das ecex t € [to, t1].

Jloxazamenvcmeo. BamumeM 3amady (62) Kak 3a7ady ONTHMATBHOTO
yIPaBICHAA

t1

(63) / L(t,z(t),u(t)) dt — min, & =u, x(ty) =z, x(t1) = 1.
to

JIerko BUJIETh, 9TO T JOCTABIISIET CHJIBHDIIN JIOKATBHBIH MEHIMYM B (62)

TOTJIA U TOJIBKO TOTIA, Korjia napa (T, ), rae u = T ABJISETCS CHITBHBIM

JIOKAJIbHBIM MEUHUMYMOM B (63).

CorsacHo npuHIEIy Makcumyma (Teopema 26) HaifjayTcs Takoil
HeHyJIeBOli Habop MHOxuTeeii Jlarpamma A = (Mo,p) € R x
PC'([to, t1]), uro mst Beex t € [tg, t1] BBIOJIHEHO YCIOBHE CTAOHAD-
HOCTH TI0 T

(64) —p(t) + MoLu(t) =0

U yCJIOBAE MHHUMYMA IO U

(65)  min (AoL(t, Z(t), u) — plt)u) = MoL(t, Z(1), 7(t)) — p()T(1).
Ecmu A9 = 0, 1o p = const Beaencrsue (64). Torma u3 (65) cremyer,

YTO 9Ta KOHCTAHTA 00s13aHa OBITH HYJIEBOI U TEeM CaMBIM BCE MHOYKHTE-
s Jlarpam:ka mynesbie. tak, \g # 0 1 MOXKHO CUHTATh, 9TO Ag = 1.
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Yeaosue (65) o3nauaer, 9To i Beex t € [to, t1] dyuxmusa f(u) =
L(t,Z(t),u) — p(t)u na R gocruraer munumyma B rouxe Z(t) u, cieno-
Bare/ibHO, 110 Teopeme Pepma 1IPOU3BO/IHAS ITOU (DYHKIMYU B JAHHOIM
TOYKE paBHA HYJIIO, T. €. p(t) = Ex(t) Bwmecte ¢ (64) 310 naer ypaBHe-
Hue diiaepa.

Heo0xoaumoe ye1oBusE MEHAMYMa BTOPOTO IOpsiaka GyHKIUN [ 3a-
KJIIOAIOTCS B TOM, 9TO Em(t) > 0, T. e. BBINOJIHEHO ycaoBue Jlexkan /-

pa.
3 coornomenus (65) u mokazanHoro pasenctsa p(t) = L;(t) cie-
JIyeT, 9TO

L(t,(t),u) — Ly (t, B(t), Z(t))u > L(t, 2(t), 2(t)) — La(t, T(t), T(£))Z(t)
nist Beex u € R u t € [to, t1] mim, 9ro 10 xKe
L(t,Z(t),u) — L(t, Z(t), T(t)) — La(t,T(t), () (u — Z(t)) > 0,

T. €. BBIMIOJTHEHO ycaoBue BeiteprmTpacca. U

36. HEOBXO/IMUMBIE YCJ/IOBUS CJIABOI'O SKCTPEMYMA B
[IPOCTENILEN 3AJTAYE BAPUAIIMOHHOI'O NCYUC/IEHUS.
YCJIOBUE fKOBU

[Ipeaionokum, 910 T — KeTpeMasib 3a4a49u (62) u BIIIOJHEHO yCJI0-
BUeE:
(66) L wnenpepsiBua B7mecte ¢ Ly, L, Lyy, Lpgy Lig, Lz
B HEKOTOPOI#i okpectHOCTH ['(T).

[ycrs h € C([to, t1]), h(to) = h(t1) = 0. Paccmorpum dyuxuuio (oj1-
HOTO TePEeMEHHOI0)

(67) o(\) = /t " LT + AR, 3(0) + Nh(0)) dt.

Torma a5 JO0CTATOYHO MAJIBIX IO MOIY/IIO A

P'(A) = / (Lot 3(E) + AR(t), 3(2) + Nb())h(t)

to
+ Lg(t, B(t) + Ma(t), B(t) + (b)) h(t)) dt
u auddepeHnupy4 eme pas, HoJIydaeM, ITO

" (0) = / 1 (Em(t)hz(t) + Ly () h(t)h(t) + Liw (£ A(£) ()

to

+Zm-(t)i12(t)> dt = / ' (Zm(tw(t) 4 2L, (DR A()

to

+Zi¢(t)h2(t)> dt.
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Oyukuuonan ¢”(0) (kak dyukuuio or h) obozuauum depes Q(h) u
PacCMOTPHM 337124y

Q(h) — min, h(ty) = h(t)) = 0.

YpaBrenune Diigepa I JAHHONW 3aa9d UMeeT BU/L

& (Baalth(0) + TasltDh(t)) + Euah() + Euct)h(t) = 0

I Ha3BIBACTCS yYpashenuem Arobu ncxonnoii 3amaqn (62).

