
1 Äèôôåðåíöèðîâàíèå â íîðìèðîâàííûõ ïðî-

ñòðàíñòâàõ

Â ýòîì êóðñå ìû ðàññìàòðèâàåì ëèíåéíûå ïðîñòðàíñòâà òîëüêî íàä ïî-
ëåì R.

Íàïîìèíàíèå.

Íîðìîé íà ëèíåéíîì ïðîñòðàíñòâå X íàçûâàåòñÿ ôóíêöèÿ ‖·‖ : X →
R+ ñî ñëåäóþùèìè ñâîéñòâàìè:

1. ‖x‖ = 0 òîãäà è òîëüêî òîãäà, êîãäà x = 0;

2. ‖λx‖ = |λ| · ‖x‖, λ ∈ R, x ∈ X;

3. ‖x+ y‖ ≤ ‖x‖+ ‖y‖, x, y ∈ X.

Íîðìà íà X ïîðîæäàåò ìåòðèêó: ρ(x, y) = ‖x− y‖.
Íîðìèðîâàííîå ïðîñòðàíñòâî íàçûâàåòñÿ áàíàõîâûì, åñëè îíî ïîëíî.
Ïóñòü X, Y ëèíåéíûå íîðìèðîâàííûå ïðîñòðàíñòâà. Îòîáðàæåíèå

A : X → Y íàçûâàåòñÿ ëèíåéíûì, åñëè A(αx + βy) = αA(x) + βA(y),
x, y ∈ X, α, β ∈ R. Ëèíåéíîå îòîáðàæåíèå íåïðåðûâíî òîãäà è òîëüêî
òîãäà, êîãäà îíî îãðàíè÷åíî, ò.å. sup‖x‖X≤1 ‖Ax‖Y <∞.

Îáîçíà÷èì ÷åðåç L(X, Y ) ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ îïå-
ðàòîðîâ èç X â Y , ñíàáæåííîå íîðìîé

‖A‖ = sup
‖x‖X≤1

‖Ax‖Y .

Ñîïðÿæåííûì ê íîðìèðîâàííîìó ïðîñòðàíñòâó X (îáîçíà÷åíèå: X∗)
íàçûâàåòñÿ ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ f : X →
R ñ íîðìîé ‖f‖ = sup‖x‖≤1 |f(x)|.

Óòâåðæäåíèå. Íà êîíå÷íîìåðíîì íîðìèðîâàííîì ïðîñòðàíñòâå ëþ-
áîé ëèíåéíûé ôóíêöèîíàë íåïðåðûâåí. Íà ëþáîì áåñêîíå÷íîìåðíîì
íîðìèðîâàííîì ïðîñòðàíñòâå ñóùåñòâóåò íåîãðàíè÷åííûé ëèíåéíûé ôóíê-
öèîíàë.

Äèôôåðåíöèðóåìîñòü â ðàçíûõ ñìûñëàõ.

Ïóñòü X, Y � íîðìèðîâàííûå ïðîñòðàíñòâà, U ⊂ X � îòêðûòîå
ìíîæåñòâî, F : U → Y , x0 ∈ U .

Îïðåäåëåíèå.Îòîáðàæåíèå F èìååò âàðèàöèþ ïî Ëàãðàíæó â òî÷êå
x0, åñëè äëÿ ëþáîãî h ∈ X ñóùåñòâóåò ïðåäåë

lim
λ→0

F (x0 + λh)− F (x0)

λ
=: F ′(x0)[h].
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Çàìå÷àíèå. Ïðåäåë äâóñòîðîííèé, λ ìîæåò áûòü ëþáîãî çíàêà; íà-
ïðèìåð, ôóíêöèÿ f : R → R, f(x) = |x|, â òî÷êå x0 = 0 âàðèàöèè ïî
Ëàãðàíæó íå èìååò.

Åñëè îòîáðàæåíèå F èìååò âàðèàöèþ ïî Ëàãðàíæó, òî îïðåäåëåíî
îòîáðàæåíèå F ′(x0) : X → Y , çàäàííîå ïî ôîðìóëå h 7→ F ′(x0)[h].

Îïðåäåëåíèå. Îòîáðàæåíèå F äèôôåðåíöèðóåìî ïî Ãàòî â òî÷êå
x0, åñëè îíî èìååò âàðèàöèþ ïî Ëàãðàíæó â ò. x0, à îòîáðàæåíèå F

′(x0)
ëèíåéíî è íåïðåðûâíî.

Çàäà÷à 1. 1) Ïóñòü F : R2 → R çàäàíî ðàâåíñòâîì F (x1, x2) =
3
√
x2

1x2. Ïîêàçàòü, ÷òî F èìååò âàðèàöèþ ïî Ëàãðàíæó, íî íå äèôôåðåí-
öèðóåìî ïî Ãàòî â íóëå. 2) Ïóñòü X � áåñêîíå÷íîìåðíîå íîðìèðîâàííîå
ïðîñòðàíñòâî, F : X → R � ëèíåéíûé íåîãðàíè÷åííûé ôóíêöèîíàë.
Ïîêàçàòü, ÷òî F èìååò âàðèàöèþ ïî Ëàãðàíæó â íóëå, íî íå äèôôåðåí-
öèðóåìî ïî Ãàòî.

Ïðèìåð. Ïóñòü F : Rn → Rm äèôôåðåíöèðóåìî ïî Ãàòî â òî÷êå
x0. Òîãäà F

′(x0) : Rn → Rm çàäàåòñÿ ìàòðèöåé A = (ai,j)1≤i≤n,1≤j≤m, ãäå

ai,j =
∂Fj
∂xi

(x0), ò.å. A � ìàòðèöà ßêîáè.
Îïðåäåëåíèå. Îòîáðàæåíèå F äèôôåðåíöèðóåìî ïî Ôðåøå â òî÷êå

x0, åñëè ñóùåñòâóåò ëèíåéíûé íåïðåðûâíûé îïåðàòîð A : X → Y òà-
êîé, ÷òî F (x0 + h) = F (x0) + Ah + r(h), ãäå îòîáðàæåíèå r òàêîâî, ÷òî

lim
‖h‖→0

‖r(h)‖Y
‖h‖X

= 0 (ò.å. r(h) = o(‖h‖), ‖h‖ → 0).

Çàìå÷àíèå. 1) Åñëè îòîáðàæåíèå äèôôåðåíöèðóåìî ïî Ôðåøå â ò.
x0, òî îíî äèôôåðåíöèðóåìî ïî Ãàòî â ò. x0, ïðè ýòîì A = F ′(x0). 2) Åñëè
îòîáðàæåíèå äèôôåðåíöèðóåìî ïî Ôðåøå â ò. x0, òî îíî íåïðåðûâíî â
ò. x0.

Çàäà÷à 2. Ïóñòü M = {(x1, x2) ∈ R2 : x1 > 0, x2 = x2
1}, f : R2 → R,

f(x1, x2) =

{
1, (x1, x2) ∈M,
0, (x1, x2) /∈M.

Ïîêàçàòü, ÷òî f äèôôåðåíöèðóåìî ïî Ãàòî, íî íå äèôôåðåíöèðóåìî ïî
Ôðåøå â ò. (0, 0).

Ïðàâèëà äèôôåðåíöèðîâàíèÿ.

Ïðåäëîæåíèå 1. (ïðàâèëî Ëåéáíèöà). Ïóñòü F : U → Y , g : U →
R äèôôåðåíöèðóåìû ïî Ãàòî (Ôðåøå) â òî÷êå x0. Òîãäà îòîáðàæåíèå
G(x) = g(x)F (x) äèôôåðåíöèðóåìî ïî Ãàòî (ñîîòâåòñòâåííî Ôðåøå) â
òî÷êå x0 è G

′(x0)[h] = g′(x0)[h]F (x0) + g(x0)F ′(x0)[h].
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Äîêàçàòåëüñòâî. Ïóñòü îòîáðàæåíèÿ äèôôåðåíöèðóåìû ïî Ãàòî. Èìå-
åì

G(x0 + λh)−G(x0)

λ
=
g(x0 + λh)F (x0 + λh)− g(x0)F (x0)

λ
=

=
(g(x0) + λg′(x0)[h] + o(λ))(F (x0) + λF ′(x0)[h] + o(λ))− g(x0)F (x0)

λ
→
λ→0

→ g(x0)F ′(x0)[h] + g′(x0)[h]F (x0).

Íåòðóäíî âèäåòü, ÷òî îòîáðàæåíèå h 7→ g(x0)F ′(x0)[h] + g′(x0)[h]F (x0)
ëèíåéíî è íåïðåðûâíî.

Ïóñòü îòîáðàæåíèÿ äèôôåðåíöèðóåìû ïî Ôðåøå. Òîãäà ïðè ‖h‖ → 0

G(x0+h) = g(x0+h)F (x0+h) = (g(x0)+g′(x0)[h]+o(‖h‖))(F (x0)+F ′(x0)[h]+o(‖h‖)) =

= g(x0)F (x0) + g′(x0)[h]F (x0) + g(x0)F ′(x0)[h] + o(‖h‖).

Ïðåäëîæåíèå 2. (ïðîèçâîäíàÿ êîìïîçèöèè). Ïóñòü X, Y , Z � íîð-
ìèðîâàííûå ïðîñòðàíñòâà, U ⊂ X, V ⊂ Y � îòêðûòûå ìíîæåñòâà,
F : U → V , G : V → Z, F äèôôåðåíöèðóåìî ïî Ãàòî (Ôðåøå) â ò.
x0 ∈ U , G äèôôåðåíöèðóåìî ïî Ôðåøå â ò. y0 = F (x0). Òîãäà îòîáðà-
æåíèå G ◦ F : U → Z äèôôåðåíöèðóåìî ïî Ãàòî (Ôðåøå) â ò. x0, ïðè
ýòîì

(G ◦ F )′(x0)[h] = G′(y0)[F ′(x0)[h]], ò.å. (G ◦ F )′(x0) = G′(y0) ◦ F ′(x0).

Äîêàçàòåëüñòâî. Ïóñòü F äèôôåðåíöèðóåìî ïî Ãàòî. Òîãäà

(G ◦ F )(x0 + λh)− (G ◦ F )(x0)

λ
=
G(F (x0) + λF ′(x0)[h] + o(λ))−G(F (x0))

λ
=

=
G(F (x0)) +G′(y0)[λF ′(x0)[h] + o(λ)] + r(λF ′(x0)[h] + o(λ))−G(F (x0))

λ
=: S(λ);

çäåñü r(w)
‖w‖ → 0 ïðè ‖w‖ → 0. Çíà÷èò, r(λF ′(x0)[h] + o(λ)) = o(λ) ïðè

λ→ 0. Ïîýòîìó

S(λ) =
λG′(y0)[F ′(x0)[h]] + o(λ)

λ
→
λ→0

G′(y0)[F ′(x0)[h]].
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Ïóñòü F äèôôåðåíöèðóåìî ïî Ôðåøå. Òîãäà

(G ◦ F )(x0 + h) = G(F (x0) + F ′(x0)[h] + o(‖h‖)) =

= G(F (x0)) +G′(y0)[F ′(x0)[h] + o(‖h‖)] + r(F ′(x0)[h] + o(‖h‖)) = S(h),

ãäå r(w)
‖w‖ → 0 ïðè ‖w‖ → 0. Òîãäà r(F ′(x0)[h] + o(‖h‖)) = o(‖h‖) è

S(h) = G(F (x0)) +G′(y0)[F ′(x0)[h]] + o(‖h‖).

Çàäà÷à 3. Ïîñòðîèòü ïðèìåð îòîáðàæåíèé F : R → R2, G : R2 → R
òàêèõ, ÷òî F äèôôåðåíöèðóåìî ïî Ôðåøå â ò. 0, G äèôôåðåíöèðóåìî
ïî Ãàòî â ò. (0, 0), F (0) = (0, 0), ïðè ýòîì G ◦ F íå èìååò âàðèàöèè ïî
Ëàãðàíæó â ò. 0. (Ìîæíî èñïîëüçîâàòü ïðèìåð èç ïðåäûäóùåé çàäà÷è.)

Ïóñòü U ⊂ X � îòêðûòîå ìíîæåñòâî, O(x0) ⊂ U � îêðåñòíîñòü òî÷êè
x0, F : U → Y äèôôåðåíöèðóåìî ïî Ãàòî â êàæäîé òî÷êå ìíîæåñòâà
O(x0). Òîãäà îïðåäåëåíî îòîáðàæåíèå F ′ : O(x0)→ L(X, Y ), çàäàííîå ïî
ôîðìóëå F ′ : x 7→ F ′(x).

Çàìå÷àíèå. Åñòü òðè ðàçëè÷íûõ îáúåêòà: F ′(x0)[h] � ýòî ýëåìåíò
ïðîñòðàíñòâà Y ; F ′(x0) � ýòî ýëåìåíò ïðîñòðàíñòâà L(X, Y ); F ′ � ýòî
îòîáðàæåíèå èç O(x0) â L(X, Y ).

Åñëè îòîáðàæåíèå F ′ : O(x0)→ L(X, Y ) íåïðåðûâíî â ò. x0, òî îòîá-
ðàæåíèå F íàçûâàåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìûì â ò. x0.

Ïðèìåðû âû÷èñëåíèÿ ïðîèçâîäíûõ. 1) Ïóñòü A : X → Y �
ëèíåéíûé íåïðåðûâíûé îïåðàòîð. Òîãäà A′(x)[h] = A(h). Çíà÷èò, äëÿ
ëþáîãî x ∈ X âûïîëíåíî A′(x) = A, òàê ÷òî A íåïðåðûâíî äèôôåðåí-
öèðóåì â êàæäîé òî÷êå.

2) Ïóñòü H � åâêëèäîâî ïðîñòðàíñòâî, 〈·, ·〉 � ñêàëÿðíîå ïðîèçâå-
äåíèå, f(x) = 〈x, x〉. Òîãäà f(x + h) = f(x) + 2〈x, h〉 + 〈h, h〉. Îòîáðà-
æåíèå h 7→ 2〈x, h〉 ëèíåéíî è íåïðåðûâíî (â ñèëó íåðàâåíñòâà Êîøè �
Áóíÿêîâñêîãî), 〈h, h〉 = ‖h‖2 = o(‖h‖), ‖h‖ → 0. Íàêîíåö, îòîáðàæåíèå
x 7→ 2〈x, ·〉 íåïðåðûâíî. Â ñàìîì äåëå,

‖2〈x, ·〉 − 2〈x0, ·〉‖ = sup
‖h‖≤1

|2〈x, h〉 − 2〈x0, h〉| ≤ 2‖x− x0‖.

Íàïîìèíàíèå (òåîðåìà Ëàãðàíæà). Ïóñòü f : [a, b]→ R íåïðåðûâíà
íà [a, b] è äèôôåðåíöèðóåìà íà (a, b). Òîãäà ñóùåñòâóåò òî÷êà ξ ∈ (a, b)
òàêàÿ, ÷òî f(b)− f(a) = f ′(ξ)(b− a).
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Íàïîìèíàíèå (ñëåäñòâèå èç òåîðåìû Õàíà�Áàíàõà). ÏóñòüX � íîð-
ìèðîâàííîå ïðîñòðàíñòâî, x ∈ X. Òîãäà ñóùåñòâóåò âåêòîð x∗ ∈ X∗ òà-
êîé, ÷òî ‖x∗‖ = 1 è x∗(x) = ‖x‖.

Ïðåäëîæåíèå 3. Ïóñòü U ⊂ X � îòêðûòîå ìíîæåñòâî, [x0, x1] ⊂ U ,
F : U → Y äèôôåðåíöèðóåìî ïî Ãàòî â êàæäîé òî÷êå îòðåçêà [x0, x1].
Òîãäà

‖F (x1)− F (x0)‖ ≤ sup
x∈[x0, x1]

‖F ′(x)[x1 − x0]‖. (1)

Äîêàçàòåëüñòâî. Ïóñòü y∗ ∈ Y ∗, ‖y∗‖ = 1, y∗(F (x1)−F (x0)) = ‖F (x1)−
F (x0)‖. Ðàññìîòðèì îòîáðàæåíèå ϕ : [0, 1] → R, ϕ(t) = y∗(F ((1 − t)x0 +
tx1)). Òîãäà

ϕ′(t) = lim
λ→0

y∗(F ((1− t)x0 + tx1 + λ(x1 − x0)))− y∗(F ((1− t)x0 + tx1))

λ
=

= y∗(F ′((1− t)x0 + tx1)[x1 − x0]).

Ïî òåîðåìå Ëàãðàíæà, ñóùåñòâóåò t ∈ (0, 1) òàêîå, ÷òî ϕ(1)−ϕ(0) = ϕ′(t).
Íî ϕ(1)− ϕ(0) = y∗(F (x1)− F (x0)) = ‖F (x1)− F (x0)‖. Çíà÷èò,

‖F (x1)−F (x0)‖ = ϕ′(t) = y∗(F ′((1−t)x0+tx1)[x1−x0]) ≤ ‖F ′((1−t)x0+tx1)[x1−x0]‖.

Çàäà÷à 4. 1) Åñëè F : X → R, òî ñóùåñòâóåò x ∈ [x0, x1] òàêîå, ÷òî
F (x1)− F (x0) = F ′(x)[x1 − x0]. 2) Åñëè dimY > 1, òî óòâåðæäåíèå èç ï.
1 ìîæåò áûòü íåâåðíûì.

Ïðåäëîæåíèå 4. Åñëè îòîáðàæåíèå íåïðåðûâíî äèôôåðåíöèðóåìî â
ò. x0, òî îíî äèôôåðåíöèðóåìî ïî Ôðåøå â ò. x0.

Äîêàçàòåëüñòâî. Íàì íóæíî ïîêàçàòü, ÷òî

F (x0 + h)− F (x0)− F ′(x0)[h] = o(‖h‖), ‖h‖ → 0.

Ðàññìîòðèì îòîáðàæåíèå G(x) = F (x)−F ′(x0)[x]. Òîãäà, åñëè F äèôôå-
ðåíöèðóåìî ïî Ãàòî â ò. x, òî G äèôôåðåíöèðóåìî ïî Ãàòî è G′(x)[h] =
F ′(x)[h]− F ′(x0)[h]. Çíà÷èò,

‖F (x0+h)−F (x0)−F ′(x0)[h]‖ = ‖G(x0+h)−G(x0)‖
(1)

≤ sup
x∈[x0, x0+h]

‖G′(x)[h]‖ ≤
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≤ sup
x∈[x0, x0+h]

‖F ′(x)− F ′(x0)‖ · ‖h‖.

Òàê êàê F ′ íåïðåðûâíî â x0 è x ∈ [x0, x0 + h], òî supx∈[x0, x0+h] ‖F ′(x) −
F ′(x0)‖ · ‖h‖ = o(‖h‖), ‖h‖ → 0.

Ïðèìåð. Ïóñòü

f(x) =

{
x2 sin 1

x2 , x 6= 0,
0, x = 0.

