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1. 1) Ïîêàçàòü, ÷òî conv (A∪conv (B∪C)) = conv (A∪B∪C). 2) Ïóñòü
M1, . . . , MN ⊂ X � âûïóêëûå ìíîæåñòâà. Ïîêàçàòü, ÷òî

conv (M1 ∪ · · · ∪MN) =

{
N∑
j=1

λjxj : xj ∈Mj, λj ≥ 0,
N∑
j=1

λj = 1

}
.

3) Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî, M ⊂ X � âûïóêëîå
ìíîæåñòâî. Ïîêàçàòü, ÷òî åãî âíóòðåííîñòü è çàìûêàíèå òàêæå âû-
ïóêëû.

2. Ïðèâåñòè ïðèìåð çàìêíóòîãî ìíîæåñòâà â R2 òàêîãî, ÷òî convA
íåçàìêíóòî.

3. Ïðèâåñòè ïðèìåð êîìïàêòíîãî ìíîæåñòâà â l2 òàêîãî, ÷òî convA
íåêîìïàêòíî.

4. Ïðèâåñòè ïðèìåð äâóõ âûïóêëûõ çàìêíóòûõ ìíîæåñòâ A, B ⊂ R2

òàêèõ, ÷òî A+B íåçàìêíóòî.

5. Íàéòè ôóíêöèîíàë Ìèíêîâñêîãî äëÿ à) òðåóãîëüíèêà ñ âåðøèíà-
ìè (1, 1), (−1, 0), (0, −1), á) ìíîæåñòâà {(x, y) : y > x2 − 1}, â)
ìíîæåñòâà {(x, y) : y >

√
x2 + 1− 2}.

6. Ïóñòü M ⊂ l2,

M =

{
(x1, . . . , xn, . . . ) :

∞∑
n=1

n2x2n < 1

}
.

Íàéòè òî÷êó x̂ = (x̂1, . . . , x̂n, . . . ) òàêóþ, ÷òî
∞∑
n=1

n2x̂2n = 1, ïðè ýòîì

íå ñóùåñòâóåò ëèíåéíîãî íåïðåðûâíîãî ôóíêöèîíàëà, ðàçäåëÿþùå-
ãî x̂ è M .

7. Ïîêàçàòü, ÷òî ó åäèíè÷íîãî øàðà â ïðîñòðàíñòâå c0 íåò êðàéíèõ
òî÷åê.
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8. Ïóñòü M ⊂ Rn � âûïóêëûé êîìïàêò. Âåðíî ëè, ÷òî M = convS,
ãäå S � ìíîæåñòâî âûñòóïàþùèõ òî÷åê M?

9. Îïèñàòü ìíîæåñòâî âñåõ âûïóêëûõ ôóíêöèé f : R2 → R ∪ {±∞}
òàêèõ, ÷òî int {(x, y) ∈ R2 : f(x, y) = −∞} = {(x, y) : x2+y2 < 1}.

10. Îïèñàòü ìíîæåñòâî âñåõ âûïóêëûõ ôóíêöèé f : R2 → R∪{±∞} òà-
êèõ, ÷òî int {(x, y) ∈ R2 : f(x, y) = −∞} = {(x, y) : max{|x|, |y|} <
1}.

11. Ïîêàçàòü, ÷òî ôóíêöèÿ f(x1, . . . , xn) = ln(ex1 + · · ·+ exn) âûïóêëà.

12. Ïóñòü f : R → R ∪ {+∞} � âûïóêëàÿ ôóíêöèÿ, x0 ∈ int dom f .
Ïîêàçàòü, ÷òî ∂f(x0) = [f ′−(x0), f

′
+(x0)], ãäå f

′
±(x0)� ëåâàÿ è ïðàâàÿ

ïðîèçâîäíûå.

13. Ïóñòü c0,0 � ïîäïðîñòðàíñòâî â c0, ñîñòîÿùåå èç ôèíèòíûõ ïîñëå-
äîâàòåëüíîñòåé. Ïîñòðîèòü âûïóêëóþ ôóíêöèþ f : c0,0 → R òàêóþ,
÷òî ∂f(0) íåîãðàíè÷åí.

14. Ïóñòü f : X → R, f(x) = ‖x‖. à) Ïîêàçàòü, ÷òî ∂f(0) = BX∗

(åäèíè÷íûé øàð â X∗). á) Ïóñòü x0 6= 0. Ïîêàçàòü, ÷òî ∂f(x0) =
{x∗ ∈ X∗ : ‖x∗‖ = 1, x∗(x0) = ‖x0‖}.

15. Ïóñòü f : c0 → R, f(x) = ‖x‖, x0 6= 0. Íàéòè ∂f(x0).

16. Ïðèâåñòè ïðèìåð âûïóêëîé ôóíêöèè f : R→ R∪{+∞}, ó êîòîðîé
ñóáäèôôåðåíöèàë â íåêîòîðîé òî÷êå x0 ∈ dom f ïóñò.

17. Ïðèâåñòè ïðèìåð çàäà÷è âûïóêëîãî ïðîãðàììèðîâàíèÿ, â êîòîðîé
äëÿ ëþáîãî íàáîðà ÷èñåë (λ0, . . . , λm), óäîâëåòâîðÿþùåãî a�c èç
òåîðåìû Êóíà � Òàêêåðà, âûïîëíåíî λ0 = 0.

18. Ïðèâåñòè ïðèìåð çàäà÷è âûïóêëîãî ïðîãðàììèðîâàíèÿ òàêîé, ÷òî
äîïóñòèìàÿ x̂� íå òî÷êà ìèíèìóìà, íî ñóùåñòâóåò íåíóëåâîé íàáîð
(λ0, . . . , λm), óäîâëåòâîðÿþùèé a�c èç òåîðåìû Êóíà � Òàêêåðà.

19. Ïîñòðîèòü ïðèìåð äâóõ âûïóêëûõ çàìêíóòûõ ìíîæåñòâ A è B íà
ïëîñêîñòè òàêèõ, ÷òî int(A ∩ B) = ∅, intA 6= ∅, intB 6= ∅ è â
íåêîòîðîé òî÷êå x̂, ÿâëÿþùåéñÿ ãðàíè÷íîé äëÿ A è B, âûïîëíåíî
KA∩B(x̂) 6= KA(x̂) +KB(x̂).
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20. Âåðíî ëè ðàâåíñòâî (A∩B)◦ = conv (A◦ ∪B◦), åñëè A, B âûïóêëû,
çàìêíóòû è èìåþò íåïóñòîå ïåðåñå÷åíèå?

21. Ïóñòü A = {(x1, x2) ∈ R2 : (x1 − a)2 + x22 ≤ R2}, ãäå 0 < a ≤ R.
Íàéòè A◦.

22. Ïóñòü A = {(x1, x2) ∈ R2 : (x1 − a)2 + x22 ≤ R2}, ãäå a > R > 0.
Íàéòè A◦.

23. Íàéòè ïîëÿðó ìíîæåñòâ A = {(x1, x2) ∈ R2 : x2 ≥ x21 + c}, ãäå
c ∈ R.

24. Ïóñòü p(x) � âûïóêëàÿ ïîëîæèòåëüíî-îäíîðîäíàÿ ôóíêöèÿ (ò.å.
p(λx) = λp(x) äëÿ ëþáîãî λ ≥ 0). Ïóñòü

A = {x ∈ Rn : p(x) ≤ 1}.

Ïîêàçàòü, ÷òî A◦ = conv (∂p(0) ∪ {0}).
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