[lyctb Ha I BBINOJHEHO YCHJIEHHOe yciaoBue Jlexkanapa. Touka
T E (to,tl] HA3BIBACTCA CONPANCEHHOT Moykol % Ty, €CJIU CyIIeCTBYeT
HEeTPUBUAJBHOE pelenne h ypasaenus fkobu, st kotoporo h(ty) =
h(t) = 0.

[oBopsiT, 4TO Ha T BBIIOJIHEHO Yycaosue SKkobu, eciu B uHTEpBaJe
(to,t1) HET TOUEK CONPSIKEHHBIX K o U ycuaennoe ycaosue kobu, ecau
TNOJIyUHTEPBaJI (to, tl] He COJIEPKUT TOUYEK CONPSIKEHHBIX K Tg.

[Tpu nokazarenbcTBe HEOOXOAMMBIX YCJIOBUI CJIADOTO MUHUMYyMa B
3azade (62) HAM TIOHATOOUTCS OJMH HECJIOKHBIH TeXHUIECKUIT Pe3yTh-
TaT, KOTOPbIH pUBOIUM 0e3 joKa3areabcTBa (cM. [1, crp. 69)]).

Jlemma 7 (o ckpyrenunu yriaos). Ilycmo 6 3adave (62) unmezpanm L
Henpepvieen no cosokynrocmu nepementn. Toeda

inf{ J(z) : € PC'([to, t1]) x(to) = zo, x(t;) = x1}
=inf{ J(2): z € C'([to, t1]), z(to) = 70, z(t1) = 21 }.

Teopema 28 (HeoGxomnmbie ycjioBusi ¢aboro MUHHMyMa B 3ajade
(62)). Ilycmov T € C'([to, t1]) docmasasem caabo aokarvrvid mun-
mym 6 3adaue (62). Tozda, ecau sunoaneno yeaosue (66), mo daa scex
t € [to, t1] swnoaneno ypasnenue Jiaepa, yeaosue Jexcandpa u 6 cay-
wae BuNOANENUA YCUeHH020 Yyeaosus Jleocandpa — yeaosue Skobu.

Jokxazameavcmeo. Y paBraenue Ditjiepa, Kak HEOOXOIUMOE YCIOBHE CJIa-
Ooro ’KcTpeMyMa, yzke ObLIO JIOKa3aHO panblie. /[okazarebcTBo, 3a-
KJ/IIO9aeTCd B TOM, 9YTO €eCJIn /l'\ — JIOKQJIbHBI I MHWHHUMYM, TO HOJIb €CTb
JIOKQJIbHBIIT MUHUMYM I (DYHKIIUH @, ONPE/IeJIEHHONW COOTHOIEHUEM
(67) u Torga meobxoaumo ¢'(0) = 0. Pacmmudposka sToro ycaoBus u
HIPUBOJUT K yPaBHEHUIO Dilaepa.

Hokazkem ycioBue Jlexkanapa, pacmudpoBbIBas HEOOXOIUMOe YCI0-
Bre MuHIMYyMa Broporo mopsika ¢”(0) > 0. Cornacuo dbopmyse s
¢©"(0), BBIIMCAHHOI BbBIIE, JAHHOE YCJOBUE DABHOCHJIBHO TOMY, UTO
Q(h) > 0 aua Beex h € gl([to,tl]) Takux, 4ro h(ty) = h(ty) = 0. Dro

o3HavaeT, uTo yHKIug h = 0 ecThb cjaabbIii aOCOIOTHBIE MUHUMYM B
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3ajaue

©8) Q)= [ (Eult0) + 2L

to

+@Aﬂﬁ@»dﬁ%mm,}MQ:h@Q:0

Tlo JlexMe 0 CKPYIJIeHHH yIvios h = 0 JOCTABIACT M CH/IbHBIN abco-
JIIOTHBIT MUHUMYM B 3TO# 3aadve. Torma, mo yke jJoKa3aHHOMY, Ha h
JTOJIZKHO BBITIOJHATECS yeaoBue JlexkaHapa, KOTOpoe B TaHHOM CJIydae
HMeeT TOT 3Ke BI, Ly (t) > 0.

Hokaxewm ycisioBue fkodu. IIpejiosioxkuM 1poTuBHOE, YTO CyIie-
crByer Touka T € (lg,t]) ¥ HETPHBHAIBHOE pelieHne h ypaBHEHMIs
dkobu takoe, uro h(ty) = h(7) = 0. Iycrs byukus . Taxosa, 4TO

h(t) = h(t), ecmu to <t <7 mh(t) =0, ecin 7 < t < t;. BameTm, 41O

h(T) # 0, TaK Kak B IPOTHBHOM CJIyae, 10 TeOpeMe eIMHCTBeHHOCTH,
dyukius h O6bl1a OBl TOXKIECTBEHHBIM HyJIeM. Jlajee, nHTerpupys mo
qacram (h(ty) = h(r) = 0), nomydum

IockobKy h YIOBJIETBOPSIET yPABHEHHMIO $lkobm, To oTCIOTA Caenyer,
aro Q(h) = 0. Dro o3uauaer, uyro Hapsiay ¢ h = 0, dyuxius h takxe
JIOCTABJISIET CUIbHBI MUHHUMYM B 3ajade (68). 3amummem 3Ty 3a1ady
KakK 3aJ[a9y ONTHMAJIBLHOIO YIPABICHUS