Òîãäà f äèôôåðåíöèðóåìî ïî Ôðåøå â êàæäîé òî÷êå x ∈ R, íî íå ÿâëÿ-
åòñÿ íåïðåðûâíî äèôôåðåíöèðóåìûì â òî÷êå x = 0.

2 Îïåðàòîð Íåìûöêîãî

Íàïîìíèì, ÷òî C([t0, t1], Rn) � ýòî ïðîñòðàíñòâî íåïðåðûâíûõ ôóíê-
öèé x : [t0, t1] → Rn; íà ýòîì ïðîñòðàíñòâå ââîäèòñÿ íîðìà ‖x‖C =
maxt∈[t0, t1] |x(t)| (çäåñü |x(t)| � äëèíà âåêòîðà x(t) â ïðîñòðàíñòâå Rn).

Ïóñòü ϕ : [t0, t1] × Rn → Rm íåïðåðûâíà. Ðàññìîòðèì îòîáðàæåíèå
Nϕ : C([t0, t1], Rn) → C([t0, t1], Rm), çàäàííîå ïî ôîðìóëå Nϕ(x)(t) =
ϕ(t, x(t)) (ïî òåîðåìå î íåïðåðûâíîñòè ñëîæíîé ôóíêöèè, Nϕ(x)(·) â ñà-
ìîì äåëå íåïðåðûâíà). Ýòî îòîáðàæåíèå íàçûâàåòñÿ îïåðàòîðîì Íåìûö-
êîãî.

×åðåç ϕ′ξ(t, ξ) îáîçíà÷èì ìàòðèöó èç ÷àñòíûõ ïðîèçâîäíûõ
(
∂ϕj
∂ξi

(t, ξ)
)

1≤i≤n, 1≤j≤m
.

Òåîðåìà 1. Ïóñòü äëÿ ëþáîãî t ∈ [t0, t1] îòîáðàæåíèå ϕ(t, ·) : Rn → Rm

äèôôåðåíöèðóåìî â êàæäîé òî÷êå, ïðè ýòîì ϕ′ξ íåïðåðûâíà íà [t0, t1]×
Rn. Òîãäà îïåðàòîð Nϕ íåïðåðûâíî äèôôåðåíöèðóåì è åãî ïðîèçâîäíàÿ
çàäàåòñÿ ïî ôîðìóëå

N ′ϕ(x)[h](t) = ϕ′ξ(t, x(t))h(t); (2)

òî åñòü ìû äëÿ îòîáðàæåíèÿ ξ 7→ ϕ(t, ξ) âû÷èñëÿåì åãî ìàòðèöó ßêî-
áè

ϕ′ξ(t, ξ) =

 ∂ϕ1

∂ξ1
(t, ξ) . . . ∂ϕ1

∂ξn
(t, ξ)

. . . . . . . . .
∂ϕm
∂ξ1

(t, ξ) . . . ∂ϕm
∂ξn

(t, ξ)

 ,

çàòåì â êà÷åñòâå ξ ∈ Rn ïîäñòàâëÿåì âåêòîð x(t) ∈ Rn, à ïîñëå ýòîãî
äåéñòâóåì ïîëó÷åííîé ìàòðèöåé íà âåêòîð h(t) = (h1(t), . . . , hn(t))T .
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Äîêàçàòåëüñòâî. Ñíà÷àëà ïîêàæåì, ÷òî Nϕ èìååò âàðèàöèþ ïî Ëàãðàí-
æó, èìåþùóþ âèä (2). Äëÿ ýòîãî íóæíî ïîêàçàòü, ÷òî

‖ϕ(·, x(·) + λh(·))− ϕ(·, x(·))− λϕ′ξ(·, x(·))h(·)‖C = o(λ), λ→ 0.

Äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ ëþáîãî j ∈ 1, m âûïîëíåíî

‖ϕj(·, x(·) + λh(·))− ϕj(·, x(·))− λϕ′j,ξ(·, x(·))h(·)‖C = o(λ), λ→ 0,

ò.å.

max
t∈[t0, t1]

|ϕj(t, x(t) + λh(t))− ϕj(t, x(t))− λϕ′j,ξ(t, x(t))h(t)| = o(λ), λ→ 0.

Ôèêñèðóåì t ∈ [t0, t1]. Ïî òåîðåìå Ëàãðàíæà, ñóùåñòâóåò θλ,t ∈ [0, 1]
òàêîå, ÷òî

ϕj(t, x(t) + λh(t))− ϕj(t, x(t)) = λϕ′j,ξ(t, x(t) + θλ,tλh(t))h(t).

Çíà÷èò,

|ϕj(t, x(t) + λh(t))− ϕj(t, x(t))− λϕ′j,ξ(t, x(t))h(t)| =

= |ϕ′j,ξ(t, x(t) + θt,λλh(t))h(t)− ϕ′j,ξ(t, x(t))h(t)| · |λ|.

Íàì äîñòàòî÷íî ïîêàçàòü, ÷òî

sup
t∈[t0, t1]

‖ϕ′j,ξ(t, x(t) + θt,λλh(t))− ϕ′j,ξ(t, x(t))‖ = o(1), λ→ 0.

Â ñàìîì äåëå, ïóñòü δ > 0. Ðàññìîòðèì ìíîæåñòâî

Kδ = {(t, ξ) : t ∈ [t0, t1], |ξ − x(t)| ≤ δ}.

Ìíîæåñòâî K1 êîìïàêòíî, ïîýòîìó ôóíêöèÿ ϕ
′
j,ξ(·, ·) íà íåì ðàâíîìåðíî

íåïðåðûâíà. Çíà÷èò, äëÿ ëþáîãî ε > 0 íàéäåòñÿ δ > 0 òàêîå, ÷òî äëÿ
ëþáîãî t ∈ [t0, t1], w ∈ Rn òàêîãî, ÷òî |w| ≤ δ âûïîëíåíî

‖ϕ′j,ξ(t, x(t) + w)− ϕ′j,ξ(t, x(t))‖ < ε. (3)

Îñòàåòñÿ îòìåòèòü, ÷òî ïðè äîñòàòî÷íî ìàëûõ λ äëÿ ëþáîãî t ∈ [t0, t1]
âûïîëíåíî |θt,λλh(t)| ≤ δ.
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Èòàê, âàðèàöèÿ ïî Ëàãðàíæó âû÷èñëåíà. Ëåãêî âèäåòü, ÷òî îòîáðà-
æåíèå N ′ϕ(x) : h 7→ ϕ′ξ(·, x(·))h(·) � ëèíåéíîå îòîáðàæåíèå. Òàê êàê ìàò-
ðè÷íîçíà÷íàÿ ôóíêöèÿ ϕ′ξ(·, x(·)) íåïðåðûâíà íà [t0, t1], òî îíà îãðàíè-
÷åíà. Îòñþäà ñëåäóåò, ÷òî îïåðàòîð N ′ϕ(x) îãðàíè÷åí. Òåì ñàìûì, ìû
äîêàçàëè, ÷òî Nϕ äèôôåðåíöèðóåì ïî Ãàòî.

Òåïåðü ïðîâåðèì íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü. Äëÿ ýòîãî íóæ-
íî ïîêàçàòü, ÷òî äëÿ ëþáîãî x ∈ C([t0, t1], Rn) âûïîëíåíî ‖N ′ϕ(y) −
N ′ϕ(x)‖ → 0 ïðè ‖y − x‖C → 0. Òàê êàê

(N ′ϕ(y)−N ′ϕ(x))h(·) = (ϕ′ξ(·, y(·))− ϕ′ξ(·, x(·)))h(·),

òî ýòî ñëåäóåò èç (3).

Çàäà÷à 5. Ïóñòü X � ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé íà [0, 1]

ñ íîðìîé ‖x‖ =
1∫
0

|x(t)| dt, T : X → X, Tx(t) = x2(t). Ïîêàçàòü, ÷òî T

äèôôåðåíöèðóåì ïî Ãàòî, íî íå äèôôåðåíöèðóåì ïî Ôðåøå.
Ïðîñòðàíñòâî C1([t0, t1], Rn) îïðåäåëÿåòñÿ êàê ïðîñòðàíñòâî íåïðå-

ðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé x : [t0, t1]→ Rn, ñíàáæåííîå íîðìîé
‖x‖C1 = max{‖x‖C , ‖ẋ‖C}.

Ïóñòü L : [t0, t1] × Rn × Rn → R íåïðåðûâíî. Îáîçíà÷èì ýëåìåí-
òû [t0, t1] × Rn × Rn ÷åðåç (t, ξ1, . . . , ξn, η1, . . . , ηn). Ïðåäïîëîæèì, ÷òî
÷àñòíûå ïðîèçâîäíûå Lξi : [t0, t1] × Rn × Rn → R è Lηi : [t0, t1] × Rn ×
Rn → R íåïðåðûâíû äëÿ ëþáîãî i = 1, . . . , n. Ðàññìîòðèì îòîáðàæåíèå
L : C1([t0, t1], Rn)→ R,

L(x) =

t1∫
t0

L(t, x(t), ẋ(t)) dt.

Òîãäà L äèôôåðåíöèðóåìî ïî Ôðåøå. Â ñàìîì äåëå, L = f ◦NL ◦A, ãäå

A : C1([t0, t1], Rn)→ C([t0, t1], R2n), A(x1, . . . , xn) = (x1, . . . , xn, ẋ1, . . . ẋn),

f(y) =

t1∫
t0

y(t) dt.

Îòîáðàæåíèÿ A è f ëèíåéíû è íåïðåðûâíû, îïåðàòîð Íåìûöêîãî NL

íåïðåðûâíî äèôôåðåíöèðóåì. Çíà÷èò, L äèôôåðåíöèðóåìî ïî Ôðåøå.
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Ïðè ýòîì

L′(x)[h] =

t1∫
t0

(Lξ(t, x(t), ẋ(t))h(t) + Lη(t, x(t), ẋ(t))ḣ(t)) dt. (4)

Çàäà÷à 6. Ïîêàçàòü, ÷òî îòîáðàæåíèå L íåïðåðûâíî äèôôåðåíöèðó-
åìî.

3 Ãëàäêàÿ çàäà÷à íà ìèíèìóì áåç îãðàíè÷å-

íèé.

Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî, U ⊂ X � îòêðûòîå ìíîæåñòâî,
f : U → R. Ðàññìîòðèì çàäà÷ó ïîèñêà òî÷êè ìèíèìóìà ôóíêöèè f íà U :

f(x)→ min, x ∈ U. (5)

Òî÷êà x̂ ∈ U íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà ôóíêöèè f ,
åñëè ñóùåñòâóåò òàêîå ε > 0, ÷òî äëÿ ëþáîãî x ∈ U òàêîãî, ÷òî ‖x− x̂‖ <
ε, âûïîëíåíî f(x) ≥ f(x̂).

Åñëè äëÿ ëþáîãî x ∈ U âûïîëíåíî f(x) ≥ f(x̂), òî x̂ íàçûâàåòñÿ
òî÷êîé ãëîáàëüíîãî ìèíèìóìà.

Àíàëîãè÷íî îïðåäåëÿåòñÿ òî÷êà ëîêàëüíîãî (ãëîáàëüíîãî) ìàêñèìó-
ìà.

Ïðåäëîæåíèå 5. Ïóñòü x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà â çàäà÷å (5),
è ïóñòü f èìååò âàðèàöèþ ïî Ëàãðàíæó â òî÷êå x̂. Òîãäà f ′(x̂) = 0.

Äîêàçàòåëüñòâî. Åñëè f ′(x̂) 6= 0, òî ñóùåñòâóåò âåêòîð h ∈ X òàêîé,
÷òî f ′(x̂)[h] 6= 0. Ïóñòü ϕ(t) = f(x̂ + th). Òîãäà t = 0 ÿâëÿåòñÿ òî÷êîé
ëîêàëüíîãî ìèíèìóìà ôóíêöèè ϕ è ïîýòîìó ϕ′(0) = 0. Íî ϕ′(0) = f ′(x̂)[h]
� ïðîòèâîðå÷èå.

Õîðîøî èçâåñòíî, ÷òî ðàâåíñòâî íóëþ âàðèàöèè ïî Ëàãðàíæó íå ÿâ-
ëÿåòñÿ äîñòàòî÷íûì óñëîâèåì äëÿ ëîêàëüíîãî ìèíèìóìà (âñïîìíèì ôóíê-
öèþ f(x) = x3). Ïîçæå ìû ïîëó÷èì íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
ëîêàëüíîãî ìèíèìóìà â òåðìèíàõ âòîðûõ ïðîèçâîäíûõ. À ñåé÷àñ áóäåò
ïîëó÷åíî äîñòàòî÷íîå óñëîâèå ãëîáàëüíîãî ìèíèìóìà.
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Îïðåäåëåíèå. Ïóñòü X � ëèíåéíîå ïðîñòðàíñòâî, U ⊂ X � âûïóê-
ëîå ìíîæåñòâî (òî åñòü (1−λ)x+λy ∈ U äëÿ ëþáûõ x, y ∈ U , λ ∈ [0, 1]).
Ôóíêöèÿ f : U → R íàçûâàåòñÿ âûïóêëîé, åñëè äëÿ ëþáûõ x, y ∈ U ,
λ ∈ [0, 1] âûïîëíåíî f((1− λ)x+ λy) ≤ (1− λ)f(x) + λf(y).

Ïðåäëîæåíèå 6. Ïóñòü X � ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî,
U ⊂ X � âûïóêëîå îòêðûòîå ïîäìíîæåñòâî, f : U → R � âûïóêëàÿ
ôóíêöèÿ, x̂ ∈ U , f ′(x̂) = 0. Òîãäà x̂ � òî÷êà ãëîáàëüíîãî ìèíèìóìà.

Äîêàçàòåëüñòâî. Ïóñòü x̂ íå ÿâëÿåòñÿ òî÷êîé ìèíèìóìà. Òîãäà ñóùå-
ñòâóåò âåêòîð h ∈ X òàêîé, ÷òî x̂ + h ∈ U , f(x̂ + h) < f(x̂). Çíà÷èò, äëÿ
t ∈ (0, 1] âûïîëíåíî

f(x̂+th)−f(x̂) = f((1−t)x̂+t(x̂+h))−f(x̂) ≤ (1−t)f(x̂)+tf(x̂+h)−f(x̂) =

= t(f(x̂+ h)− f(x̂)),

îòêóäà
f(x̂+ th)− f(x̂)

t
≤ f(x̂+ h)− f(x̂).

Ïîýòîìó f ′(x̂)[h] ≤ f(x̂+ h)− f(x̂) < 0.

4 Ïðîñòåéøàÿ çàäà÷à âàðèàöèîííîãî èñ÷èñ-

ëåíèÿ

Ïóñòü L : [t0, t1] × Rn × Rn → R � íåïðåðûâíîå îòîáðàæåíèå. Òîãäà
îïðåäåëåíî îòîáðàæåíèå

L : C1([t0, t1], Rn)→ R, L(x) =

t1∫
t0

L(t, x(t), ẋ(t)) dt

(x(t) è ẋ(t) � ýòî ýëåìåíòû Rn äëÿ ëþáîãî t ∈ [t0, t1]; ôóíêöèÿ t 7→
L(t, x(t), ẋ(t)) íåïðåðûâíà ïî òåîðåìå î íåïðåðûâíîñòè ñëîæíîé ôóíê-
öèè).

Ïóñòü ôóíêöèÿ (t, ξ1, . . . , ξn, η1, . . . , ηn) 7→ L(t, ξ1, . . . , ξn, η1, . . . , ηn)
èìååò ÷àñòíûå ïðîèçâîäíûå ïî êàæäîé ïåðåìåííîé ξi è ηi (1 ≤ i ≤ n),
ïðè ýòîì îòîáðàæåíèÿ

(t, ξ1, . . . , ξn, η1, . . . , ηn) 7→ Lξi(t, ξ1, . . . , ξn, η1, . . . , ηn)
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è
(t, ξ1, . . . , ξn, η1, . . . , ηn) 7→ Lηi(t, ξ1, . . . , ξn, η1, . . . , ηn)

íåïðåðûâíû. Òîãäà, êàê ãîâîðèëîñü âûøå, îòîáðàæåíèå L íåïðåðûâíî
äèôôåðåíöèðóåìî íà C1([t0, t1], Rn).

Äàëåå áóäåì îáîçíà÷àòü: Lξi =: Lxi , Lηi =: Lẋi .
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó íà ìèíèìóì:

t1∫
t0

L(t, x(t), ẋ(t)) dt→ inf, x(t0) = x(0), x(t1) = x(1). (6)

Ôóíêöèÿ x ∈ C1([t0, t1], Rn) íàçûâàåòñÿ äîïóñòèìîé, åñëè x(t0) = x(0)

è x(t1) = x(1).
Ôóíêöèÿ x̂ ∈ C1([t0, t1], Rn) íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà

äëÿ çàäà÷è (6), åñëè îíà äîïóñòèìàÿ è ñóùåñòâóåò ε > 0 òàêîå, ÷òî äëÿ
ëþáîé äîïóñòèìîé ôóíêöèè x òàêîé, ÷òî ‖x−x̂‖C1 < ε âûïîëíåíî L(x) ≥
L(x̂).

Îïðåäåëèì ïðîñòðàíñòâî C1
0,0([t0, t1],Rn), ñîñòîÿùåå èç ôóíêöèé g ∈

C1([t0, t1], Rn) òàêèõ, ÷òî g(t0) = g(t1) = 0.
Ïóñòü x̂� äîïóñòèìàÿ ôóíêöèÿ. Ðàññìîòðèì ôóíêöèîíàë L̃ : C1

0,0([t0, t1],Rn)→
R, îïðåäåëåííûé ðàâåíñòâîì

L̃(g) = L(x̂+ g). (7)

Òîãäà

L̃(g) =

t1∫
t0

L̃(t, g(t), ġ(t)) dt, L̃(t, ξ, η) = L(t, x̂(t) + ξ, ˙̂x(t) + η);

x̂ ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà â (6) òîãäà è òîëüêî òîãäà, êîãäà
0 ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà â çàäà÷å

L̃(g)→ inf, g ∈ C1
0,0([t0, t1],Rn). (8)

Ýòî çàäà÷à áåç îãðàíè÷åíèé íà ëèíåéíîì íîðìèðîâàííîì ïðîñòðàíñòâå.
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Ïðåäëîæåíèå 7. Ïóñòü x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà â çàäà÷å (6).
Òîãäà äëÿ ëþáîãî h ∈ C1

0,0([t0, t1],Rn) âûïîëíåíî

t1∫
t0

(
Lx(t, x̂(t), ˙̂x(t))h(t) + Lẋ(t, x̂(t), ˙̂x(t))ḣ(t)

)
dt = 0, (9)

ò.å.

t1∫
t0

(
n∑
j=1

Lxj(t, x̂(t), ˙̂x(t))hj(t) +
n∑
j=1

Lẋj(t, x̂(t), ˙̂x(t))ḣj(t)

)
dt = 0. (10)

Äîêàçàòåëüñòâî. Èìååì L̃′(0)[h] = 0 äëÿ ëþáîãî h ∈ C1
0,0([t0, t1],Rn).