-~

fX@NW@+ﬁMM@WM%MW%D&%mm

to

CorylacHO NPUHIUITY MaKCUMyMa HaiilyTcsa TaKie MHOKuTeH Jlarpan-
xa Ao u p € PC([tg,t1]), He paBHbIe 0JHOBPEMEHHO HYJIIO, YTO BBITIOJ-
HEHO YCJIOBUE CTAIMOHAPHOCTH 110 h

~ ~ ~

—p(t) + 2A0 L (VL) + 200 La (£)h(£) = 0
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n ycjaoBue MUHHMYMa II0 U

(69) %gﬂgl(QAoLix(t)h(t)u + MLz (t)u? — p(t)u)

~ ~ < ~ -2 3
= 2 Lz () R(E)R(E) + Ao Lz (t) () — p(t)h(t).
Kak u panbine nposepsercs, 4to Ao # 0. ITycts A\g = 1/2.
13 (69) caexyer, uto mis Kazxjaoro t € [to, t1] auddepennupyemast
Ha R dyukius

fw>=imuﬁ@w+«umfw@m2—mwu

jocturaetT MuanMyMma B Touke h. CiemgoBaresibHo, 110 Teopeme Pepma,
ee MPOM3BO/IHAS B ITOIl TOUKE paBHA HYJIIO

(70) p(t) = Laa(8)h() + Loz (D) (1):

ITo oupejeenuio ﬁ(t) = 0, eciiu t > 7 u nosromy u3 (70) BbITEKAET,
aro p(7 + 0) = 0. Ho dynkust p HenpepbiBHA U 1109TOMY (CHOBA U3

(70)) nomysaen 0 = p(1 — 0) = Ly (r)A(T — 0) = Laa(7)h(7) # 0, Tax
kak h(7) # 0 (kax y»Ke GbLIO OTMEUeHO) 1 Ls:(7) > 0 B cuity Toro, 4to

BBITIOJIHEHO ycuaeHHoe ycaosue Jlexkanapa. [lpunum K mporuBopednto
1 TeM CaMbIM ycJjioBue ZIKodu gokas3aHo. U

Jlekmus 14

37. TEOPUA MOJIA U JOCTATOYHBIE YCJIOBUA CUIBHOTO
SKCTPEMYMA B ITPOCTEMIIEN SAJAYE BAPUAIIMOHHOTO
NCYUCJIEHN A

B sroMm maparpade paccmarpuBaercsa hbparMeHT TEOPUH HOJA U J10-
CTATOYHBIX YCJOBUI SKCTpEMyMa B BAPUAIMOHHOM HCYUCICHUH Ha IPH-
Mepe MpocTeiimeit 3a1a4n.

[ycrs {z(-,A\)} — cemeiictBo 3KcTpemaJieil npocreiimeii 3a1aun
BapuanuonHoro ucuncienuss (62) (r. e. g dyskumit z(-,\) €
C([to, t1], R) BwImosiHsieTcs ypaBHenue Diijiepa) u napamerp A mpu-
HAJIJIEKUT HEKOTOPOMY OTKPBITOMY MHOKECTBY B R.

[Tycrs Z() — dbuUKCHPOBAHHBII 3JIEMEHT JAHHOIO CeMeiicTBa IKCTpe-
mateit. Bygem roBoputs, uro dbyHkus I(-) okpyscena noiem skcmpe-
manet; {x(-, \)}, ecau cymecTByer OTKpbiToe MHOXKeCTBO (7, cojiepzKa-
mee MuoKecTBo (rpadux Z(-)) {(t,Z(t))T € R? : t € [to, 1]}, uro ana
000 Toukn (7,§) € G CymecrByeT eJMHCTBEHHAs YKCTPEMAJb Ce-
MeHCTBa, NPOXOJAIIAst YePe3 3Ty TOUKY, T. €. CYyHIECTBYET €IMHCTBEH-
Hoe A\ = A(7,§) rakoe, uro z(7, A(7,€)) = €. Tlpu 10oM, Aj1s1 KazKJ0r0
t € [to,t1] orobpaxenue A +— z(t, \) u orobpaxenune (T,&) — A(T,&)
HeNpepbIBHO JiHdepeHnmpyembl.

Oyukiusa u: G — R, u(r,€) = %x(zﬁ, A(T,€))|,_,, HA3BIBAETCS (PyHK-

uueﬁ HAKAOHA TLONA.
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Ecmu cymectByer Takas Touka (L, ), 910 z(t., \) = T, Jadg Bcex
A, 10 cemeiicTtBo {2(-,\)} HA3BIBACTCA UEHMPAALHOLM NOAEM IKCMPE-
manet (¢ nearpom B (ty, x4)).