Òàê êàê L̃ξi(t, ξ, η) = Lxi(t, x̂(t) + ξ, ˙̂x(t) + η), L̃ηi(t, ξ, η) = Lẋi(t, x̂(t) +
ξ, ˙̂x(t)+η) è ýòè ôóíêöèè íåïðåðûâíû ïî ñîâîêóïíîñòè àðãóìåíòîâ (t, ξ, η),
òî ôóíêöèîíàë L̃ íåïðåðûâíî äèôôåðåíöèðóåì â 0, è â ñèëó (4)

L̃′(0)[h] =

t1∫
t0

(
Lx(t, x̂(t), ˙̂x(t))h(t) + Lẋ(t, x̂(t), ˙̂x(t))ḣ(t)

)
dt.

Îòñþäà ñëåäóåò (10).

Îêàçûâàåòñÿ, (10) ýêâèâàëåíòíî íåêîòîðîé ñèñòåìå îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé, íàçûâàþùåéñÿ óðàâíåíèÿìè Ýéëåðà � Ëàãðàí-
æà.

Ñíà÷àëà íàïîìíèì îäíî èç ýêâèâàëåíòíûõ îïðåäåëåíèé àáñîëþòíî
íåïðåðûâíîé ôóíêöèè.

Îïðåäåëåíèå. Ôóíêöèÿ f : [t0, t1] → R íàçûâàåòñÿ àáñîëþòíî íåïðå-
ðûâíîé, åñëè ñóùåñòâóåò ôóíêöèÿ g ∈ L1[t0, t1] òàêàÿ, ÷òî f(t) =

f(t0) +
t∫
t0

g(s) ds.

Àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ ïî÷òè âñþäó äèôôåðåíöèðóåìà è
f ′(t) = g(t) ï.â.

Ïðîñòðàíñòâî àáñîëþòíî íåïðåðûâíûõ ôóíêöèé íà [t0, t1] îáîçíà÷èì
÷åðåç AC[t0, t1].
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Ïóñòü f , ϕ ∈ AC[t0, t1]. Òîãäà âûïîëíåíà ôîðìóëà èíòåãðèðîâàíèÿ
ïî ÷àñòÿì:

t1∫
t0

f ′(t)ϕ(t) dt = −
t1∫
t0

f(t)ϕ′(t) dt+ f(t)ϕ(t)|t1t0 .

Ïðåäëîæåíèå 8. Ðàâåíñòâî (10) äëÿ ëþáîãî h ∈ C1
0,0([t0, t1],Rn) âûïîë-

íåíî âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèÿ t 7→ Lẋj(t, x̂(t), ˙̂x(t))
àáñîëþòíî íåïðåðûâíà è

− d

dt
Lẋj(t, x̂(t), ˙̂x(t)) + Lxj(t, x̂(t), ˙̂x(t)) = 0, 1 ≤ j ≤ n; (11)

â âåêòîðíîé ôîðìå ýòà ñèñòåìà çàïèñûâàåòñÿ êàê

− d

dt
Lẋ(t, x̂(t), ˙̂x(t)) + Lx(t, x̂(t), ˙̂x(t)) = 0.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíî (10) äëÿ ëþáîãî h ∈ C1
0,0([t0, t1],Rn).

Ïîëîæèì Bj(t) =
t∫
t0

Lxj(s, x̂(s), ˙̂x(s)) ds. Ïðîèíòåãðèðóåì ïî ÷àñòÿì â

(10)
n∑
j=1

Lxj(t, x̂(t), ˙̂x(t))hj(t), ó÷èòûâàÿ, ÷òî hj(t0) = hj(t1) = 0, è ïîëó-

÷èì:
t1∫
t0

n∑
j=1

(Lẋj(t, x̂(t), ˙̂x(t))−Bj(t))ḣj(t) dt = 0. (12)

Íàì ïîíàäîáèòñÿ ñëåäóþùèé âñïîìîãàòåëüíûé ôàêò.
Ëåììà Äþáóà-Ðåéìîíà. Ïóñòü B : [t0, t1] → R � íåïðåðûâíàÿ

ôóíêöèÿ òàêàÿ, ÷òî äëÿ ëþáîé ôóíêöèè z ∈ C1[t0, t1] òàêîé, ÷òî z(t0) =

z(t1) = 0, âûïîëíåíî
t1∫
t0

B(t)ż(t) dt = 0. Òîãäà B ≡ const.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ B íå ÿâëÿåòñÿ êîíñòàíòîé. Òîãäà
ñóùåñòâóþò òî÷êè τ1, τ2 ∈ (t0, t1) òàêèå, ÷òî B(τ1) < B(τ2). Òàê êàê
ôóíêöèÿ B íåïðåðûâíà, òî ñóùåñòâóþò c ∈ R, ε > 0 è δ > 0 òàêèå, ÷òî
B(t) ≤ c− ε äëÿ ëþáîãî t ∈ Oδ(τ1) è B(t) ≥ c + ε äëÿ ëþáîãî t ∈ Oδ(τ2).
Ïóñòü

g(t) =


δ − |t− τ1|, |t− τ1| < δ,
|t− τ2| − δ, |t− τ2| < δ,
0, èíà÷å.
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Òîãäà
t1∫
t0

g(s) ds = 0. Ïîëîæèì z(t) =
t∫
t0

g(s) ds. Òîãäà z ∈ C1[t0, t1], z(t0) =

z(t1) = 0. Ñ äðóãîé ñòîðîíû,

t1∫
t0

B(t)ż(t) dt =

∫
Oδ(τ1)

B(t)g(t) dt+

∫
Oδ(τ2)

B(t)g(t) dt ≤

≤ (c−ε)
∫

Oδ(τ1)

(δ−|t−τ1|) dt+(c+ε)

∫
Oδ(τ2)

(−δ+|t−τ2|) dt = −2ε

∫
Oδ(0)

(δ−|t|) dt < 0.

Ëåììà Äþáóà-Ðåéìîíà äîêàçàíà. �
Èç (12) è ëåììû Äþáóà-Ðåéìîíà ñëåäóåò, ÷òî

Lẋj(t, x̂(t), ˙̂x(t))−Bj(t) ≡ const, 1 ≤ j ≤ n.

Çíà÷èò, Lẋj(t, x̂(t), ˙̂x(t)) àáñîëþòíî íåïðåðûâíû è âûïîëíåíî (11).

Îáðàòíî, ïóñòü Lẋj(t, x̂(t), ˙̂x(t)) àáñîëþòíî íåïðåðûâíû è âûïîëíåíî
(11). Òîãäà

t1∫
t0

n∑
j=1

(
− d

dt
Lẋj(t, x̂(t), ˙̂x(t)) + Lxj(t, x̂(t), ˙̂x(t))

)
hj(t) dt = 0, h ∈ C1

0,0([t0, t1],Rn).

Ïðîèíòåãðèðîâàâ ïî ÷àñòÿì
t1∫
t0

d
dt
Lẋj(t, x̂(t), ˙̂x(t))hj(t) dt è ó÷èòûâàÿ óñëî-

âèÿ hj(t0) = hj(t1) = 0, ïîëó÷àåì (10).

Èòàê, äîêàçàíà

Òåîðåìà 2. Ïóñòü x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà â (6). Òîãäà âû-
ïîëíåíû óðàâíåíèÿ Ýéëåðà � Ëàãðàíæà (11).

Äîïóñòèìàÿ ôóíêöèÿ x̂, óäîâëåòâîðÿþùàÿ (11), íàçûâàåòñÿ äîïóñòè-
ìîé ýêñòðåìàëüþ.

Áëèæå ê êîíöó êóðñà ìû èçó÷èì, êîãäà äîïóñòèìàÿ ýêñòðåìàëü áóäåò
òî÷êîé ëîêàëüíîãî ìèíèìóìà (áóäóò ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷-
íûå óñëîâèÿ âòîðîãî ïîðÿäêà). Ñåé÷àñ ìû ïîëó÷èì äîñòàòî÷íîå óñëîâèå
ãëîáàëüíîãî ìèíèìóìà.
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Ïðåäëîæåíèå 9. Ïóñòü ôóíêöèîíàë L âûïóêëûé, x̂ � äîïóñòèìàÿ
ýêñòðåìàëü. Òîãäà x̂ ÿâëÿåòñÿ òî÷êîé ãëîáàëüíîãî ìèíèìóìà â çàäà÷å
(6).

Äîêàçàòåëüñòâî. Åñëè x̂ � äîïóñòèìàÿ ýêñòðåìàëü, òî L̃′(0) = 0. Òàê
êàê L âûïóêëûé, òî L̃ âûïóêëûé (ñì. (7)). Çíà÷èò, 0 � òî÷êà ãëîáàëü-
íîãî ìèíèìóìà L̃ íà C1

0,0([t0, t1], Rn). Îòñþäà ïîëó÷àåì, ÷òî x̂ � òî÷êà
ãëîáàëüíîãî ìèíèìóìà â (6).

Ïðåäëîæåíèå 10. Ïóñòü äëÿ ëþáîãî t ∈ [t0, t1] îòîáðàæåíèå (ξ, η) 7→
L(t, ξ, η) âûïóêëî (ξ ∈ Rn, η ∈ Rn). Òîãäà ôóíêöèîíàë L âûïóêëûé.

Äîêàçàòåëüñòâî. Ïóñòü x, y ∈ C1([t0, t1], Rn), λ ∈ [0, 1]. Òîãäà

L((1− λ)x+ λy) =

t1∫
t0

L(t, (1− λ)x(t) + λy(t), (1− λ)ẋ(t) + λẏ(t)) dt ≤

≤
t1∫
t0

[(1− λ)L(t, x(t), ẋ(t)) + λL(t, y(t), ẏ(t))] dt = (1− λ)L(x) + λL(y).

Ãàðìîíè÷åñêèé îñöèëëÿòîð. Ðàññìîòðèì çàäà÷ó

L(x) :=

T0∫
0

(ẋ2 − x2) dt→ inf, x(0) = x(T0) = 0.

Òîãäà Lẋ = 2ẋ, Lx = −2x; óðàâíåíèå Ýéëåðà èìååò âèä − d
dt

(2ẋ)− 2x = 0,
ò.å. ẍ+ x = 0.

Çàìåòèì, ÷òî x̂ = 0 ÿâëÿåòñÿ äîïóñòèìîé ýêñòðåìàëüþ. Âûÿñíèì, ÿâ-
ëÿåòñÿ ëè îíà òî÷êîé ëîêàëüíîãî èëè ãëîáàëüíîãî ìèíèìóìà. Äëÿ ýòîãî
èñïîëüçóåì ñëåäóþùèé ïðèåì (êîãäà áóäåì èçó÷àòü óñëîâèÿ âòîðîãî ïî-
ðÿäêà â ïðîñòåéøåé çàäà÷å âàðèàöèîííîãî èñ÷èñëåíèÿ, áóäåò îïèñàíî åãî
îáîáùåíèå).

Ïóñòü ω ∈ C1[0, T0]. Òîãäà
T0∫
0

d
dt

(ωx2) dt = ωx2|T0
0 = 0, åñëè x ∈ C1

0,0[0, T0].

Çíà÷èò,
T0∫

0

(ẋ2 − x2) dt =

T0∫
0

(ẋ2 − x2 − ω̇x2 − 2ωxẋ) dt.
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Ïîäáåðåì ω òàê, ÷òîáû ẋ2 − x2 − ω̇x2 − 2ωxẋ áûëî ïîëíûì êâàäðàòîì:

ẋ2− x2− ω̇x2− 2ωxẋ = (ẋ−ωx)2, ò.å. −1− ω̇ = ω2. (Òîãäà
T0∫
0

(ẋ2− x2) dt =

T0∫
0

(ẋ− ωx)2 dt ≥ 0.) Ïîëó÷àåì, ÷òî ω = ctg(t− t∗).

Çàäà÷à 7. 1) Ïóñòü T0 > π, x(t) = c sin πt
T0
. Ïîêàçàòü, ÷òî L(x) <

0. Ïî÷åìó ïðîâåäåííûå âûøå ðàññóæäåíèÿ íå ïðîõîäÿò ïðè T0 > π è

ïðîõîäÿò ïðè T0 < π? 2) Ïîêàçàòü, ÷òî
π∫
0

(ẋ2−x2) dt =
π∫
0

(ẋ−x ·ctg t)2 dt ≥

0.
Âûâîä. Åñëè T0 ≤ π, òî 0 � òî÷êà ãëîáàëüíîãî ìèíèìóìà. Åñëè

T0 > π, òî 0 íå ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà.

Çàäà÷à 8. Äîêàçàòü, ÷òî â çàäà÷å

1∫
0

t1/2ẋ2 dt→ inf, x(0) = 0, x(1) = 1

òî÷êè ëîêàëüíîãî ìèíèìóìà â ïðîñòðàíñòâå C1[0, 1] íå ñóùåñòâóåò; íàé-
òè òî÷êó ãëîáàëüíîãî ìèíèìóìà äëÿ òîé æå çàäà÷è â ïðîñòðàíñòâå

W =

f ∈ AC[0, 1] :

1∫
0

t1/2ẋ2 dt <∞

 .

Çàäà÷à 9. Äîêàçàòü, ÷òî â çàäà÷å

1∫
0

(1− ẋ2)2 dt→ inf, x(0) = 0, x(1) = 0

òî÷êè ëîêàëüíîãî ìèíèìóìà â ïðîñòðàíñòâå C1[0, 1] íå ñóùåñòâóåò, ïðè
ýòîì òî÷íàÿ íèæíÿÿ ãðàíü ôóíêöèîíàëà ðàâíà 0.

5 Çàäà÷à Áîëüöà

Ïóñòü L : [t0, t1]×Rn×Rn → R� òàêàÿ æå, êàê â ïðåäûäóùåì ïàðàãðàôå;
l : Rn×Rn → R íåïðåðûâíî äèôôåðåíöèðóåìà. Ðàññìîòðèì ôóíêöèîíàë
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L : C1([t0, t1], Rn)→ R, çàäàííûé ïî ôîðìóëå

L(x) =

t1∫
t0

L(t, x(t), ẋ(t)) dt+ l(x(t0), x(t1)).

Ïðîèçâîäíûå ôóíêöèè l(ξ1, . . . , ξn, η1, . . . , ηn) ïî ξj áóäåì îáîçíà÷àòü
∂l

∂xj(t0)
, à ïðîèçâîäíûå ïî ηj � ÷åðåç ∂l

∂xj(t1)
.

Ôóíêöèîíàë L íåïðåðûâíî äèôôåðåíöèðóåì è

L′(x)[h] =

t1∫
t0

(
n∑
j=1

Lẋj(t, x(t), ẋ(t))ḣj(t) +
n∑
j=1

Lxj(t, x(t), ẋ(t))hj(t)

)
dt+

+
n∑
j=1

∂l

∂xj(t0)
hj(t0) +

n∑
j=1

∂l

∂xj(t1)
hj(t1) =

=

t1∫
t0

(
Lẋ(t, x(t), ẋ(t))ḣ(t) + Lx(t, x(t), ẋ(t))h(t)

)
dt+

∂l

∂x(t0)
h(t0)+

∂l

∂x(t1)
h(t1).

Ðàññìîòðèì çàäà÷ó Áîëüöà:

t1∫
t0

L(t, x(t), ẋ(t)) dt+ l(x(t0), x(t1))→ inf . (13)

Ôóíêöèÿ x̂ íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà â çàäà÷å (13),
åñëè ñóùåñòâóåò òàêîå ε > 0, ÷òî äëÿ ëþáîé ôóíêöèè x ∈ C1([t0, t1], Rn)
òàêîé, ÷òî ‖x− x̂‖C1 < ε, âûïîëíåíî L(x) ≥ L(x̂).

Åñëè x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà, òî L′(x̂)[h] = 0 äëÿ ëþáîãî
h ∈ C1([t0, t1], Rn). Çíà÷èò,

t1∫
t0

(
n∑
j=1

Lẋj(t, x(t), ẋ(t))ḣj(t) +
n∑
j=1

Lxj(t, x(t), ẋ(t))hj(t)

)
dt+

+
n∑
j=1

∂l
∂xj(t0)

hj(t0) +
n∑
j=1

∂l
∂xj(t1)

hj(t1) = 0

(14)

äëÿ ëþáîãî h ∈ C1([t0, t1], Rn).
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Ïðåäëîæåíèå 11. Óñëîâèå (14) ýêâèâàëåíòíî âûïîëíåíèþ óðàâíåíèé
Ýéëåðà � Ëàãðàíæà (11) è óñëîâèé òðàíñâåðñàëüíîñòè

Lẋj(t0, x̂(t0), ˙̂x(t0)) =
∂l

∂xj(t0)
(x̂(t0), x̂(t1)),

Lẋj(t1, x̂(t1), ˙̂x(t1)) = − ∂l

∂xj(t1)
(x̂(t0), x̂(t1)), 1 ≤ j ≤ n;

â âåêòîðíîì âèäå óñëîâèÿ òðàíñâåðñàëüíîñòè çàïèñûâàþòñÿ êàê

Lẋ(t0, x̂(t0), ˙̂x(t0)) =
∂l

∂x(t0)
(x̂(t0), x̂(t1)),

Lẋ(t1, x̂(t1), ˙̂x(t1)) = − ∂l

∂x(t1)
(x̂(t0), x̂(t1)).

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíî óñëîâèå (14). Ïîäñòàâèâ ïðîèçâîëü-
íóþ ôóíêöèþ h ∈ C1

0,0([t0, t1], Rn), ïîëó÷èì, ÷òî

t1∫
t0

(
n∑
j=1

Lẋj(t, x̂(t), ˙̂x(t))ḣj(t) +
n∑
j=1

Lxj(t, x̂(t), ˙̂x(t))hj(t)

)
dt = 0.

Â ïðåäûäóùåì ïàðàãðàôå áûëî äîêàçàíî, ÷òî ôóíêöèÿ t 7→ Lẋj(t, x̂(t), ˙̂x(t))
àáñîëþòíî íåïðåðûâíà è âûïîëíåíû óðàâíåíèÿ Ýéëåðà � Ëàãðàíæà.

Òåïåðü äîêàæåì óñëîâèÿ òðàíñâåðñàëüíîñòè. Èíòåãðèðóÿ ïî ÷àñòÿì
ëåâóþ ÷àñòü (14), ïîëó÷àåì, ÷òî

n∑
j=1

Lẋj(t, x̂(t), ˙̂x(t))h(t)|t1t0 +
n∑
j=1

∂l

∂xj(t0)
hj(t0) +

n∑
j=1

∂l

∂xj(t1)
hj(t1) = 0

äëÿ ëþáîé ôóíêöèè h ∈ C1([t0, t1], Rn). Ôèêñèðóåì èíäåêñ j è âûáåðåì
ôóíêöèþ h ∈ C1([t0, t1], Rn) òàêóþ, ÷òî hi(t0) = hi(t1) = 0 ïðè i 6= j,
hj(t0) = 1, hj(t1) = 0. Òîãäà ïîëó÷èì ïåðâîå óñëîâèå òðàíñâåðñàëüíîñòè.
Åñëè âçÿòü ôóíêöèþ h ∈ C1([t0, t1], Rn) òàêóþ, ÷òî hi(t0) = hi(t1) = 0
ïðè i 6= j, hj(t0) = 0, hj(t1) = 1, òî ïîëó÷èì âòîðîå óñëîâèå òðàíñâåð-
ñàëüíîñòè.
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Îáðàòíî, ïóñòü âûïîëíåíû óðàâíåíèÿ Ýéëåðà è óñëîâèå òðàíñâåð-
ñàëüíîñòè. Òîãäà

t1∫
t0

n∑
j=1

(
− d

dt
Lẋj(t, x̂(t), ˙̂x(t)) + Lxj(t, x̂(t), ˙̂x(t))

)
hj(t) dt+

+
n∑
j=1

(
−Lẋj(t0, x̂(t0), ˙̂x(t0)) +

∂l

∂xj(t0)
(x̂(t0), x̂(t1))

)
hj(t0)+

+
n∑
j=1

(
Lẋj(t1, x̂(t1), ˙̂x(t1)) +

∂l

∂xj(t1)
(x̂(t0), x̂(t1))

)
hj(t1) = 0.

Ïðîèíòåãðèðîâàâ ïî ÷àñòÿì, ïîëó÷àåì (14).

Îòñþäà ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3. Ïóñòü x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà â çàäà÷å Áîëüöà.
Òîãäà âûïîëíåíû óðàâíåíèÿ Ýéëåðà � Ëàãðàíæà è óñëîâèÿ òðàíñâåðñàëü-
íîñòè.

Ôóíêöèÿ x̂ ∈ C1([t0, t1], Rn), óäîâëåòâîðÿþùàÿ óðàâíåíèÿì Ýéëåðà
� Ëàãðàíæà è óñëîâèÿì òðàíñâåðñàëüíîñòè, íàçûâàåòñÿ äîïóñòèìîé ýêñ-
òðåìàëüþ.

Åñëè ôóíêöèîíàë L âûïóêëûé, òî äîïóñòèìàÿ ýêñòðåìàëü ÿâëÿåòñÿ
òî÷êîé ãëîáàëüíîãî ìèíèìóìà.

Â ïðîøëîì ïàðàãðàôå ìû íàøëè äîñòàòî÷íîå óñëîâèå âûïóêëîñòè

îòîáðàæåíèÿ x 7→
t1∫
t0

L(t, x(t), ẋ(t)) dt. Íàéäåì äîñòàòî÷íîå óñëîâèå âû-

ïóêëîñòè îòîáðàæåíèÿ x 7→ l(x(t0), x(t1)).

Ïðåäëîæåíèå 12. Ïóñòü îòîáðàæåíèå (ξ, η) 7→ l(ξ, η) âûïóêëî (ξ,
η ∈ Rn). Òîãäà îòîáðàæåíèå x 7→ l(x(t0), x(t1)) âûïóêëî.

Ýòî íåïîñðåäñòâåííî ñëåäóåò èç îïðåäåëåíèÿ âûïóêëîñòè.
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6 Ãëàäêàÿ çàäà÷à ñ îãðàíè÷åíèÿìè òèïà ðà-

âåíñòâ

6.1 Ïîñòàíîâêà çàäà÷è è îñíîâíîé ðåçóëüòàò

Ïóñòü X, Y � íîðìèðîâàííûå ïðîñòðàíñòâà, U ⊂ X � îòêðûòîå ìíîæå-
ñòâî, f0 : U → R, F : U → Y . Ðàññìîòðèì çàäà÷ó{

f0(x)→ inf,
F (x) = 0.

(15)

Òî÷êà x ∈ U íàçûâàåòñÿ äîïóñòèìîé äëÿ çàäà÷è (15), åñëè F (x) = 0.
Äîïóñòèìàÿ òî÷êà íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà, åñëè ñóùå-
ñòâóåò òàêîå ε > 0, ÷òî äëÿ ëþáîãî äîïóñòèìîãî x òàêîãî, ÷òî ‖x−x̂‖ < ε,
âûïîëíåíî f0(x) ≥ f0(x̂).

Åñëè Y = Rm, F (x) = (f1(x), . . . , fm(x)), òî (15) ïåðåïèñûâàåòñÿ â
âèäå {

f0(x)→ inf,
fj(x) = 0, 1 ≤ j ≤ m.

(16)

Â ñëó÷àå, êîãäà X = Rn, ôóíêöèè fj íåïðåðûâíî äèôôåðåíöèðóåìûå
(0 ≤ j ≤ m), â êóðñå ìàòåìàòè÷åñêîãî àíàëèçà äîêàçûâàëîñü ñëåäóþùåå
óòâåðæäåíèå.

Ïðåäëîæåíèå 13. Ïóñòü X = Rn, x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà â

(16), fj ∈ C1(U), 0 ≤ j ≤ m, m ≤ n, ìàòðèöà
(
∂fj
∂xi

(x̂)
)

1≤i≤n, 1≤j≤m
èìååò

ìàêñèìàëüíûé ðàíã. Òîãäà ñóùåñòâóþò λ1, . . . , λm ∈ R òàêèå, ÷òî

f ′0(x̂) +
m∑
j=1

λjf
′
j(x̂) = 0,

èëè L′(x̂) = 0, ãäå L(x) = f0(x) +
m∑
j=1

λjfj(x).

Ôóíêöèÿ L íàçûâàåòñÿ ôóíêöèåé Ëàãðàíæà.
Çäåñü ìû ïîëó÷èì îáîáùåíèå ýòîãî óòâåðæäåíèÿ.
Ôóíêöèÿ Ëàãðàíæà äëÿ çàäà÷è (15) çàïèñûâàåòñÿ â âèäå

L(x) = λ0f0(x) + y∗(F (x)), (17)
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ãäå λ0 ∈ R, y∗ ∈ Y ∗. Ïàðà (λ0, y
∗) ∈ R × Y ∗ íàçûâàåòñÿ ìíîæèòåëÿìè

Ëàãðàíæà.
Ðàññìîòðèì ÷àñòíûé ñëó÷àé: Y = Rm. Òîãäà Y ∗ èçîìîðôíî Rm; à

èìåííî, êàæäûé ýëåìåíò y∗ çàäàåòñÿ â âèäå y∗(y1, . . . , ym) =
m∑
j=1

λjyj, ãäå

λj ∈ R. Ïîýòîìó ôóíêöèÿ Ëàãðàíæà áóäåò èìåòü âèä

L(x) =
m∑
j=0

λjfj(x).

Ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò.

Òåîðåìà 4. (ïðèíöèï Ëàãðàíæà). Ïóñòü X, Y � áàíàõîâû ïðîñòðàí-
ñòâà, x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà â (15), f0, F íåïðåðûâíî äèô-
ôåðåíöèðóåìû â x̂, ImF ′(x̂) çàìêíóò. Òîãäà íàéäåòñÿ (λ0, y

∗) ∈ R ×
Y ∗\{(0, 0)} òàêîé, ÷òî λ0f

′
0(x̂) +y∗ ◦F ′(x̂) = 0, ò.å. L′(x̂) = 0, ãäå ôóíê-

öèÿ L èìååò âèä (17). Ïðè ýòîì, åñëè îïåðàòîð F ′(x̂) ñþðúåêòèâíûé,
òî ìîæíî âçÿòü λ0 6= 0.

Ïðèâåäåì äâà ïðèìåðà.
Çàäà÷à 10. Ïóñòü A : l2 → l2,

A(x1, x2, . . . , xn, . . . ) = (x1, x2/2, . . . , xn/n, . . . ),

(y1, . . . , yn, . . . ) ∈ l2\ImA (ïî÷åìó òàêàÿ òî÷êà ñóùåñòâóåò?). Ðàññìîò-
ðèì çàäà÷ó

∞∑
n=1

ynxn → inf, A(x1, x2, . . . , xn, . . . ) = 0.

Êàêàÿ òî÷êà áóäåò òî÷êîé ìèíèìóìà â ýòîé çàäà÷å? Ïîêàçàòü, ÷òî äëÿ
ýòîé çàäà÷è ïðèíöèï Ëàãðàíæà íåâåðåí. Êàêîå èç óñëîâèé òåîðåìû 4
çäåñü íå âûïîëíåíî?

Çàäà÷à 11. Ïðèâåñòè ïðèìåð ãëàäêèõ ôóíêöèé f0 : R→ R, f1 : R→
R òàêèõ, ÷òî â çàäà÷å f0(x) → min, f1(x) = 0 áóäåò ñóùåñòâîâàòü òî÷êà
ëîêàëüíîãî ìèíèìóìà è â ïðèíöèïå Ëàãðàíæà áóäåò λ0 = 0 (à ñ λ0 6= 0
ïðèíöèï Ëàãðàíæà íå âûïîëíåí).
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6.2 Êàñàòåëüíûå âåêòîðû

Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî,M ⊂ X � íåïóñòîå ìíîæåñòâî,
x ∈ X. Âñþäó äàëåå áóäåì îáîçíà÷àòü

dist (x, M) = inf
y∈M
‖x− y‖.

Ïóñòü x0 ∈ M . Âåêòîð h ∈ X íàçûâàåòñÿ êàñàòåëüíûì ê M â òî÷êå
x0, åñëè

dist (x0 + th, M) = o(t), t→ 0

(ïðåäåë äâóñòîðîííèé, ò.å. t ìîæåò áûòü êàê ïîëîæèòåëüíûì, òàê è îòðè-
öàòåëüíûì). Ýêâèâàëåíòíîå óñëîâèå: ñóùåñòâóþò ε > 0 è îòîáðàæåíèå

r : (−ε, ε) → X òàêèå, ÷òî limt→0
‖r(t)‖X

t
= 0 è x0 + th + r(t) ∈ M äëÿ

ëþáîãî t ∈ (−ε, ε).
Ìíîæåñòâî êàñàòåëüíûõ âåêòîðîâ ê M â òî÷êå x0 îáîçíà÷èì ÷åðåç

Tx0M .
Ïðèìåð 1. Ïóñòü F : Rn → R � íåïðåðûâíî äèôôåðåíöèðóåìîå

îòîáðàæåíèå, F (x0) = 0, ∇F (x0) 6= 0,

M = {x ∈ Rn : F (x) = 0}.

Òîãäà
Tx0M = {h ∈ Rn : 〈∇F (x0), h〉 = 0}.

(Ýòîò ôàêò äîëæåí áûë äîêàçûâàòüñÿ íà ìàòàíàëèçå è âûâîäèòüñÿ èç
òåîðåìû î íåÿâíîé ôóíêöèè.)

Çàäà÷à 12. Íàéòè

1. T(0, 0)M , ãäå M = {(x, y) ∈ R2 : y3 = x2},

2. T(0, 0)M , ãäå M = {(x, y) ∈ R2 : y2 = sin2 x},

3. T(0, 0, 0)M , ãäå M = {(x, y, z) ∈ R3 : (z − x2 − y2)(x2 − y3) = 0}.

Çàäà÷à 13. Ïóñòü M = ∪n∈N{(x, y) ∈ R2 : y = x/n, −1/n ≤ x ≤
1/n}. Íàéòè T(0, 0)M .

Ñôîðìóëèðóåì íåîáõîäèìîå óñëîâèå ëîêàëüíîãî ìèíèìóìà ôóíêöèè
íà ìíîæåñòâå â òåðìèíàõ êàñàòåëüíîãî âåêòîðà.
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Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî, U ⊂ X � îòêðûòîå ìíîæå-
ñòâî, M ⊂ U � íåïóñòîå ìíîæåñòâî, f0 : U → R. Ðàññìîòðèì çàäà÷ó{

f0(x)→ inf,
x ∈M.

(18)

Òî÷êà x̂ ∈M íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà â çàäà÷å (18),
åñëè ñóùåñòâóåò ε > 0 òàêîå, ÷òî äëÿ ëþáîãî x ∈M òàêîãî, ÷òî ‖x− x̂‖ <
ε âûïîëíåíî f0(x) ≥ f0(x̂).

Ïðåäëîæåíèå 14. Ïóñòü x̂ ∈ M � òî÷êà ëîêàëüíîãî ìèíèìóìà â
çàäà÷å (18), ôóíêöèÿ f0 äèôôåðåíöèðóåìà ïî Ôðåøå â òî÷êå x̂. Òîãäà
f ′0(x̂)[h] = 0 äëÿ ëþáîãî h ∈ Tx̂M .

Äîêàçàòåëüñòâî. Ïóñòü h ∈ Tx̂M . Òîãäà ñóùåñòâóþò δ > 0 è ôóíêöèÿ
r : (−δ, δ)→ X òàêèå, ÷òî ‖r(t)‖X = o(t) ïðè t→ 0 è x̂+th+r(t) ∈M äëÿ
ëþáîãî t ∈ (−δ, δ). Ïîëîæèì ϕ(t) = f0(x̂ + th + r(t)). Òîãäà 0 ÿâëÿåòñÿ
òî÷êîé ëîêàëüíîãî ìèíèìóìà ôóíêöèè ϕ. Çíà÷èò, åñëè ϕ äèôôåðåíöè-
ðóåìà â íóëå, òî ϕ′(0) = 0 ïî òåîðåìå Ôåðìà.

Èìååì: ϕ(t) = ϕ(0) + f ′0(x̂)[th+ r(t)] +ω(th+ r(t)), ãäå ω(ξ) = o(ξ) ïðè
ξ → 0. Çíà÷èò, ϕ(t) = ϕ(0) + t · f ′0(x̂)[h] + o(t) è ïîýòîìó ϕ′(0) = f ′0(x̂)[h].
Òåì ñàìûì, f ′0(x̂)[h] = 0.

Çàäà÷à 14. Âåðíî ëè òî æå ñàìîå óòâåðæäåíèå, åñëè f0 äèôôåðåí-
öèðóåìà ïî Ãàòî?

Ðàññìîòðèì åùå ðàç ìíîæåñòâî M èç ïðèìåðà 1. Ïîëó÷àåì, ÷òî åñ-
ëè x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà ôóíêöèè f0 íà ìíîæåñòâå M , òî
〈∇f0(x̂), h〉 = 0 äëÿ ëþáîãî âåêòîðà h ∈ Rn òàêîãî, ÷òî 〈∇F (x̂), h〉 = 0.
Ýòî îçíà÷àåò, ÷òî âåêòîð ∇f0(x̂) îðòîãîíàëåí ãèïåðïëîñêîñòè {h ∈ Rn :
〈∇F (x̂), h〉 = 0}, òî åñòü ïðîïîðöèîíàëåí ∇F (x̂). Ýòî è îçíà÷àåò âûïîë-
íåíèå ïðèíöèïà Ëàãðàíæà äëÿ ýòîãî ÷àñòíîãî ñëó÷àÿ.

Äëÿ äîêàçàòåëüñòâà ïðèíöèïà Ëàãðàíæà â îáùåì ñëó÷àå íàì ïîíàäî-
áÿòñÿ òåîðåìà î êàñàòåëüíîì ïðîñòðàíñòâå, òåîðåìà îá àííóëÿòîðå ÿäðà
è òåîðåìà î íåòðèâèàëüíîì àííóëÿòîðå.

6.3 Ôàêòîð-ïðîñòðàíñòâà

Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, Y ⊂ X � çàìêíóòîå ïîäïðîñòðàí-
ñòâî. Íàïîìíèì, ÷òî ôàêòîð-ïðîñòðàíñòâîX/Y � ýòî ìíîæåñòâî {x+Y :
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x ∈ X}. Çàìåòèì, ÷òî x + Y = z + Y òîãäà è òîëüêî òîãäà, êîãäà
x − z ∈ Y . Îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëî çàäàþòñÿ ðà-
âåíñòâàìè (x+Y ) + (z+Y ) := x+ z+Y , α(x+Y ) := αx+Y . Îíè çàäàþò
ñòðóêòóðó ëèíåéíîãî ïðîñòðàíñòâà íà X/Y .

Òåïåðü ââåäåì íîðìó íà X/Y ðàâåíñòâîì

‖x+ Y ‖X/Y = dist (x, Y ).

Ñíà÷àëà îòìåòèì, ÷òî ýòà âåëè÷èíà êîððåêòíî îïðåäåëåíà, ò.å. åñëè x+
Y = x̃+Y , òî ‖x+Y ‖X/Y = ‖x̃+Y ‖X/Y . Â ñàìîì äåëå, äëÿ ëþáîãî y ∈ Y

‖x̃− y‖ = ‖x− (x− x̃+ y)‖ ≥ dist (x, Y ),

òàê ÷òî dist (x̃, Y ) ≥ dist (x, Y ). Ìåíÿåì ìåñòàìè x è x̃ è ïîëó÷àåì
dist (x, Y ) = dist (x̃, Y ).

Òåïåðü ïðîâåðèì, ÷òî ‖ · ‖X/Y � íîðìà. ßñíî, ÷òî ýòî íåîòðèöàòåëü-
íàÿ âåëè÷èíà. Åñëè x + Y 6= 0, òî x /∈ Y ; òàê êàê Y çàìêíóòî, òî
dist (x, Y ) > 0. Ðàâåíñòâî ‖αx + Y ‖ = |α| · ‖x + Y ‖ ëåãêî ñëåäóåò èç
îïðåäåëåíèÿ. Äîêàæåì íåðàâåíñòâî òðåóãîëüíèêà. Ïóñòü x1, x2 ∈ X. Äëÿ
ïðîèçâîëüíûõ y1, y2 ∈ Y âûïîëíåíî

dist (x1 + x2, Y ) ≤ ‖x1 + x2 − y1 − y2‖ ≤ ‖x1 − y1‖+ ‖x2 − y2‖.

Âçÿâ inf ïðàâîé ÷àñòè ïî y1, y2, ïîëó÷àåì

dist (x1 + x2, Y ) ≤ dist (x1, Y ) + dist (x2, Y ).

Òåîðåìà 5. Ïðîñòðàíñòâî X/Y ïîëíî.