T4

Ty

Puc. 2

Teopema 29 (/locTarovnbie yCJOBHS CUILHOTO MEHUMYMa B IIPOCTEi-
meit 3a1a4e). [ycmo T(-) — akempemans 6 sadave (62), okpyorcennan
6 obaacmu G yeHMPaILHYLM NOAEM IKCTNPEMAET ¢ UEHMPOM 6 MOUKE
(te, Z(ts)), te < to, maxas, wmo x(t;) = x;, j = 0,1. Ecau unmeepanm
L nenpepuero dugddepernvupyem na G X R u dynwyus & — L(t, z, 1) —
svinyksas Gynkyus na R, mo T(-) — cusvHolll A0KANOHOT MUHUMYM
6 sadaue (62).

Jokasamenvcmeo. Paccmorpum dyakmmio S: G — R, onpeneneHHyto
PaBEHCTBOM

Sﬁ£%=lwﬂtﬂtMﬂ®%ﬂtMﬂ®Dﬁ-

Ona wmaswiBaercss S-dynkyuetd yewmpanvrozo noss {x(-,\)}. Dra
dyukius HenpepoiBHO juddepennupyema Ha G Kak CyHeproO3HIIUs
HernpepbiBHO Jinbdepentupyembix pyuknuii. [lojgcunraem ee yacrubie
npousBojabie. meem

@%;Q:Lﬁ@ﬁjﬁémiﬁﬂﬁfw

+/tT(Lx(f7~’L‘(ta AT, ), &(t, M7, €))) At A(T, €))A(7, €)
+ La(t, x(t, A(7,€)), (8, A(7, €)@ (E, M7, §)) A (T, €)) dt.

MuTerpupys 1o 4acTsM BO BTOPOM CJIaraeMOM B MHTerpaJjie U YUUThI-
Bast, 9T0 MYHKIHA Z(-, \) — 9KCTPEMAITIH, MOy IHM

058 _ i a(r AT €)), i (r AT ©)))

or
+ Li(t, z(t, A(7,6)), (L, A(T, €)))2a(t, A(T, ) A (7. €))

r
t*'
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Huddepennupys ToxaecrBo (7, \(7,£)) = £ o 7, moaydaem, 4to
(1, M7,6)) + (T, A1, ) A (1,€) = 0. Temepnb yuurbiBasi, 9T0 MO
oupesenenuto (7, A(7,€)) = u(1,&) u uaro x)(t., A(1,€)) = 0 (rak kax
110JI€ TIEHTPAJIBLHO), IPUXOJAUM K DABEHCTBY

95(r, €)

(1) or

= L(7, & u(T,§)) — La(7, & ulT, €))u(T, §).

AnaJsiornyHble BIYUCICHUI IIOKa3bIBaXOT, YTO

- / (Lt 2t N7, €)), (1 M7, £))) (£, A(r ) Ae (7, €)

)
+ L:t(tv;(t7 AT, €)), &(t, M7, €)))Ea(E, AT, §))Ae (7, §)) di
= Li(t, x(t, \(7,€)), &(t, A(7,€)))wa(t, A7, €)) Ae (7, ).

Huddepennupys roxaecrso (7, A(1,€)) = & uo &, mnomyuaem
TA(T, M(7,6))Ae(7,€) = 1 m yunrbiBas cHoBa, uro (7, A\(7,&)) = u(T,§)
1 Zx(t, A(1,€)) = 0, mpUXOAUM K COOTHOIITEHHIO

95(r, €)
23

(72) = Li‘(T7€7 u(7_7 5))

[lycrs z(-) € PC([to, t1]) — momyctumas ynkmusa B 3agade (62),
rpaduk xKoropoii npunaiexut G. Paccmarpusas Gyskuuo S Ha rpa-
dbuke (), nonyuaem dbyuxuuio t — S(t, x(t)) na [to, t1]. Lcno, uro sra
bynknug npunaiexkur PCY([tg, t1]) u, 32 uCK/IIOUEHHEM KOHEYHOIO
YHCJIA TOUEK, Oy/leM uMeTh (y4uThiBasi BbIPAZKEHUS JIJIsl TACTHBIX 11PO-
u3BOAHBIX GyHKIMH S)

(73)  S'(t,x(t)) = L(t, z(t), u(t, z(t)))
— Li(t,x(t),u(t,z(t))) u(t,z(t)) + Ly (t, z(t), u(t, x(t))) ©(t).

Ecau 2(-) = Z(-), 1o u(t, Z(t)) = Z(t) n Toraa

(74) S'(t,7(t)) = L(t, 3 (t), 3(t)).
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Temeps, ncnonbsys (74), a 3arem (73), moxydnm

J(@() = JGE()) :/IL(t,:c(t),j:(t))dt—/IL(t,i‘(t),EE(t))dt

to to

:/t1L(t,x(t),:'c(t))dt—/t1S’(t,§(t))dt:/tlL(t,x(t),r(t))dt

—(S(tl,ml)—S(to,xo)):/lL(t,x(t),:t(t))dt—/ S'(t, x(t)) dt

to to

_ / (Lt (), #(t)) — L(t,2(t), ult, 2(1)))

to

= La(t, 2(t), u(t, x(1)))(#(t) — u(t, x(t))) dt

—/1S(t,x(t),u(t,x(t)),jc(t))dt.

to

Dopmyna

J(ﬂf(-))—J(if\(-))=/15(15»56(25),“(757:15@))@(@)dt

to
Ha3BIBAETCS 0CHOGHOT hopmyroti Betipuumpacca.
[Tockobky dyukmusa & — L(t,x, &) seimykiaa Ha R s 106six
(t,x) € G, to E(t,x(t),u(t,z(t)),z(t)) > 0 maa Becex t € [ty,t1] u
suavuut, J(z(-)) > J(Z()). O

3ameuanue. O603Ha9UM

H(Ta Sap) =p- U(T, 5) - L(T> 5) U’(Ta 6))
Torma na G dyakmus S yaoBIETBOPSIET CAEAYIONEMY YpPaBHEHHWIO B
YaCTHBIX IPOU3BOIHBIX

95(r,§) 9S(1, )\ _
T+H(T,§, (35 )—0,

KOTOpOe Ha3biBaeTcs ypasrernuem [ amusvmona—Hrobu.
Jeitcrurensno, u3 pasencts (72) u (71) nosydaem

oS(1,)\ 3S(T,§)u ) — Lir € ulr
H (7_,6, 85 ) - 85 ( 76) L( 757 ( 76))
= La’c(7_7€7u(7—a 5))“(7—7 5) - L(T,S,U(T, 5)) = _aS(f(;; é)

38. I3BPAHHBIE 3A/IAYU

1. 3amaga 0 TapMOHUYECKOM OCHUJIJIATOPE.

Cornacuo 3akony I'yka, cuiaa NPUTSKEHUsT MaTepHAIbHOW TOUYKHI
HpYZKUHOM ITPOMOPIHOHAIbHA YKJIOHEHUIO TOUKH. Bropoii 3akon Hbro-
TOHA YTBEPKIAET, UYTO JBHKEHNE TOUKH IO BO3AEICTBUEM CHJIBI IPY-
JKUHBI, OMUChIBaeTcs aud depeHnuaabHbIM ypaBHeHueM: mi = F' u tem
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caMbiM mi = —kx. CoOTBeTCTBYIOMUI 3aKOH JBUKeHUsI (KAK U BOOO-
Ie BCE 3aKOHBI KJIACCHIECKON MEXAHUKY) ABIAETCS CJEJICTBUEM NpPUH-
UUNG CMABUOHAPHO20 0elicmeEus, COTIIACHO KOTOPOMY TpaekTopust (1)
MaTepHAJIbHON TOYKHU SIBJIAETCSA CTAIMOHAPHONW TOYKON (PyHKUUOHAAG

deticmeus Sl — / (mgg;(t) B ka(t)) dt.

MpI paccMOTPHEM CJIeAYIONIYIO 3329y

J(z(+)) = /0 (i%(t) — 2°(t)) dt — min, 2(0) = 2(T) =0,

roe T > 0.
YpaBuenue Dilnepa uUMeeT BT

T4+x=0.
Ero obmiee pemienne
z(t) = Cy cost + Cysint.

Ecmu T # krm, k € N, To elMHCTBEHHAs1 SKCTPEMAJIb — TOYKIECTBEH-
HBI Hy/1b. Ecmu T = k7, T0o uMeeTcs oHOTIaApaAMETPUYIECKOEe CeMENHCTBO
srerpemadieit z(t, C') = C'sint.

[Iycts Z(-) — momycTuMast SKcTpeMasb. Ha 5Toii 9KCTpeMasu Bbi-
MOJTHEHO YCHJIeHHOe ycaoBue Jlexkanapa, Tak Kak L;; = 2 U ycJIoBHe
Beitepirpacca, 10CKOJIbKY dyHKus & — 02 —22 BplyK/1a. YpasHenue
SIkoOM mMeeT TOT Ke BU/, YTO U ypaBHEHHE Jilaepa

h+h=0.

Ecom T > 7, 10 Z(-) HE MOKeT JOCTABJIATD HU CJ1a0blil, HU CUIbHBI
MuHEMYM, 10CKOIbKY Ha (0,7) TOUKA T ABJISETCH COUPSZKEHHOM K Hy-
JIIO ¥ 3HAYUT, HE BHIIOJHEHO HeoOxouMmoe ycioBue fkobu. /lokazkem,
YTO B 9TOM CJIydae 3HaUeHHe 3a1a4n —oo. [lomoxkmm

7T
L(t) =nsin—t, neN.
xn(t) nsint, 0

Nnmeem
T T .
/0 (xi(t) - 37721(75)) dt = n2/0 (% cos? %t — sin? %t dt
2 T )
T
= (1 * %) /0 cos” Ztdt = —n’T +n® (1 + %) b)
) 2 T2

" Tor
Orcrona Bugno, uro J(x,(-)) — —oo npu n — oo.