Äîêàçàòåëüñòâî. Ïóñòü ïîñëåäîâàòåëüíîñòü {xn+Y }n∈N ôóíäàìåíòàëü-
íà â X/Y . Òîãäà ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {nk}k∈N òàêàÿ, ÷òî
‖xnk+1

−xnk +Y ‖X/Y < 2−k, k ∈ N. Çíà÷èò, äëÿ êàæäîãî k ∈ N ñóùåñòâóåò
âåêòîð zk ∈ Y òàêîé, ÷òî ‖xnk+1

− xnk − zk‖X < 2−k. Ïîëîæèì

x̃n1 = xn1 , x̃nk = xnk −
k−1∑
j=1

zj. (19)

Òîãäà x̃nk+1
− x̃nk = xnk+1

−xnk−zk, îòêóäà ‖x̃nk+1
− x̃nk‖X ≤ 2−k. Ïîýòîìó

{x̃nk}k∈N ôóíäàìåíòàëüíà. ÏðîñòðàíñòâîX áàíàõîâî; çíà÷èò, ñóùåñòâóåò
âåêòîð x̂ ∈ X òàêîé, ÷òî x̃nk →

k→∞
x̂ â X. Îòñþäà ñëåäóåò, ÷òî x̃nk +Y →

k→∞
x̂+Y â X/Y . Èç (19) ñëåäóåò, ÷òî xnk +Y = x̃nk +Y . Çíà÷èò, xnk +Y →

k→∞
x̂+ Y â X/Y .
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6.4 Ëåììà î ïðàâîì îáðàòíîì

Áóäåì äàëåå îáîçíà÷àòü ÷åðåç BX çàìêíóòûé åäèíè÷íûé øàð ïðîñòðàí-
ñòâà X.

Ñíà÷àëà íàïîìíèì òåîðåìó Áàíàõà îá îáðàòíîì îïåðàòîðå.

Òåîðåìà 6. Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, A : X → Y � ëè-
íåéíûé íåïðåðûâíûé áèåêòèâíûé îïåðàòîð. Òîãäà îïåðàòîð A−1 : Y →
X íåïðåðûâåí.

Îòñþäà ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 7. Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, A : X → Y �
ëèíåéíûé íåïðåðûâíûé ñþðúåêòèâíûé îïåðàòîð. Òîãäà ñóùåñòâóåò δ >
0 òàêîå, ÷òî A(BX) ⊃ δ ·BY .

Äîêàçàòåëüñòâî. Ïóñòü Z = kerA. Îïðåäåëèì îïåðàòîð T : X/Z → Y
ïî ôîðìóëå T (x + Z) = A(x) (ýòî îòîáðàæåíèå êîððåêòíî îïðåäåëåíî,
ëèíåéíî è áèåêòèâíî).

Ïðîâåðèì, ÷òî

T (BX/Z) ⊂ A(BX); (20)

îòñþäà è èç îãðàíè÷åííîñòè îïåðàòîðà A áóäåò ñëåäîâàòü, ÷òî T îãðà-
íè÷åí.

Ïóñòü ‖x + Z‖X/Z < 1. Òîãäà ñóùåñòâóåò âåêòîð z ∈ Z òàêîé, ÷òî
‖x− z‖X < 1. Çíà÷èò, T (x+ Z) = A(x− z) ⊂ A(BX).

Ïî òåîðåìå Áàíàõà îá îáðàòíîì îïåðàòîðå, T−1 îãðàíè÷åí. Çíà÷èò,
ñóùåñòâóåò δ > 0 òàêîå, ÷òî T−1(δBY ) ⊂ BX/Z ; òàêèì îáðàçîì, δBY ⊂

T (BX/Z)
(20)
⊂ A(BX).

Òåïåðü äîêàæåì ëåììó î ïðàâîì îáðàòíîì.

Ëåììà. Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, A : X → Y � ëèíåé-
íûé íåïðåðûâíûé ñþðúåêòèâíûé îïåðàòîð. Òîãäà ñóùåñòâóþò îòîáðà-
æåíèå R : Y → X è ÷èñëî C > 0 òàêèå, ÷òî äëÿ ëþáîãî y ∈ Y âûïîëíåíî
ARy = y è ‖Ry‖ ≤ C‖y‖.

Äîêàçàòåëüñòâî. Ïî òåîðåìå 7, ñóùåñòâóåò δ > 0 òàêîå, ÷òî δBY ⊂
A(BX). Çíà÷èò, åñëè ‖y‖ = δ, òî y = Ax(y), ãäå ‖x(y)‖ ≤ 1. Òîãäà ìû

ìîæåì îïðåäåëèòü îòîáðàæåíèå R ðàâåíñòâàìè Ry = ‖y‖
δ
x
(
δy
‖y‖

)
, y 6= 0;

R(0) = 0.
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6.5 Òåîðåìà Ëþñòåðíèêà è òåîðåìà î êàñàòåëüíîì

ïðîñòðàíñòâå

Ñíà÷àëà îòìåòèì ñëåäóþùåå ñâîéñòâî íåïðåðûâíî äèôôåðåíöèðóåìûõ
îòîáðàæåíèé.

Ïðåäëîæåíèå 15. Ïóñòü X, Y � íîðìèðîâàííûå ïðîñòðàíñòâà, U ⊂
X � îòêðûòîå ìíîæåñòâî, F : U → Y , x0 ∈ U , F íåïðåðûâíî äèôôå-
ðåíöèðóåìî â òî÷êå x0. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå,
÷òî äëÿ ëþáûõ x1, x2 ∈ U òàêèõ, ÷òî ‖x1 − x0‖ < δ, ‖x2 − x0‖ < δ, âû-
ïîëíåíî

‖F (x1)− F (x2)− F ′(x0)(x1 − x2)‖ ≤ ε‖x1 − x2‖.

Äîêàçàòåëüñòâî. Ïóñòü G(x) = F (x) − F ′(x0)[x]. Òîãäà G äèôôåðåí-
öèðóåìî ïî Ãàòî â îêðåñòíîñòè òî÷êè x0 è G′(x) = F ′(x) − F ′(x0). Òàê
êàê îòîáðàæåíèå F ′ íåïðåðûâíî â òî÷êå x0, òî äëÿ ëþáîãî ε > 0 ñó-
ùåñòâóåò δ > 0 òàêîå, ÷òî äëÿ ëþáîãî x ∈ Oδ(x0) âûïîëíåíî ‖F ′(x) −
F ′(x0)‖L(X,Y ) ≤ ε. Çíà÷èò, åñëè ‖x1 − x0‖ < δ, ‖x2 − x0‖ < δ, òî

‖F (x1)− F (x2)− F ′(x0)(x1 − x2)‖ = ‖G(x1)−G(x2)‖
(1)

≤

≤ sup
x∈[x1, x2]

‖G′(x)‖·‖x1−x2‖ = sup
x∈[x1, x2]

‖F ′(x)−F ′(x0)‖·‖x1−x2‖ ≤ ε‖x1−x2‖.

Ñëåäñòâèå 1. Åñëè F íåïðåðûâíî äèôôåðåíöèðóåìî â òî÷êå x0, òî F
íåïðåðûâíî â íåêîòîðîé îêðåñòíîñòè òî÷êè x0.

Òåïåðü äîêàæåì òåîðåìó Ëþñòåðíèêà.

Òåîðåìà 8. Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, U ⊂ X � îò-
êðûòîå ìíîæåñòâî, x0 ∈ U , F : U → Y íåïðåðûâíî äèôôåðåíöè-
ðóåìî â òî÷êå x0, îïåðàòîð F ′(x0) ñþðúåêòèâåí. Ïóñòü F (x0) = 0,
M = {x ∈ U : F (x) = 0}. Òîãäà ñóùåñòâóþò îêðåñòíîñòü V òî÷êè
x0 è êîíñòàíòà K > 0 òàêèå, ÷òî äëÿ ëþáîãî x ∈ V âûïîëíåíî

dist (x, M) ≤ K‖F (x)‖.

Äîêàçàòåëüñòâî. Íàì íóæíî êàæäîé òî÷êå x èç äîñòàòî÷íî ìàëîé îêðåñò-
íîñòè x0 òî÷êó ϕ(x) ∈M òàêóþ, ÷òî

‖x− ϕ(x)‖ ≤ K‖F (x)‖. (21)
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Òî÷êà ϕ(x) áóäåò èñêàòüñÿ ìåòîäîì, ïîõîæèì íà ìåòîä Íüþòîíà. Ñíà-
÷àëà íàïîìíèì ýòîò ìåòîä äëÿ ôóíêöèè îäíîé ïåðåìåííîé è çàòåì ïî
àíàëîãèè íàïèøåì èòåðàöèîííûé ïðîöåññ äëÿ ïîèñêà ϕ(x).

Èòàê, ïóñòü f : R → R � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ,
f(x̂) = 0, f ′(x̂) 6= 0. Òîãäà ìåòîä Íüþòîíà äëÿ ïîèñêà x̂ çàïèñûâàåòñÿ
ñëåäóþùèì îáðàçîì. Åñëè ïîñòðîåíà òî÷êà xn, òî â íåé ïðîâîäèì êàñà-
òåëüíóþ ê ãðàôèêó f è èùåì xn+1 � òî÷êó ïåðåñå÷åíèÿ êàñàòåëüíîé ñ
îñüþ àáñöèññ. Ïîëó÷àåì óðàâíåíèå f(xn) +f ′(xn)(xn+1−xn) = 0. Îòñþäà

xn+1 = xn −
f(xn)

f ′(xn)
.

Äëÿ ïîèñêà ϕ(x) íàïèøåì òàêóþ æå ôîðìóëó, òîëüêî âìåñòî äåëå-
íèÿ íà f ′(xn) áóäåò ïðèìåíåíèå ïðàâîãî îáðàòíîãî îïåðàòîðà ê F ′(x0).
Íàïîìíèì: ïîñêîëüêó X, Y áàíàõîâû, îïåðàòîð F ′(x0) ñþðúåêòèâåí, òî
ñóùåñòâóþò îòîáðàæåíèå R : Y → X è êîíñòàíòà C > 0 òàêèå, ÷òî äëÿ
ëþáîãî y ∈ Y âûïîëíåíî F ′(x0)Ry = y è

‖Ry‖ ≤ C‖y‖. (22)

Èòàê, çàïèñûâàåì èòåðàöèîííûé ïðîöåññ:

x1 = x, xn+1 = xn −RF (xn). (23)

Ìû ïîêàæåì, ÷òî åñëè x ïðèíàäëåæèò äîñòàòî÷íî ìàëîé îêðåñòíîñòè
òî÷êè x0, òî xn áóäåò ïðèíàäëåæàòü U ïðè âñåõ n (è, çíà÷èò, F (xn) îïðå-
äåëåíî) è {xn}n∈N áóäåò ôóíäàìåíòàëüíîé.

Ñíà÷àëà íàïèøåì ñåðèþ îöåíîê ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ,
à ïîòîì ïîêàæåì, ÷òî åñëè x äîñòàòî÷íî áëèçêî ê x0, òî îíè áóäóò âû-
ïîëíåíû äëÿ âñåõ n.

Ñíà÷àëà ïðèìåíèì ê (23) îïåðàòîð F ′(x0):

F ′(x0)(xn+1 − xn) + F (xn) = 0. (24)

Âîçüìåì ïðîèçâîëüíîå ε > 0 è âûáåðåì äëÿ íåãî δ > 0 â ñîîòâåòñòâèè
ñ ïðåäëîæåíèåì 15. Òîãäà, åñëè xn, xn+1 ∈ Oδ(x0), òî

‖F (xn+1)− F (xn)− F ′(x0)(xn+1 − xn)‖ ≤ ε‖xn+1 − xn‖.

Ó÷èòûâàÿ (24), ïîëó÷àåì

‖F (xn+1)‖ ≤ ε‖xn+1 − xn‖. (25)
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Ñíîâà èç (23) ïîëó÷àåì:

‖xn+1 − xn‖ = ‖RF (xn)‖ ≤ C‖F (xn)‖
(25)

≤ Cε‖xn − xn−1‖ (26)

(ïîñëåäíåå íåðàâåíñòâî âûïîëíåíî ïðè n ≥ 2).
Ïóñòü ε = 1

2C
. Òîãäà

‖xn+1 − xn‖ ≤
1

2
‖xn − xn−1‖. (27)

Çíà÷èò, åñëè x1, . . . , xn, . . . , xn+k ïðèíàäëåæàò Oδ(x0), òî

‖xn+k − xn‖ ≤ ‖xn+k − xn+k−1‖+ · · ·+ ‖xn+1 − xn‖
(27)

≤
≤ (2−n−k+2 + · · ·+ 2−n+1)‖x2 − x1‖ ≤ 2−n+2‖x2 − x1‖.

(28)

Âåëè÷èíà ‖x2−x1‖ îöåíèâàåòñÿ ñ ïîìîùüþ (26): ‖x2−x1‖ ≤ C‖F (x1)‖;
òàê êàê îòîáðàæåíèå F íåïðåðûâíî â òî÷êå x0 (ñì. ñëåäñòâèå 1), òî ïðà-
âàÿ ÷àñòü áóäåò ìàëà, åñëè x1 = x áóäåò ïðèíàäëåæàòü ìàëîé îêðåñò-
íîñòè òî÷êè x0. À çíà÷èò, ó÷èòûâàÿ (28), ìîæíî äîáèòüñÿ òîãî, ÷òî äëÿ
ëþáîãî n ∈ N òî÷êè xn áóäóò ïðèíàäëåæàòü Oδ(x0) è âñå îöåíêè áóäóò
âåðíû.

Èç (28) ñëåäóåò, ÷òî {xn}n∈N ôóíäàìåíòàëüíà. Òàê êàê X ïîëíî, òî
ñóùåñòâóåò òî÷êà ϕ(x) := lim

n→∞
xn; ñíîâà ïðèìåíÿåì (28) è ïîëó÷àåì:

‖xn − x1‖ ≤ 4‖x2 − x1‖
(26)

≤ 4C‖F (x1)‖;

çíà÷èò, ‖ϕ(x)− x‖ ≤ 4C‖F (x)‖.
Èç (25) è (28) ñëåäóåò, ÷òî F (xn) →

n→∞
0; ñ äðóãîé ñòîðîíû, èç ñëåä-

ñòâèÿ 1 ïîëó÷àåì, ÷òî F (xn) →
n→∞

F (ϕ(x)) (åñëè x â ìàëîé îêðåñòíîñòè

òî÷êè x0). Çíà÷èò, F (ϕ(x)) = 0, ò.å. ϕ(x) ∈M .

Òåïåðü äîêàæåì òåîðåìó î êàñàòåëüíîì ïðîñòðàíñòâå.

Òåîðåìà 9. Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, U ⊂ X � îò-
êðûòîå ìíîæåñòâî, x0 ∈ U , F : U → Y íåïðåðûâíî äèôôåðåíöè-
ðóåìî â òî÷êå x0, F (x0) = 0, îïåðàòîð F ′(x0) ñþðúåêòèâåí. Ïóñòü
M = {x ∈ U : F (x) = 0}. Òîãäà Tx0M = kerF ′(x0).
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Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì âêëþ÷åíèå Tx0M ⊂ kerF ′(x0). Ïóñòü
h ∈ Tx0M . Òîãäà ñóùåñòâóþò ε > 0 è ôóíêöèÿ r : (−ε, ε)→ X òàêèå, ÷òî
x0 + th + r(t) ∈ M è r(t) = o(t) ïðè t → 0. Çíà÷èò, F (x0 + th + r(t)) = 0
äëÿ ëþáîãî t ∈ (−ε, ε).

Îòîáðàæåíèå F äèôôåðåíöèðóåìî ïî Ôðåøå, ïîýòîìó

F (x0 + ξ) = F (x0) + F ′(x0)[ξ] + ω(ξ), ω(ξ) = o(‖ξ‖), ξ → 0.

Çíà÷èò, ó÷èòûâàÿ, ÷òî F (x0) = 0, ïîëó÷àåì

F ′(x0)[th+ r(t)] + ω(th+ r(t)) = 0, t ∈ (−ε, ε).

Ïîýòîìó tF ′(x0)[h] = o(t) ïðè t→ 0. Ýòî âîçìîæíî òîëüêî åñëè F ′(x0)[h] =
0, ò.å. h ∈ kerF ′(x0).

Òåïåðü äîêàæåì, ÷òî kerF ′(x0) ⊂ Tx0M . Ïóñòü F ′(x0)[h] = 0. Ïðèìå-
íÿÿ òåîðåìó Ëþñòåðíèêà ê âåêòîðó x0 + th ïðè ìàëûõ t, ïîëó÷àåì, ÷òî
ñóùåñòâóþò K > 0 è ε > 0 òàêèå, ÷òî äëÿ ëþáîãî t ∈ (−ε, ε) ñóùåñòâóåò
òî÷êà r(t) ∈ X òàêàÿ, ÷òî

x0 + th+ r(t) ∈M, (29)

‖r(t)‖ ≤ K‖F (x0 + th)‖. (30)

Òàê êàê F (x0) = 0 è F ′(x0)[h] = 0, òî

F (x0 + th) = F (x0) + F ′(x0)[th] + o(t) = o(t), t→ 0.

Çíà÷èò, ‖r(t)‖ (30)
= o(t), t→ 0. Â ñèëó (29), ýòî îçíà÷àåò, ÷òî h ∈ Tx0M .

Çàìå÷àíèå. Âêëþ÷åíèå Tx0M ⊂ kerF ′(x0) âûïîëíåíî âñåãäà, äàæå
åñëè X èëè Y íå ïîëíî èëè îïåðàòîð F ′(x0) íå ñþðúåêòèâåí.

6.6 Àííóëÿòîð ÿäðà îïåðàòîðà

Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî, L ⊂ X � ïîäïðîñòðàíñòâî.
Òîãäà àííóëÿòîðîì L íàçûâàåòñÿ

L⊥ = {x∗ ∈ X∗ : ∀x ∈ L x∗(x) = 0}.

Íàïîìíèì îïðåäåëåíèå ñîïðÿæåííîãî îïåðàòîðà. Ïóñòü A : X → Y
� ëèíåéíûé íåïðåðûâíûé îïåðàòîð. Òîãäà ñîïðÿæåííûé îïåðàòîð A∗ :
Y ∗ → X∗ îïðåäåëÿåòñÿ ðàâåíñòâîì (A∗y∗)(x) = y∗(Ax).
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Òåîðåìà 10. Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, A : X → Y �
ñþðúåêòèâíûé îïåðàòîð. Òîãäà (kerA)⊥ = ImA∗.

Äîêàçàòåëüñòâî. 1) Ïóñòü x∗ ∈ ImA∗, òî åñòü x∗ = A∗y∗, ãäå y∗ ∈ Y ∗.
Òîãäà äëÿ ëþáîãî x ∈ kerA âûïîëíåíî

x∗(x) = A∗y∗(x) = y∗(Ax) = 0.