Ecmu T < m, 10 Z(-) = 0 MOXKHO OKPYKHTb ITIOJIEM KCTpeMaJieil
x(t,A) = Asin(t + ¢), tne 0 < ¢ < 7w — T. [eiicTBUTEIBHO, s
aobeix 7 € [0,7] u mobbix £ € R mpu A = £/sin(7 + ¢) umeem
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x(7,A) = Asin(t+4¢) = €. Cemeiicrso {z(-, \)} gBIgETCS NEHTPATBHBIM
HoJieM SKeTpeMadsieil ¢ meaTpoM B Touke (—e,0). Takum obGpasoM, s
skcrpeMain Z(-) = 0 BBIIOJHEHBI YCJOBUS TEOPEMbI O JOCTATOYHBIX
YCJIOBUSX CHJIBHOTO MUHUMYMA U, CJeg0BaTesbno, () = 0 — cuib-
HBII MAHUMYM.

[lycts T = 7. Torpa mas aroboii gomycrumoit dyukmun () €
C([to, ta])

/oﬂ(i(t)_x(t) ctgt)® di = /Oﬂ(ﬁ(t)-i-wQ(t) Ctgztdzf—/o7T ctgt dz?(t)
= /W(a‘:z(t) +a(t) ctg? 1) dt — a3(1) ctgt|] — /“ (1) .

sint
_ /0 (2(1) — (1)) dt.

Orciofia BeITeKaeT, uTo J1060it gomycrumoit bynkmuu x(-) € C*([to, t1])
Boinosigercs vepasencrso J(z(+)) > 0. Tem cambiv dynkiust Z(-) = 0
SBJIACTCH [JIODAJIBHBIM MUHHUMY MOM.

OtBer. Ilpu 0 < T < 7 pewenuem 3a0a4u 0 2A4PMOHUYECKOM OC-
YUAAAMOPE ABASELMCA Modtcdecmeennvit Hysv. Ilpu T > 7w snauenue
30004U PasHo —Oo0.

Jlekmus 15

2. Aspoamnamuyeckada 3agadya Hrrorona

B “Hauasnax narypauabnoii dbunocobun” (1687) Hproron onucan ne-
KYIO cpey (THIa pa3spezKeHHOrO BO3/yXa), HOCTABUI W PEITHJI BOIPOC
0 TOM, KOTJA “meno, 0bpasyrouieecs npu 6paweHul Kpusot 60Kpye oci
npu dsudcenuy 6 ynomanymoti cpede [...] 6ydem ucnvimuieams menb-
wee CONPOMUBAEHUE, HEHCEAU BCAKOE UHOE TEA0 SPAULEHUS NPU Mot
otce ewvicome U Hauboavwed wupume”.

dopmMaan30BaHHASA TOCTAHOBKA ITOil 38124, KAK 331291l OIMTHMA.Th-
HOTO YIpaBJIeHNUsI, UMeeT BI]

B tdt , ,
/ ——~ —min, T=u, 2(0)=0, z(t)=21, u>0,
o L4+u?(t)
roe 1 > 0.
Oyukius Jlarpanxka 1ol 3a/1a4u TAaKOBA

Lx(),ul),\) = /0 1 L(t, 2(t), &(t), u(t), p(t), Ao)dt,

rae L(tw%'a j;>u7p7 )‘0) = )\Ut/(l + 'LL2> +p(£l§' - u) u X = ()‘Oap())
COFHaCHO IIPUHOUITY MaKCHUMYMa JOJ2KHO BBIIIOJTHATLCA YpaBHEHHUE
Ditnepa 1o x:

d ~ ~
(75) _EL;t(t)‘i‘Lx(t) =0« —p=0 & p=const
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(["
Iy
O t t
(Y
Puc. 3
n yCcJioBue MUHUMYMa 110 U:
(76) 15121{)1 (1 1\_07;2 - pu) = #;(t) — pu(t).

[Tpoepum, uro A\g # 0. Eciu A\g = 0, To Heobxomaumo p # 0, Tak Kak
MHozKuTe M Jlarpan:ka He MoryT ObITH Bce Hysesbie. Ho, eciu p # 0,
to u3 (76) crenyer, uro u(t) = 0 u Torga

At = /0 " At =0

B IpoTUBOpeune ¢ yeaopueM x(t) = x1 > 0. Utak, A\g # 0 1 Mbl MOXKeM
CYUTATh, 9TO \g = 1.

Ormernm eme, aro p < 0. [eiticrBurensuo, ecu p > 0, T0 mpu
mobom t > 0 gyuxuust v — f(t,u) = t/(1 + u*) — pu MOHOTOHHO
yOBIBAaeT U TOTOMY COOTHOIIEHNE (76) HE MOMKET BBITOIHITHCS.

OupegenuM, npu Kakux ¢ MuauMy™m ¢yakmun f(¢,-) gocruraercsa B
touke u = 0. Dro ozmauaer, uro f(¢,0) < f(t,u) mpu Becex u > 0.
PaceMOTpEM COOTBETCTBYOIIEE HEPABEHCTBO

t <

14w BE

9T1o HEPAaBEHCTBO MOXKHO 3alluCaTh B BUE

tu <
14u?2 — p-
Orcroga BUIHO, 9TO OHO BBIOJIHEHO st ¢ > 0 U Takux, 9T0
t 1 4u?
— < min = 2.

—p u>0 u

[Monoxkum £ = —2p. Torma npu 0 < ¢t < £ muaumy™m dyuxmuu f(t,-)
JOCTUTAETCS B eJIUHCTBeHHOI Touke u = 0. 3uaunt, u(t) = 0, npu
0 <t <& CnenoBarenbho, T(t) =0 mpu 0 < t < &.
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[Tycrs t > £. Torpa npu u € [0, 1)

t 1
tou) — f(t,1) = —pu——+p=t — ) —pu—1
f(tu) = f(t,1) o Pe—gte <1+ 5 2) plu—1)
1 1 —2p
> -2 — ) —plu—1)= — 2
p<1+u2 2) plu—1) g but?r
2 (1 —u)?

Tem cambiv npu t > € muaumywm f (¢, +) 10CTUTAETCS B HEKOTOPO#H TOUKE
u > 1. B rouke t = £ dbyuknus u(-) umeer paspbis, a Gynkus T(-)
— m3noMm. OnrumanbHoe ynpapjieHue U(-) MOXKHO HAiiTH U3 yCJIOBHS
fu(t,u) = 0, ©3 KOTOPOroO CJIEYET, ITO

1 2)2 1
po PA+)  p (1o )
2u 2 \u

N3 roro, uro npu u > 1

LA B R

—=—=|—-= u :
du 2 u?

BBITEKAET, 9TO KazKA0My t > £ COOTBETCTBYET POBHO OJHO U > 1, yj0-

BeTBOpsitolee ypasuenuto f,(t,u) = 0. [Ipu srom u cTporo Bospacraer

¢ pocTom ¢.

t4

_ _ p(14u?)?
g t= —F 2u

Puc. 4

B cuity Toro, uro dx/dt = u, umeem

de drdt  dt  p 1 3
o dtde Vau 2( u+mH3u>'

Orcrona
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TeM caMbIM MOJyYaeM MapaMeTPUUecKoe MpeJCTaBiIenne npu u > 1
(T. e. mpu t > &)

1 3
g=_P <ln—+u2—|——u4) +c,

2 U 4
1
R <—+2u+u3>.
2 \u

B cuy memnpepsiBHOCTH Z(+) U Toro, uro Z(t) = 0 mpu 0 < ¢t <
¢, Boitekaer, uro z(§) = 0. CaemoBaresnbho, ¢ = 7p/8. Urak, eciu
0 <t< —2p, 1o Z(t) =0, amnput > —2p kpubast Z(-) 3a1aercsa
napaMeTrpuiecKu

~ 1 3 7
l‘(t,p) = —g (h’la + U2 + ZU4) + gp,

1
t=-L <—+2u+u3>,
2 \u

rae p < 0 u onpexensiercs u3 ycaosus T(ty,p) = 1. DTy KPHUBYIO
Ha3bIBAIOT Kpusoti Hviomona.

T

Puc. 5

ITokazkeM, 9TO Beakad npaMad iy = kt mepecekaer Kpubyto HeloTona.
HeiicTBurenbao, DyHKIUS T(-, ) HEIPEPHIBHA M BBIIYKJIA, TAK KaK

d*x B du 1 1 -0
— == = I )
dt dt dt/du p LIPS
2 u?2
Kpome Toro,
lim T lim d_x: lim © = +o0.

t——4oo t t—+oo dt t——+o00

M3 mapameTpudecKkoro mpejcTaBieHns KpuBoii HbOTOHA BHIHO, UTO
kpuBas Z(cd,p) moaydaercsa u3 KpuBoii Z(cd, —1) romoreruneit ¢ reH-
tpom O u Kodpdurmentom |p|. Tloaromy, 4TOOBI MPOBECTH KPUBYIO
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HobroroHa yepe3 3aJaHHyio TOUKY (f1, 1) HYKHO HANTH TOUKY mepece-
YeHust OpsiMOlt - = x11/ty ¢ Kpusoii T(cd, —1), a 3aTem c¢aenaTb romMo-
reruio kKpusoit T(cd, —1), npu KOTOPO# TOUKA MEPECevIeHnst ePEeXOuT
B TOuKy (t1,21).

YVoeaumcest, aro KpuBasi Hpiorona mgocrtaBiisieT abOCOJIIOTHBIN MUHM-
MyMm B 3agade. Ilycrs z(-) — monmycrnmas (DyHKIUS B MCXOMHON 3a-
Jade, T. €. OHa KyCOYHO HempepbiBHO auddepeniupyema, £(0) = 0 u
x(t1) = x;. Torma B cuy (76) (Ao = 1)

— pu(t).

i) > —
14 22%(¢) 1+ w?(t)

WNuTerpupys 3T0 HEPABEHCTBO C YY€TOM TOTO, YTO

t1 t1 |
/ ab(t)dt:/ B) dt = o,
0 0

noJjiydaeM Tpebyemoe

bt dt bt dt
T 2 — 3
o 14+ 22(t) 0 147 (4)

B pesysbrare moBepxHOCTH, KOTOPasi PEIaeT MOCTaBJIeHHYIO 3314y,
n3obparkena Ha puc. 6.

xl

T

Puc. 6
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K. FO. OCUITEHKO

BoOIrPoOCH! K K3AMEHY

. IIpousBoanas orobopazkenus. Teopema 0 cpegHeM.
. Teopema @epma jij1st rJ1aKuX 3a/a49 0€3 OrpaHuYeHui.
. Bropasi npousBojnas oroOpakenus. Teopema 0 cMelaHHBbIX

IPOU3BOAHBIX.
®opwmyaa Teitnopa.

. HeoOxoumbie ycioBus dKCTpeMyMa BTOPOrO IOps/iKa B 3ajade

0e3 orpaHuYeHuil.

. locTaTounple yca0BUSA SKCTpeMyMa BTOPOTO TMOPSAIKa B 3ajade

0e3 orpannvenuii. CiecTBHE 11T KOHEIHOMEPHOTO CJIyYas.
Crporast auddepennupyemoctsb. Teopema 0 cyneprno3uium.

. Teopema o nostnom jauddepeniuadie.
. Omeparop Hewmsinkoro. Ero npoussognasi. O6001enHbIii onepa-

top Hewmpbrmkoro.

JlemMma o mpaBom obpatHoM. JlemMma 0 3aMKHyTOCTH 0DOpa3a.
O6obrenHas TeopeMa O HesIBHOU (DYHKITUU U CJIeJICTBHE U3 Hee.
Kacarenmpusrit BekTop. Teopema JliocTepunuxka.

TeopeMbl OTIEJIMMOCTH.

JleMMa 0 HeTPUBHAIBHOCTH aHHYIATOPA. JIleMMma 00 aHHyIgATOpE
SJIPA.

[TpaBusio muoxkureseit Jlarpan:ka Juis 1J1a/IKuX 3a/1a4 ¢ OrpaHu-
YeHUSIMU THUIA paBeHCTB. Kjaccmyeckoe MpaBUIO MHOXKHUTE el
Jlarpanxka.

HeobxoauMble ycioBus SKCTpeMyMa BTOPOIO MOPSIKA /sl [J1a/1-
KHX 3314 C OTPAHUYCHUSIMHU THIIA PABEHCTB.

JlocTaTo4uHble YCJIOBHA KCTPEMYMa BTOPOTO IOPSIKA B 3ajade
C OrpaHUYEHUSIMHE THUIA PABEHCTB.

[IpaBusio muoxkureseir Jlarpanzxka B 3ajiade ¢ OrpaHUYEHUSIMU
THIIA, PABEHCTB M HEPABEHCTB.

Brimykisie dynkunn. Hepasencrso Ilencena. Yciosme BBITYK-
JIocTH JIBaXK el nudpdepennupyemoit pyHKInm.
Cy6muddepennuas. Teopema Pepma B cyomuddepennuaabHoi
dopwme.

Boimykseie 3a1aun ¢ orpanmdenuamu. Teopema Kapyma-Kyma—
Takxkepa.

[Ipocreitrast 3a/a4a BApUAIMOHHOTO HMCYUC/ICHUS. Y DABHEHUE
Ditepa.

Banaga Bosbia. Uarerpassr ypaBuenus Jitiepa.

Bagaqa Jlarpanzka. Obmas nocranoBka. Heobxomumble yeaoBus
MHUHUMYMa.

3ajada €O CTapmIUMHU IIPOU3BOJIHBIMU. Y paBHeHHe Diliepa—
[Iyaccona.

N3onepuMeTpuyecKkasd 3a1ada.
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[TocTanoBKa 3a1a9u ONTHMAJIBLHOrO yupaBienud. CHUIbHBIN J10-
KAJTbHBIH MIHIMYM.

JlemMMbl 00 UTOJIBYATON Bapualuu U IIPOU3BOAHON DyHKIIMOHAIA.
[IpuHIUI MakcuMyMa JIs 3aJa49d CO CBOOOIHBIM IPABOM KOH-
IOM.

Heobxoanmbie ycaoBust CUIBHOTO 9KCTPEMyMa, B IIpOcTeiiiieii 3a-
Jlavde BapUaIlMOHHOTO HCYUCIeHud. YcaoBue Beiipmrpacca u Jle-
JKAHIPA.

YpaBuenne Zlkobu, conpsizkeHHasT TOUKa, ycaoBue fKoOH.
HeobGxoaumbie ycmoBug c1aboro sKCTpeMyMa B IIPOCTeiflnei 3a-
Jade BapHAIMOHHOIO HCYUCJIEHHS. YCa0BHe SIKoOuU.

Teopus 1mosist u jlocTaTOYHbBIE YCJIOBUSI CHJIBHOTO KCTPEMyMa, B
npocTeinieil 3a/1a4e BapuamuoOHHOro NCYNCJICHUS.

3aa1a 0 TapMOHUIECKOM OCITHJLISITOPE.

Aspommnamunueckas 3amada HeoTona.