2) Ïóñòü x∗ ∈ (kerA)⊥. Îïðåäåëèì ôóíêöèîíàë f : X/ kerA → R
ðàâåíñòâîì f(x + kerA) = x∗(x). Òàê êàê x∗ ∈ (kerA)⊥, òî f êîððåêòíî
îïðåäåëåíî. Îòîáðàæåíèå f ëèíåéíî. Òàê êàê äëÿ ëþáîãî x ∈ X ñóùå-
ñòâóåò âåêòîð z ∈ kerA òàêîé, ÷òî ‖x− z‖ ≤ 2‖x+ kerA‖, òî

|f(x+ kerA)| = |x∗(x− z)| ≤ ‖x∗‖ · ‖x− z‖ ≤ 2‖x∗‖ · ‖x+ kerA‖,

îòêóäà ‖f‖ ≤ 2‖x∗‖. Çíà÷èò, f ∈ (X/ kerA)∗.
Ìû óæå îïðåäåëÿëè îïåðàòîð T : X/ kerA → Y , T (x + kerA) = A(x)

è ïîêàçûâàëè, ÷òî ýòî ëèíåéíàÿ íåïðåðûâíàÿ áèåêöèÿ.
Èìååì: x∗(x) = f(x + kerA) = f ◦ T−1(Ax); îñòàåòñÿ çàìåòèòü, ÷òî

f ◦ T−1 ∈ Y ∗.

6.7 Çàâåðøåíèå äîêàçàòåëüñòâà ïðèíöèïà Ëàãðàíæà

Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.
Ñíà÷àëà ðàññìîòðèì ñëó÷àé, êîãäà F ′(x̂) ñþðúåêòèâíî.
Óæå áûëî äîêàçàíî: åñëè x̂� òî÷êà ëîêàëüíîãî ìèíèìóìà, òî f ′0(x̂)[h] =

0 äëÿ ëþáîãî h ∈ Tx̂M , ãäå M = {x : F (x) = 0}. Ïî òåîðåìå î êà-
ñàòåëüíîì ïðîñòðàíñòâå, f ′0(x̂)[h] = 0 äëÿ ëþáîãî h ∈ kerF ′(x̂), òî åñòü
f ′0(x̂) ∈ (kerF ′(x̂))⊥. Ïî òåîðåìå îá àííóëÿòîðå ÿäðà, f ′0(x̂) ∈ Im (F ′(x̂))∗,
òî åñòü ñóùåñòâóåò ôóíêöèîíàë z∗ ∈ Y ∗ òàêîé, ÷òî f ′0(x̂) = z∗ ◦ F ′(x̂).
Îñòàåòñÿ ïîëîæèòü y∗ = −z∗, λ0 = 1.

Òåïåðü ðàññìîòðèì ñëó÷àé, êîãäà ImF ′(x0) 6= Y � çàìêíóòîå ïîäïðî-
ñòðàíñòâî. Íàì ïîíàäîáèòñÿ ëåììà î íåòðèâèàëüíîì àííóëÿòîðå.

Ëåììà. Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî, L ⊂ X � çàìêíó-
òîå ïîäïðîñòðàíñòâî, L 6= X. Òîãäà ñóùåñòâóåò x∗ ∈ L⊥\{0}.

Äîêàçàòåëüñòâî. Ïóñòü ξ ∈ X, dist (ξ, L) = 1. Ïîëîæèì z∗(x+ αξ) = α,
åñëè x ∈ L, α ∈ R. Òîãäà z∗ � ëèíåéíûé ôóíêöèîíàë íà span (L ∪ {ξ}),
z∗|L = 0. Äîêàæåì, ÷òî z∗ íåïðåðûâåí. Â ñàìîì äåëå,

‖x+ αξ‖ ≥ dist (αξ, L) = |α|dist (ξ, L) = |α|,
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òî åñòü ‖z∗‖ ≤ 1.
Ïî òåîðåìå Õàíà�Áàíàõà, ñóùåñòâóåò ïðîäîëæåíèå z∗ íà X ñ ñîõðà-

íåíèåì íîðìû. Ýòî è áóäåò èñêîìûé ôóíêöèîíàë.

Èòàê, ïóñòü ImF ′(x0) 6= Y � çàìêíóòîå ïîäïðîñòðàíñòâî. Ïî ëåììå î
íåòðèâèàëüíîì àííóëÿòîðå, ñóùåñòâóåò ôóíêöèîíàë y∗ ∈ Y ∗\{0} òàêîé,
÷òî y∗|ImF ′(x̂) = 0, ò.å. y∗(F ′(x̂)[h]) = 0 äëÿ ëþáîãî h ∈ X. Ýòî îçíà÷àåò,
÷òî âûïîëíåí ïðèíöèï Ëàãðàíæà ñ λ0 = 0.

7 Èçîïåðèìåòðè÷åñêàÿ çàäà÷à

Ïóñòü n ∈ N, m ∈ N, Lj : [t0, t1]×Rn ×Rn → R (0 ≤ j ≤ m) � íåïðåðûâ-
íûå ôóíêöèè. Ïóñòü cj ∈ R, 1 ≤ j ≤ m, x(0), x(1) ∈ Rn. Èçîïåðèìåòðè÷å-
ñêàÿ çàäà÷à � ýòî çàäà÷à íà ýêñòðåìóì ñëåäóþùåãî âèäà:

t1∫
t0

L0(t, x(t), ẋ(t)) dt→ inf,

t1∫
t0

Lj(t, x(t), ẋ(t)) dt = cj, 1 ≤ j ≤ m,

x(t0) = x(0), x(t1) = x(1),
x ∈ C1([t0, t1], Rn).

(31)

Îáîçíà÷èì Lj(x) =
t1∫
t0

Lj(t, x(t), ẋ(t)) dt, 0 ≤ j ≤ m.

Ôóíêöèÿ x ∈ C1([t0, t1], Rn) íàçûâàåòñÿ äîïóñòèìîé äëÿ çàäà÷è (31),
åñëè Lj(x) = cj, 1 ≤ j ≤ m, x(t0) = x(0), x(t1) = x(1). Äîïóñòèìàÿ ôóíê-
öèÿ x̂ íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà â çàäà÷å (31), åñëè ñó-
ùåñòâóåò òàêîå ε > 0, ÷òî äëÿ ëþáîé äîïóñòèìîé ôóíêöèè x òàêîé, ÷òî
‖x− x̂‖C1([t0, t1],Rn) < ε, âûïîëíåíî L0(x) ≥ L0(x̂).

Ïóñòü äëÿ ëþáîãî j = 0, m è äëÿ ëþáîãî i = 1, n ôóíêöèè (Lj)xi :
[t0, t1]×Rn×Rn → R è (Lj)ẋi : [t0, t1]×Rn×Rn → R íåïðåðûâíû. Òîãäà,
êàê óæå äîêàçûâàëîñü, ôóíêöèîíàëû Lj : C1([t0, t1], R)→ R íåïðåðûâíî
äèôôåðåíöèðóåìû.

Òàêèì îáðàçîì, çàäà÷à (31) ÿâëÿåòñÿ ïðèìåðîì ãëàäêîé çàäà÷è ñ îãðà-
íè÷åíèÿìè òèïà ðàâåíñòâ. Â êà÷åñòâå ïðîñòðàíñòâàX áåðåòñÿ C1([t0, t1], Rn),
â êà÷åñòâå Y � ïðîñòðàíñòâî Rm × Rn × Rn, f0(x) := L0(x), F (x) =
(L1(x)− c1, . . . , Lm(x)− cm, x(t0)− x(0), x(t1)− x(1)). Òàê êàê Y êîíå÷íî-
ìåðíî, òî äëÿ ëþáîé òî÷êè x ∈ X îáðàç îïåðàòîðà F ′(x) áóäåò çàìêíóò.
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Ïóñòü x̂� òî÷êà ëîêàëüíîãî ìèíèìóìà â (31). Â ñèëó ïðèíöèïà Ëàãðàí-
æà, ñóùåñòâóþò ÷èñëà λ0, . . . , λm, µ1, . . . , µn, ν1, . . . , νn, îäíîâðåìåííî
íå ðàâíûå 0 è òàêèå, ÷òî L′(x̂) = 0, ãäå

L(x) =
m∑
j=0

λjLj(x) +
n∑
i=1

(µixi(t0) + νixi(t1))

(êîíñòàíòû cj è x(0), x(1) ìîæíî íå ïèñàòü, òàê êàê èõ ïðîèçâîäíàÿ ðàâíà
0). Ôóíêöèîíàë L èìååò òàêîé æå âèä, êàê â çàäà÷å Áîëüöà, ïîýòîìó åãî
ïðîèçâîäíàÿ ðàâíà 0 òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû óðàâíåíèÿ
Ýéëåðà�Ëàãðàíæà è óñëîâèÿ òðàíñâåðñàëüíîñòè. Ïðè ýòîì èíòåãðàëüíàÿ

÷àñòü ôóíêöèîíàëà L èìååò âèä
t1∫
t0

L(t, x(t), ẋ(t)) dt, ãäå L =
m∑
j=0

λjLj.

Îòìåòèì òàêæå, ÷òî åñëè (λ0, . . . , λm) = (0, . . . , 0), òî èç óñëîâèé
òðàíñâåðñàëüíîñòè ïîëó÷èì µi = 0, νi = 0, 1 ≤ i ≤ n, òî åñòü âñå ìíîæè-
òåëè Ëàãðàíæà îêàæóòñÿ ðàâíûìè 0. Çíà÷èò, ýòîò ñëó÷àé íåâîçìîæåí.

Òåì ñàìûì, ïîëó÷àåòñÿ

Òåîðåìà 11. Ïóñòü x̂ � òî÷êà ëîêàëüíîãî ìèíèìóìà â çàäà÷å (31).
Òîãäà ñóùåñòâóåò íàáîð ÷èñåë (λ0, . . . , λm), îäíîâðåìåííî íå ðàâíûõ 0,

òàêèõ, ÷òî äëÿ ëàãðàíæèàíà L =
m∑
j=0

λjLj âûïîëíåíî óðàâíåíèå Ýéëåðà�

Ëàãðàíæà: − d
dt
Lẋ + Lx = 0.

Çàìå÷àíèå. Åñëè ôóíêöèè Lj îïðåäåëåíû íà [t0, t1]× U × V , ãäå U ,
V ⊂ Rn � íåïóñòûå îòêðûòûå ìíîæåñòâà, è åñëè â çàäà÷å (31) äîïîëíè-
òåëüíî íàïèñàòü îãðàíè÷åíèÿ x(t) ∈ U , ẋ(t) ∈ V , òî íåîáõîäèìûå óñëîâèÿ
ëîêàëüíîãî ìèíèìóìà ôîðìóëèðóþòñÿ òàê æå.

Çàäà÷à 15. Ïóñòü l > 0. Äîêàçàòü, ÷òî äîïóñòèìûå ýêñòðåìàëè â
çàäà÷å

1∫
0

(yẋ− xẏ) dt→ max,

1∫
0

√
ẋ2 + ẏ2 dt = l, x(0) = x(1) = y(0) = y(1) = 0, ẋ2 + ẏ2 > 0

(32)

ÿâëÿþòñÿ ïàðàìåòðèçàöèåé îêðóæíîñòè.
Â ýòîé çàäà÷å èùåòñÿ çàìêíóòàÿ êðèâàÿ çàäàííîé äëèíû, ïðîõîäÿùàÿ

÷åðåç òî÷êó (0, 0), îãðàíè÷èâàþùàÿ ôèãóðó ìàêñèìàëüíîé ïëîùàäè (çà-
äà÷à Äèäîíû). Ñóùåñòâîâàíèå òî÷êè ìèíèìóìà ìû ïîêà íå äîêàçûâàåì.
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Ïîçæå áóäåò äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ òî÷êè ìèíèìóìà, è (32)
áóäåò ñâåäåíà ê ýêâèâàëåíòíîé çàäà÷å, ó êîòîðîé ñóùåñòâîâàíèå ìèíè-
ìóìà óæå áóäåò íåòðóäíî äîêàçàòü.

8 Ãëàäêàÿ çàäà÷à ñ îãðàíè÷åíèÿìè òèïà ðà-

âåíñòâ è íåðàâåíñòâ

Ïóñòü X, Y � íîðìèðîâàííûå ïðîñòðàíñòâà, U ⊂ X � îòêðûòîå ìíîæå-
ñòâî, f0, . . . , fm : U → R, F : U → Y . Ðàññìîòðèì çàäà÷ó

f0(x)→ inf,
fj(x) ≤ 0, 1 ≤ j ≤ m,
F (x) = 0,
x ∈ U.

(33)

Òî÷êà x ∈ U íàçûâàåòñÿ äîïóñòèìîé äëÿ çàäà÷è (33), åñëè fj(x) ≤ 0
äëÿ ëþáîãî j = 1, . . . , m è F (x) = 0. Äîïóñòèìàÿ òî÷êà x̂ íàçûâàåòñÿ
òî÷êîé ëîêàëüíîãî ìèíèìóìà â çàäà÷å (33), åñëè ñóùåñòâóåò ε > 0 òàêîå,
÷òî äëÿ ëþáîé äîïóñòèìîé òî÷êè x òàêîé, ÷òî ‖x − x̂‖ < ε, âûïîëíåíî
f0(x) ≥ f0(x̂).

Òåîðåìà 12. Ïóñòü ïðîñòðàíñòâà X, Y ïîëíû, îòîáðàæåíèÿ f0, . . . , fm,
F íåïðåðûâíî äèôôåðåíöèðóåìû â òî÷êå x̂. Ïóñòü ImF ′(x̂) çàìêíóò.
Òîãäà ñóùåñòâóþò ÷èñëà λ0, . . . , λm ∈ R è ôóíêöèîíàë y∗ ∈ Y ∗, îäíî-
âðåìåííî íå ðàâíûå íóëþ, óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

1. λj ≥ 0, 0 ≤ j ≤ m (óñëîâèå íåîòðèöàòåëüíîñòè);

2. λjfj(x̂) = 0, 1 ≤ j ≤ m (óñëîâèå äîïîëíÿþùåé íåæåñòêîñòè);

3. L′(x̂) = 0, ãäå L(x) =
m∑
j=0

λjfj(x) + y∗(F (x)) (óñëîâèå ñòàöèîíàðíî-

ñòè).

Óñëîâèå ñòàöèîíàðíîñòè îçíà÷àåò, ÷òî äëÿ ëþáîãî h ∈ X âûïîëíåíî

m∑
j=0

λjf
′
j(x̂)[h] + y∗(F ′(x̂)[h]) = 0. (34)

Ïåðåä òåì, êàê äîêàçàòü òåîðåìó 12, ñôîðìóëèðóåì ÷àñòíûé ñëó÷àé
òåîðåìû îòäåëèìîñòè (åå â ýòîì êóðñå íå äîêàçûâàåì).
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Ïðåäëîæåíèå 16. Ïóñòü Z � ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî,
C ⊂ Z � âûïóêëîå ìíîæåñòâî, intC 6= ∅, z0 /∈ intC. Òîãäà ñóùåñòâóåò
ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë z∗ ∈ Z∗\{0} òàêîé, ÷òî z∗(z0) ≤
z∗(z) äëÿ ëþáîãî z ∈ C.

Ïóñòü X1, . . . , Xn � ëèíåéíûå íîðìèðîâàííûå ïðîñòðàíñòâà. Íà äå-
êàðòîâîì ïðîèçâåäåíèè X1 × · · · ×Xn ââîäèòñÿ íîðìà

‖(x1, . . . , xn)‖ = max{‖x1‖X1 , . . . , ‖xn‖Xn}.

Ïðåäëîæåíèå 17. Ïóñòü X1, . . . , Xn � ëèíåéíûå íîðìèðîâàííûå ïðî-
ñòðàíñòâà. Òîãäà x∗ ∈ (X1 × · · · × Xn)∗ òîãäà è òîëüêî òîãäà, êîãäà
ñóùåñòâóþò ôóíêöèîíàëû x∗1 ∈ X∗1 , . . . , x∗n ∈ X∗n òàêèå, ÷òî

x∗(x1, . . . , xn) =
n∑
j=1

x∗j(xj), (x1, . . . , xn) ∈ X1 × · · · ×Xn. (35)

Äîêàçàòåëüñòâî. Ïóñòü x∗ ∈ (X1 × · · · × Xn)∗. Îïðåäåëèì ôóíêöèîíà-
ëû x∗j ðàâåíñòâîì x∗j(z) = x∗(0, . . . , 0, z, 0, . . . , 0) (z ∈ Xj ñòîèò íà j-ì
ìåñòå). Òîãäà âûïîëíåíî (35), x∗j ëèíååí è ‖x∗j‖ ≤ ‖x∗‖.

Îáðàòíî, ôóíêöèîíàë âèäà (35) ëèíååí è

|x∗(x1, . . . , xn)| ≤
n∑
j=1

|x∗j(xj)| ≤

(
n∑
j=1

‖x∗j‖

)
‖(x1, . . . , xn)‖.

Çíà÷èò, x∗ íåïðåðûâåí.

Äîêàçàòåëüñòâî òåîðåìû 12. Ñíà÷àëà çàìåòèì, ÷òî äîñòàòî÷íî ðàñ-
ñìîòðåòü ñëó÷àé, êîãäà fj(x̂) = 0 äëÿ ëþáîãî j ∈ {1, . . . , m}. Â ñàìîì
äåëå, åñëè äëÿ íåêîòîðîãî j ∈ {1, . . . , m} âûïîëíåíî fj(x̂) < 0, òî â
ñèëó íåïðåðûâíîñòè fj â òî÷êå x̂ ïîëó÷àåì, ÷òî fj(x) < 0 â íåêîòîðîé
îêðåñòíîñòè x̂. Ïîýòîìó âìåñòî ìíîæåñòâà U ìîæíî ðàññìîòðåòü åãî ïå-
ðåñå÷åíèå ñ ýòîé îêðåñòíîñòüþ è ïîëó÷èòü çàäà÷ó ñ ìåíüøèì ÷èñëîì
îãðàíè÷åíèé. Åñëè ïîëîæèòü λi = 0 äëÿ âñåõ i òàêèõ, ÷òî fi(x̂) < 0, òî

m∑
j=0

λjfj(x) + y∗(F (x)) =
∑

i: fi(x)=0

λifi(x) + y∗(F (x)).

Òàêæå áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî f0(x̂) = 0.
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Ñëó÷àé 1: ImF ′(x̂) = Y . Ðàññìîòðèì ìíîæåñòâî

C = {(µ0, . . . , µm, y) ∈ Rm+1×Y : ∃x ∈ X : f ′j(x̂)[x] < µj, 0 ≤ j ≤ m, F ′(x̂)[x] = y}.

Ìíîæåñòâî C âûïóêëî.
Ïîêàæåì, ÷òî 0 /∈ C. Â ñàìîì äåëå, èíà÷å ñóùåñòâóåò òî÷êà x0 òàêàÿ,

÷òî

f ′j(x̂)[x0] < 0, 0 ≤ j ≤ m, F ′(x̂)[x0] = 0. (36)

Ïîñëåäíåå ñîîòíîøåíèå îçíà÷àåò, ÷òî x0 ∈ kerF ′(x̂). Ïî òåîðåìå î êà-
ñàòåëüíîì ïðîñòðàíñòâå, x0 ∈ Tx̂M , ãäå M = {x ∈ U : F (x) = 0}.
Çíà÷èò, ñóùåñòâóþò δ > 0 è îòîáðàæåíèå r : (−δ, δ) → Y òàêèå, ÷òî
r(t) = o(t) ïðè t → 0 è x̂ + tx0 + r(t) ∈ M äëÿ ëþáîãî t ∈ (−δ, δ), ò.å.
F (x̂+ tx0 + r(t)) = 0. Äàëåå,

fj(x̂+ tx0 + r(t)) = fj(x̂) + f ′j(x̂)[tx0 + r(t)] + o(t) = tf ′j(x̂)[x0] + o(t).

Çíà÷èò, ïðè ìàëûõ t > 0 âûïîëíåíî fj(x̂+ tx0 + r(t))
(36)
< 0, ò.å. x̂+ tx0 +

r(t) äîïóñòèìàÿ è f0(x̂ + tx0 + r(t)) < 0. Íî òîãäà x̂ íå ÿâëÿåòñÿ òî÷êîé
ëîêàëüíîãî ìèíèìóìà.

Òåïåðü ïîêàæåì, ÷òî intC 6= ∅. Äëÿ d > 0 ðàññìîòðèì ìíîæåñòâî

Cd = {(µ0, . . . , µm, y) ∈ Rm+1 × Y : µj > d, 0 ≤ j ≤ m, y ∈ F ′(x̂)(BX)}.

Òàê êàê F ′(x̂) ñþðúåêòèâíî, òî F ′(x̂)(BX) ñîäåðæèò îêðåñòíîñòü íóëÿ (ïî
òåîðåìå Áàíàõà îá îòêðûòîì îòîáðàæåíèè). Åñëè d äîñòàòî÷íî âåëèêî, òî
Cd ⊂ C. Â ñàìîì äåëå, äëÿ ëþáîãî x ∈ BX âûïîëíåíî f ′j(x̂)[x] ≤ ‖f ′j(x̂)‖;
çíà÷èò, äîñòàòî÷íî âçÿòü d > max0≤j≤m ‖f ′j(x̂)‖.

Òàêèì îáðàçîì, ìîæíî ïðèìåíèòü òåîðåìó îòäåëèìîñòè. Ïîëó÷àåì,
÷òî ñóùåñòâóþò λ0, . . . , λm ∈ R, y∗ ∈ Y ∗, îäíîâðåìåííî íå ðàâíûå 0,
òàêèå, ÷òî

m∑
j=0

λjµj + y∗(y) ≥ 0, (µ0, . . . µm, y) ∈ C.

Ïóñòü y = 0, µj � ïðîèçâîëüíûå ïîëîæèòåëüíûå ÷èñëà. Òîãäà f ′j(x̂)[0] <

µj, 0 ≤ j ≤ m, F ′(x̂)[0] = y. Çíà÷èò, (µ0, . . . , µm, 0) ∈ C è
m∑
j=0

λjµj ≥ 0.

Âîçüìåì µk = 1, µj = ε, j 6= k. Óñòðåìèâ ε ê 0, ïîëó÷èì λk ≥ 0. Òàêèì
îáðàçîì, ïîëó÷èëè óñëîâèå íåîòðèöàòåëüíîñòè.
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Òåïåðü ïîëîæèì µj = f ′j(x̂)[h] + ε, 0 ≤ j ≤ m, y = F ′(x̂)[h], ãäå h ∈ X,
ε > 0. Òîãäà (µ0, . . . , µm, y) ∈ C è

m∑
j=0

λj(f
′
j(x̂)[h] + ε) + y∗(F ′(x̂)[h]) ≥ 0.

Óñòðåìèâ ε→ 0, ïîëó÷àåì

m∑
j=0

λjf
′
j(x̂)[h] + y∗(F ′(x̂)[h]) ≥ 0, h ∈ X.

Çàìåíèâ h íà −h, ïîëó÷èì ïðîòèâîïîëîæíîå íåðàâåíñòâî. Çíà÷èò,

m∑
j=0

λjf
′
j(x̂)[h] + y∗(F ′(x̂)[h]) = 0, h ∈ X.

Òàêèì îáðàçîì, ïîëó÷èëè (34).
Ñëó÷àé 2: ImF ′(x̂) 6= Y . Ïî ëåììå î íåòðèâèàëüíîì àííóëÿòîðå, ñó-

ùåñòâóåò y∗ ∈ Y ∗\{0} òàêîé, ÷òî y∗(y) = 0 äëÿ ëþáîãî y ∈ ImF ′(x̂). Âçÿâ
λ0 = · · · = λm = 0, ïîëó÷àåì òðåáóåìûé ðåçóëüòàò.

9 Äîñòàòî÷íîå óñëîâèå ãëîáàëüíîãî ìèíèìó-

ìà â çàäà÷å ñ îãðàíè÷åíèÿìè òèïà ðàâåíñòâ

è íåðàâåíñòâ

Ïóñòü X, Y � ëèíåéíûå ïðîñòðàíñòâà, U ⊂ X, f0, . . . , fm : U → R,
F : U → Y . Ðàññìîòðèì çàäà÷ó

f0(x)→ inf,
fj(x) ≤ 0, 1 ≤ j ≤ m,
F (x) = 0,
x ∈ U.

(37)

Ñëåäóþùåå óòâåðæäåíèå äàåò äîñòàòî÷íîå óñëîâèå ìèíèìóìà â çàäà-
÷å (37).

Ïðåäëîæåíèå 18. Ïóñòü x̂ � äîïóñòèìàÿ òî÷êà. Ïðåäïîëîæèì, ÷òî
ñóùåñòâóþò ÷èñëà λ0, . . . , λm è ëèíåéíûé ôóíêöèîíàë y∗ íà ïðîñòðàí-
ñòâå Y ñî ñëåäóþùèìè ñâîéñòâàìè:
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1. λ0 > 0, λ1 ≥ 0, . . . , λm ≥ 0;

2. λjfj(x̂) = 0, 1 ≤ j ≤ m;

3. L(x̂) = minx∈U L(x), ãäå L(x) =
m∑
j=0

λjfj(x) + y∗(F (x)).

Òîãäà x̂ � òî÷êà ãëîáàëüíîãî ìèíèìóìà â (37).

Äîêàçàòåëüñòâî. Ïóñòü x � äîïóñòèìàÿ òî÷êà. Èç íåðàâåíñòâà L(x) ≥
L(x̂) ïîëó÷àåì

m∑
j=0

λjfj(x) + y∗(F (x)) ≥
m∑
j=0

λjfj(x̂) + y∗(F (x̂)).

Òàê êàê F (x) = F (x̂) = 0 è λjfj(x̂) = 0, ïîëó÷àåì

m∑
j=0

λjfj(x) ≥ λ0f0(x̂).

Èç íåðàâåíñòâ λj ≥ 0 è fj(x̂) ≤ 0 ïîëó÷àåì λ0f0(x) ≥ λ0f0(x̂). Òàê êàê
λ0 > 0, òî f0(x) ≥ f0(x̂).

Çàäà÷à 16. (ðàñïðåäåëåíèå ñ ìàêñèìàëüíîé ýíòðîïèåé). Ïóñòü ρ :

[0, +∞) → (0, +∞),
∞∫
0

ρ(x) dx = 1 (ôóíêöèÿ ρ èìååò ñìûñë ïëîòíîñòè

ðàñïðåäåëåíèÿ). Ýíòðîïèåé íàçûâàåòñÿ âåëè÷èíà S = −
∞∫
0

ρ(x) ln ρ(x) dx.

Íàéòè ôóíêöèþ ρ, äëÿ êîòîðîé ýíòðîïèÿ ìàêñèìàëüíà ïðè çàäàííîì

ñðåäíåì (ò.å. çàäàíî îãðàíè÷åíèå
∞∫
0

xρ(x) dx = C1).

10 Çàäà÷à Ëàãðàíæà

10.1 Ïîñòàíîâêà çàäà÷è è ôîðìóëèðîâêà îñíîâíîãî

ðåçóëüòàòà

Ïóñòü n, s ∈ N, m ∈ Z+, t0 < t1, Lj : [t0, t1] × Rn × Rs → R (0 ≤ j ≤ m),
ϕ : [t0, t1] × Rn × Rs → Rn � íåïðåðûâíûå îòîáðàæåíèÿ. Êðîìå òîãî,
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ïðåäïîëàãàåì, ÷òî äëÿ ëþáîãî i = 1, . . . , n, j = 1, . . . , s, k = 0, . . . , m
ñóùåñòâóþò ÷àñòíûå ïðîèçâîäíûå

(Lk)ξi(t, ξ1, . . . , ξn, η1, . . . , ηs), (Lk)ηj(t, ξ1, . . . , ξn, η1, . . . , ηs),

ϕξi(t, ξ1, . . . , ξn, η1, . . . , ηs), ϕηj(t, ξ1, . . . , ξn, η1, . . . , ηs),

ïðè ýòîì îòîáðàæåíèÿ

(t, ξ1, . . . , ξn, η1, . . . , ηs) 7→ (Lk)ξi(t, ξ1, . . . , ξn, η1, . . . , ηs),

(t, ξ1, . . . , ξn, η1, . . . , ηs) 7→ (Lk)ηj(t, ξ1, . . . , ξn, η1, . . . , ηs),

(t, ξ1, . . . , ξn, η1, . . . , ηs) 7→ ϕξi(t, ξ1, . . . , ξn, η1, . . . , ηs),

(t, ξ1, . . . , ξn, η1, . . . , ηs) 7→ ϕηj(t, ξ1, . . . , ξn, η1, . . . , ηs)

íåïðåðûâíû.
Ïóñòü òàêæå äëÿ 0 ≤ k ≤ m çàäàíû íåïðåðûâíî-äèôôåðåíöèðóåìûå

îòîáðàæåíèÿ lk : Rn × Rn → R.
Çàäà÷à Ëàãðàíæà èìååò âèä:

t1∫
t0

L0(t, x(t), u(t)) dt+ l0(x(t0), x(t1))→ inf,

t1∫
t0

Lk(t, x(t), u(t)) dt+ lk(x(t0), x(t1)) ≤ 0, 1 ≤ k ≤ m′,

t1∫
t0

Lk(t, x(t), u(t)) dt+ lk(x(t0), x(t1)) = 0, m′ + 1 ≤ k ≤ m,

ẋ(t) = ϕ(t, x(t), u(t)),
x ∈ C1([t0, t1], Rn), u ∈ C([t0, t1], Rs).

(38)

Îòìåòèì, ÷òî ôóíêöèè t 7→ Lk(t, x(t), u(t)) è t 7→ ϕ(t, x(t), u(t)) íåïðå-
ðûâíû.

Îáîçíà÷èì Lk(x, u) =
t1∫
t0

Lk(t, x(t), u(t)) dt+lk(x(t0), x(t1)), 0 ≤ k ≤ m.

Ïàðà (x, u) ∈ C1([t0, t1], Rn)× C([t0, t1], Rs) íàçûâàåòñÿ äîïóñòèìîé,
åñëè Lk(x, u) ≤ 0, 1 ≤ k ≤ m′, Lk(x, u) = 0, m′ + 1 ≤ k ≤ m, è ẋ(t) =
ϕ(t, x(t), u(t)), t ∈ [t0, t1].

Äîïóñòèìàÿ ïàðà (x̂, û) íàçûâàåòñÿ òî÷êîé ëîêàëüíîãî ìèíèìóìà,
åñëè ñóùåñòâóåò ε > 0 òàêîå, ÷òî äëÿ ëþáîé äîïóñòèìîé ïàðû (x, u)
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òàêîé, ÷òî ‖x − x̂‖C1([t0, t1],Rn) < ε, ‖u − û‖C([t0, t1],Rs) < ε, âûïîëíåíî
L0(x̂, û) ≤ L0(x, u).

Ïåðåä òåì, êàê ñôîðìóëèðîâàòü îñíîâíîé ðåçóëüòàò, ââåäåì îáîçíà-
÷åíèå. Äëÿ p(·) : [t0, t1]→ Rn, p(t) = (p1(t), . . . , pn(t)), ïîëîæèì

p(t)(ẋ(t)− ϕ(t, x(t), u(t))) =
n∑
j=1

pj(t)(ẋj(t)− ϕj(t, x(t), u(t))).

Ïóñòü λ0, . . . , λm ∈ R, p(·) ∈ C1([t0, t1], Rn). Îïðåäåëèì ôóíêöèþ
Ëàãðàíæà

L(x, u) =
m∑
k=0

λkLk(x, u) +

t1∫
t0

p(t)(ẋ(t)− ϕ(t, x(t), u(t))) dt. (39)

Âûäåëèì èíòåãðàëüíîå è âíåèíòåãðàëüíîå ñëàãàåìûå:

L(x, u) =
t1∫
t0

L(t, x, ẋ, u) dt+ l(x(t0), x(t1)),

L(t, x, ẋ, u) =
m∑
k=0

λkLk(t, x, u) + p(t)(ẋ− ϕ(t, x, u)), l =
m∑
k=0

λklk.

(40)

Òåîðåìà 13. Ïóñòü (x̂, û) � òî÷êà ëîêàëüíîãî ìèíèìóìà â çàäà÷å
(38). Òîãäà ñóùåñòâóåò íàáîð (λ0, . . . , λm, p(·)) 6= (0, . . . , 0, 0), λk ∈ R,
0 ≤ k ≤ m, p ∈ C1([t0, t1], Rn), òàêîé, ÷òî äëÿ ôóíêöèè L, çàäàííîé
ðàâåíñòâàìè (39), (40), âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1. óñëîâèå íåîòðèöàòåëüíîñòè: λj ≥ 0, 0 ≤ j ≤ m′;

2. óñëîâèå äîïîëíÿþùåé íåæåñòêîñòè: λjLj(x̂, û) = 0, 1 ≤ j ≤ m′;

3. óñëîâèÿ ñòàöèîíàðíîñòè:

(a) ïî x, ò.å. óðàâíåíèå Ýéëåðà�Ëàãðàíæà − d
dt
Lẋ+Lx = 0 è óñëî-

âèå òðàíñâåðñàëüíîñòè Lẋ(ti, x̂(ti), ˙̂x(ti), û(ti)) = (−1)i ∂l
∂x(ti)

(x̂(t0), x̂(t1));

(b) ïî u: Lu = 0.
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10.2 Çàäà÷à Ëàãðàíæà êàê ãëàäêàÿ çàäà÷à ñ îãðàíè-

÷åíèÿìè òèïà ðàâåíñòâ

Â êà÷åñòâå ïðîñòðàíñòâà X áåðåòñÿ C1([t0, t1], Rn)× C([t0, t1], Rs), â êà-
÷åñòâå Y � ïðîñòðàíñòâî Rm−m′ ×C([t0, t1], Rn). ßñíî, ÷òî ýòî áàíàõîâû
ïðîñòðàíñòâà.

Ïðîâåðèì, ÷òî îòîáðàæåíèÿ fk(x, u) := Lk(x, u), 0 ≤ k ≤ m′, è

F (x, u) := (Lm′+1(x, u), . . . , Lm(x, u), ẋ(·)− ϕ(·, x(·), u(·)))

íåïðåðûâíî äèôôåðåíöèðóåìû è âû÷èñëèì èõ ïðîèçâîäíûå.
Îòîáðàæåíèå (x, u) 7→ ẋ ÿâëÿåòñÿ ëèíåéíûì íåïðåðûâíûì îòîáðàæå-

íèåì èç C1([t0, t1], Rn)×C([t0, t1], Rs) â C([t0, t1], Rn). Çíà÷èò, îíî íåïðå-
ðûâíî äèôôåðåíöèðóåìî è åãî äåéñòâèå íà âåêòîð (h, w) ∈ C1([t0, t1], Rn)×
C([t0, t1], Rs) ðàâíî ḣ.

Îòîáðàæåíèå (x, u) 7→ ϕ(·, x(·), u(·)) ÿâëÿåòñÿ êîìïîçèöèåé îòîáðà-
æåíèÿ (x, u) 7→ (x, u) èç C1([t0, t1], Rn)×C([t0, t1], Rs) â C([t0, t1], Rn)×
C([t0, t1], Rs) (ýòî ëèíåéíîå íåïðåðûâíîå îòîáðàæåíèå) è îïåðàòîðà Íåìûö-
êîãî. Çíà÷èò, îíî äèôôåðåíöèðóåìî ïî Ôðåøå è åãî ïðîèçâîäíàÿ èìååò
âèä

(h, w) 7→ ϕx(·, x(·), u(·))h(·) + ϕu(·, x(·), u(·))w(·);

èç âèäà ïðîèçâîäíîé ñëåäóåò íåïðåðûâíàÿ äèôôåðåíöèðóåìîñòü.
Àíàëîãè÷íî âû÷èñëÿåòñÿ ïðîèçâîäíàÿ ó îòîáðàæåíèÿ (x, u) 7→ Lk(·, x(·), u(·));

âçÿâ åãî êîìïîçèöèþ ñ èíòåãðàëîì ïî îòðåçêó [t0, t1] è ïðîäèôôåðåíöè-
ðîâàâ îòîáðàæåíèå (x, u) 7→ lk(x(t0), x(t1)), ïîëó÷àåì, ÷òî

L′k(x, u)[h, w] =

t1∫
t0

((Lk)x(t, x(t), u(t))h(t) + (Lk)u(t, x(t), u(t))w(t)) dt+

+
∂l

∂x(t0)
(x(t0), x(t1))h(t0) +

∂l

∂x(t1)
(x(t0), x(t1))h(t1).

Îòñþäà íåòðóäíî óâèäåòü, ÷òî (x, u) 7→ Lk(x, u) íåïðåðûâíî äèôôåðåí-
öèðóåìî.

Òàêèì îáðàçîì, fk è F íåïðåðûâíî äèôôåðåíöèðóåìû.
Òåïåðü ïîêàæåì, ÷òî â êàæäîé òî÷êå (x, u) îáðàç îïåðàòîðà F ′(x, u)

çàìêíóò.
Íàì ïîíàäîáèòñÿ
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Ëåììà. Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, A : X → Y , B : X →
Rn � ëèíåéíûå íåïðåðûâíûå îïåðàòîðû, A ñþðúåêòèâåí. Òîãäà îïåðà-
òîð C : X → Y × Rn, Cx = (Ax, Bx), èìååò çàìêíóòûé îáðàç.

Äîêàçàòåëüñòâî. Ïóñòü {xn}n∈N ⊂ X, (Axn, Bxn) →
n→∞

(y, z). Ïîêàæåì,

÷òî (y, z) ∈ ImC.
Òàê êàê A ñþðúåêòèâåí, òî ñóùåñòâóåò ïðàâûé îáðàòíûé îïåðàòîð

R : Y → X è ÷èñëî M òàêèå, ÷òî ‖Rη‖ ≤ M‖η‖, η ∈ Y . Ïîëîæèì
ξn = R(y − Axn). Òîãäà ξn →

n→∞
0.

Ïóñòü x̃n = xn + ξn. Òîãäà Ax̃n = y, Bx̃n →
n→∞

z.

Òàê êàê îïåðàòîð A ñþðúåêòèâåí, òî y = Ax̂ äëÿ íåêîòîðîãî x̂ ∈
X. Çíà÷èò, x̃n ∈ x̂ + kerA äëÿ ëþáîãî n ∈ N. Ìíîæåñòâî B(x̂ + kerA)
çàìêíóòî (ýòî ñäâèã ëèíåéíîãî ïîäïðîñòðàíñòâà â Rn), òî åñòü z = Bξ,
ξ ∈ x̂ + kerA. Òîãäà Aξ = y. Òåì ñàìûì, (Aξ, Bξ) = (y, z) è (y, z) ∈
ImC.

Ïîëîæèì A(h, w) = ḣ − ϕx(·, x(·), u(·))h − ϕu(·, x(·), u(·))w. Â ñèëó
ëåììû, íàì äîñòàòî÷íî ïîêàçàòü, ÷òî îïåðàòîð A ñþðúåêòèâåí.

Ïóñòü y ∈ C([t0, t1], Rn). Ðàññìîòðèì çàäà÷ó

ḣ(t)− ϕx(t, x(t), u(t))h(t) = y(t), h(t0) = 0.

Ýòî ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå îòíîñèòåëüíî
h ñ íåïðåðûâíûìè êîýôôèöèåíòàìè è íåïðåðûâíîé ïðàâîé ÷àñòüþ. Èç
êóðñà äèôôåðåíöèàëüíûõ óðàâíåíèé èçâåñòíî, ÷òî ðåøåíèå ýòîé çàäà-
÷è ñóùåñòâóåò íà âñ¼ì îòðåçêå [t0, t1]. Îòñþäà ñëåäóåò ñþðúåêòèâíîñòü
îïåðàòîðà A.

Òåì ñàìûì, âûïîëíåíû âñå óñëîâèÿ òåîðåìû î íåîáõîäèìîì óñëîâèè
ëîêàëüíîãî ìèíèìóìà â ãëàäêîé çàäà÷å ñ îãðàíè÷åíèÿìè òèïà ðàâåíñòâ
è íåðàâåíñòâ.

10.3 Çàðÿäû è ñîïðÿæåííîå ïðîñòðàíñòâî ê C[t0, t1]

Ïóñòü Ω � ìíîæåñòâî, Σ � σ-àëãåáðà èçìåðèìûõ ïîäìíîæåñòâ â Ω. Îòîá-
ðàæåíèå µ : Σ → R íàçûâàåòñÿ çàðÿäîì, åñëè äëÿ ëþáûõ ïîïàðíî íå
ïåðåñåêàþùèõñÿ ìíîæåñòâ E1, . . . , En, · · · ∈ Σ âûïîëíåíî

µ (tn∈NEn) =
∑
n∈N

µ(En).

41



Íàïîìíèì ñëåäóþùèé ôàêò èç äåéñòâèòåëüíîãî àíàëèçà: ñóùåñòâóåò ðàç-
ëîæåíèå ìíîæåñòâà Ω = Ω+ tΩ− òàêîå, ÷òî Ω± ∈ Σ è äëÿ ëþáîãî E ∈ Σ
âûïîëíåíî µ(E) ≥ 0, åñëè E ⊂ Ω+, è µ(E) ≤ 0, åñëè E ⊂ Ω−.

Ïóñòü E ∈ Σ. Ïîëîæèì µ±(E) = ±µ(E∩Ω±). Òîãäà µ± � σ-àääèòèâíûå
ìåðû, µ(E) = µ+(E)− µ−(E). Ìåðà |µ| = µ+ + µ− íàçûâàåòñÿ âàðèàöèåé
çàðÿäà µ.

Äëÿ çàðÿäîâ, êàê è äëÿ σ-àääèòèâíûõ ìåð, âûïîëíåíî ñâîéñòâî íåïðå-
ðûâíîñòè:

1. Ïóñòü E1 ⊂ E2 ⊂ ... ⊂ En ⊂ En+1 ⊂ . . . , E = ∪n∈NEn, En ∈ Σ. Òîãäà
µ(E) = lim

n→∞
µ(En).

2. Ïóñòü E1 ⊃ E2 ⊃ ... ⊃ En ⊃ En+1 ⊃ . . . , E = ∩n∈NEn, En ∈ Σ. Òîãäà
µ(E) = lim

n→∞
µ(En).

Ïóñòü f : Ω→ R � èçìåðèìàÿ ôóíêöèÿ. Åñëè f |Ω± èíòåãðèðóåìû ïî
Ëåáåãó îòíîñèòåëüíî ìåð µ±, òî f íàçûâàåòñÿ èíòåãðèðóåìîé ïî Ëåáåãó
îòíîñèòåëüíî çàðÿäà µ; èíòåãðàë Ëåáåãà îïðåäåëÿåòñÿ êàê∫

Ω

f dµ =

∫
Ω

f dµ+ −
∫
Ω

f dµ−.

Îòìåòèì, ÷òî ∣∣∣∣∣∣
∫
Ω

f dµ

∣∣∣∣∣∣ ≤
∫
Ω

|f | d|µ| <∞.

Òàêæå âûïîëíåíà àääèòèâíîñòü èíòåãðàëà Ëåáåãà îòíîñèòåëüíî çàðÿäîâ:
åñëè µ1, µ2 � çàðÿäû, f èíòåãðèðóåìà ïî Ëåáåãó îòíîñèòåëüíî µ1 è µ2,
òî f èíòåãðèðóåìà ïî Ëåáåãó îòíîñèòåëüíî µ1 + µ2 è∫

Ω

f d(µ1 + µ2) =

∫
Ω

f dµ1 +

∫
Ω

f dµ2.

Íàì òàêæå ïîíàäîáèòñÿ óòâåðæäåíèå î ïåðåñòàíîâêå ïðåäåëîâ èíòå-
ãðèðîâàíèÿ (îíî âûâîäèòñÿ èç òåîðåìû Ôóáèíè äëÿ ìåð). Ïóñòü Ωj �
ìíîæåñòâà, Σj � σ-àëãåáðû íà Ωj, µj � çàðÿäû íà (Ωj, Σj), j = 1, 2.
Ïóñòü ôóíêöèÿ f : Ω1 × Ω2 → R èíòåãðèðóåìà ïî Ëåáåãó îòíîñèòåëüíî
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|µ1| × |µ2|. Òîãäà

∫
Ω1

∫
Ω2

f dµ2

 dµ1 =

∫
Ω2

∫
Ω1

f dµ1

 dµ2.

Íàïîìíèì, ÷òî áîðåëåâñêîé σ-àëãåáðîé íà îòðåçêå [t0, t1] íàçûâàåò-
ñÿ ìèíèìàëüíàÿ σ-àëãåáðà, ïîðîæäåííàÿ ñèñòåìîé îòêðûòûõ ìíîæåñòâ.
Áóäåì åå îáîçíà÷àòü ÷åðåç B.

Çàìåòèì, ÷òî ëþáàÿ íåïðåðûâíàÿ ôóíêöèÿ íà [t0, t1] èíòåãðèðóåìà
ïî Ëåáåãó îòíîñèòåëüíî çàðÿäà íà B (ò.ê. îíà èçìåðèìà è îãðàíè÷åíà).

Ñôîðìóëèðóåì ñëåäóþùóþ òåîðåìó èç ôóíêöèîíàëüíîãî àíàëèçà (áåç
äîêàçàòåëüñòâà).

Òåîðåìà 14. Ïóñòü x∗ ∈ (C[t0, t1])∗. Òîãäà íà ([t0, t1], B) ñóùåñòâóåò
çàðÿä µ òàêîé, ÷òî äëÿ ëþáîé ôóíêöèè x ∈ C[t0, t1] âûïîëíåíî x∗(x) =∫
[t0, t1]

x dµ.

Íàïîìíèì, ÷òî íîðìà ïðîñòðàíñòâà C([t0, t1], Rn) èìååò âèä ‖x‖C =
maxt∈[t0, t1] |x(t)|, ãäå |x(t)| =

√
x2

1(t) + · · ·+ x2
n(t). Îíà ýêâèâàëåíòíà íîð-

ìå max{‖x1‖C , . . . , ‖xn‖C}. Ïðè ýòîì C([t0, t1], Rn) êàê ìíîæåñòâî ñîâ-
ïàäàåò ñ (C[t0, t1])n. Çíà÷èò, åñëè x∗ ∈ (C([t0, t1], Rn))∗, òî ñóùåñòâóþò
çàðÿäû µ1, . . . , µn íà ([t0, t1], B) òàêèå, ÷òî

x∗(x1, . . . , xn) =
n∑
j=1

∫
[t0, t1]

xj dµj.

10.4 Îáîáùåííàÿ ëåììà Äþáóà-Ðåéìîíà

Ïðè âûâîäå óðàâíåíèé Ýéëåðà�Ëàãðàíæà äëÿ ïðîñòåéøåé çàäà÷è âàðè-
àöèîííîãî èñ÷èñëåíèÿ èñïîëüçîâàëàñü ëåììà Äþáóà-Ðåéìîíà. Çäåñü ìû
ïîëó÷èì åå îáîáùåíèå.

Ëåììà. Ïóñòü µ � çàðÿä íà îòðåçêå [t0, t1] ñî ñëåäóþùèì ñâîéñòâîì:
äëÿ ëþáîé ôóíêöèè z ∈ C1[t0, t1] òàêîé, ÷òî z(t0) = z(t1) = 0, âûïîëíåíî∫
[t0, t1]

ż(t) dµ = 0. Òîãäà ñóùåñòâóåò ÷èñëî c ∈ R òàêîå, ÷òî µ([t0, t]) =

c(t− t0).
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Äîêàçàòåëüñòâî. Ñíà÷àëà ïîêàæåì, ÷òî äëÿ ëþáûõ íåïåðåñåêàþùèõñÿ
èíòåðâàëîâ ∆ = (α, β) ⊂ [t0, t1] è ∆′ = (α′, β′) ⊂ [t0, t1] îäèíàêîâîé
äëèíû âûïîëíåíî µ(∆) = µ(∆′).

Ïóñòü áåç îãðàíè÷åíèÿ îáùíîñòè β ≤ α′ è µ(∆) < µ(∆′). Ïîëîæèì

f0(t) =


1, t ∈ ∆,
−1, t ∈ ∆′,
0, èíà÷å.

Òîãäà ∫
[t0, t1]

f0 dµ = µ(∆)− µ(∆′) < 0.

Äëÿ ìàëûõ δ > 0 ïîëîæèì

fδ(t) =



1, t ∈ [α + δ, β − δ],
(t− α)/δ, t ∈ (α, α + δ),
(β − t)/δ, t ∈ (β − δ, β),
−1, t ∈ [α′ + δ, β′ − δ],
(α′ − t)/δ, t ∈ (α′, α′ + δ),
(t− β′)/δ, t ∈ (β′ − δ, β′),
0, èíà÷å.

Òîãäà fδ � íåïðåðûâíàÿ ôóíêöèÿ è
t1∫
t0

fδ(t) dt = 0. Ïðè ýòîì f0(t) ñîâïà-

äàåò ñ fδ(t) âñþäó, êðîìå Eδ = (α, α+δ)∪(β−δ, β)∪(α′, α′+δ)∪(β′−δ, β′).
Çíà÷èò,∣∣∣∣∣∣∣

∫
[t0, t1]

f0 dµ−
∫

[t0, t1]

fδ dµ

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣
∫
Eδ

(f0 − fδ) dµ

∣∣∣∣∣∣ ≤
∫
Eδ

|f0 − fδ| d|µ| ≤ |µ|(Eδ).

Òàê êàê ∪n∈NE1/n = ∅ è Eδ äðóã â äðóãà âëîæåíû, òî ïî ñâîéñòâó íåïðå-
ðûâíîñòè ìåðû |µ|(Eδ) →

δ→0
0. Çíà÷èò,∫

[t0, t1]

fδ dµ →
δ→0

∫
[t0, t1]

f0 dµ
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è ïðè ìàëûõ δ âûïîëíåíî
∫

[t0, t1]

fδ dµ < 0. Âîçüìåì òàêîå δ è ïîëîæèì

z(t) =
t∫
t0

fδ(τ) dτ . Òîãäà z ∈ C1[t0, t1], z(t0) = z(t1) = 0, íî
∫

[t0, t1]

ż(t) dt < 0.

Òåïåðü ïîêàæåì, ÷òî äëÿ ëþáîãî t ∈ (t0, t1) âûïîëíåíî µ({t}) = 0. Â
ñàìîì äåëå, ìíîæåñòâî òî÷åê t òàêèõ, ÷òî µ({t}) 6= 0, íå áîëåå ÷åì ñ÷åòíî.
Çíà÷èò, åñëè µ({t}) 6= 0, òî íàéäåòñÿ òî÷êà τ ∈ (t0, t1) òàêàÿ, ÷òî µ({τ}) =
0. Ïðè ìàëûõ δ > 0 èíòåðâàëû (t − δ, t + δ) è (τ − δ, τ + δ) ñîäåðæàòñÿ
â [t0, t1] è íå ïåðåñåêàþòñÿ. Çíà÷èò, µ(τ − δ, τ + δ) = µ(t − δ, t + δ).
Â ñèëó ñâîéñòâà íåïðåðûâíîñòè ìåðû, µ(τ − δ, τ + δ) →

δ→0
µ({τ}) = 0,

µ(t− δ, t+ δ) →
δ→0

µ({t}) 6= 0.

Ïîêàæåì, ÷òî µ({t0}) = µ({t1}) = 0. Äîêàæåì äëÿ t0 (äëÿ t1 äîêàçà-
òåëüñòâî àíàëîãè÷íîå). Äëÿ ìàëûõ δ > 0 ïîëîæèì

fδ(t) =


(t0 + δ − t)/δ, t ∈ [t0, t0 + δ],
2(t0 + δ − t)/δ, t ∈ [t0 + δ, t0 + 3δ/2],
2(t− t0 − 2δ)/δ, t ∈ [t0 + 3δ/2, t0 + 2δ],
0, èíà÷å.

Òîãäà fδ íåïðåðûâíà è
t1∫
t0

fδ(t) dt = 0. Äàëåå,

∫
[t0, t1]

fδ dµ = µ({t0}) +

∫
(t0, t0+2δ)

fδ dµ,

ïðè ýòîì∣∣∣∣∣∣∣
∫

(t0, t0+2δ)

fδ dµ

∣∣∣∣∣∣∣ ≤
∫

(t0, t0+2δ)

|fδ| d|µ| ≤ |µ|(t0, t0 + 2δ) →
δ→0

0

â ñèëó ñâîéñòâà íåïðåðûâíîñòè ìåðû. Çíà÷èò,
∫

[t0, t1]

fδ dµ →
δ→0

µ({t0}).

Ïîëîæèì zδ(t) =
t1∫
t0

fδ(τ) dτ . Òîãäà zδ ∈ C1[t0, t1] è zδ(t0) = zδ(t1) = 0.

Çíà÷èò,
∫

[t0, t1]

fδ dµ = 0, îòêóäà µ({t0}) = 0.

Èòàê, µ({t}) = 0 äëÿ ëþáîãî t ∈ [t0, t1] è çíà÷åíèÿ çàðÿäà íà íåïåðåñå-
êàþùèõñÿ ïðîìåæóòêàõ îäèíàêîâîé äëèíû â [t0, t1] ñîâïàäàþò. Îòñþäà
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ñëåäóåò óòâåðæäåíèå (ñíà÷àëà äîêàçûâàåòñÿ äëÿ t− t0 = q(t1− t0), q ∈ Q,
çàòåì ïðåäåëüíûì ïåðåõîäîì äîêàçûâàåòñÿ äëÿ âñåõ t ∈ [t0, t1]).

11 Âûâîä íåîáõîäèìûõ óñëîâèé ëîêàëüíîãî

ìèíèìóìà â çàäà÷å Ëàãðàíæà

Íàïîìíèì, ÷òî ôóíêöèÿ Ëàãðàíæà â òåîðåìå âûãëÿäèò ñëåäóþùèì îá-
ðàçîì:

L̃(x, u) =

t1∫
t0

(
f(t, x(t), u(t)) +

n∑
j=1

pj(t)(ẋj(t)− ϕj(t, x(t), u(t)))

)
dt+l(x(t0), x(t1)),

ãäå f =
m∑
j=0

λjLj, l =
m∑
j=0

λjlj. Çíà÷èò, óðàâíåíèÿ Ýéëåðà èìåþò âèä

−ṗk(t) + fxk(t, x, u)−
n∑
j=1

pj(t)(ϕj)xk(t, x, u) = 0, (41)

óñëîâèÿ òðàíñâåðñàëüíîñòè �

pk(t0) =
∂l

∂xk(t0)
(x(t0), x(t1)), pk(t1) = − ∂l

∂xk(t1)
(x(t0), x(t1)), (42)

óñëîâèå ñòàöèîíàðíîñòè ïî u �

fuk(t, x, u)−
n∑
j=1

pj(t)(ϕj)uk(t, x, u) = 0. (43)

Åñëè ïðèìåíèòü ïðèíöèï Ëàãðàíæà äëÿ ãëàäêîé çàäà÷è ñ îãðàíè÷å-
íèÿìè òèïà ðàâåíñòâ è íåðàâåíñòâ, òî ïîëó÷èòñÿ ñëåäóþùåå óòâåðæäå-
íèå: ñóùåñòâóþò ÷èñëà λ0, . . . , λm ∈ R è çàðÿäû µ1, . . . , µn, îäíîâðå-
ìåííî íå ðàâíûå 0, òàêèå, ÷òî âûïîëíåíû óñëîâèÿ íåîòðèöàòåëüíîñòè
è äîïîëíÿþùåé íåæåñòêîñòè, ïðè ýòîì L′(x̂, û)[h, w] = 0 äëÿ ëþáûõ
h ∈ C1([t0, t1], Rn), w ∈ C([t0, t1], Rs), ãäå

L(x, u) =

t1∫
t0

f(t, x(t), u(t)) dt+
n∑
j=1

t1∫
t0

(ẋj(t)−ϕj(t, x(t), u(t))) dµj+l(x(t0), x(t1)),
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Çäåñü ñíîâà f =
m∑
j=0

λjLj, l =
m∑
j=0

λjlj.

Âûïèøåì ïðîèçâîäíóþ:

L′(x, u)[h, w] =

t1∫
t0

(fx(t, x(t), u(t))h(t) + fu(t, x(t), u(t))w(t)) dt+

+
n∑
j=1

t1∫
t0

(ḣj(t)− (ϕj)x(t, x(t), u(t))h(t)− (ϕi)u(t, x(t), u(t))w(t)) dµi(t)+

+
∂l

∂x(t0)
(x(t0), x(t1))h(t0) +

∂l

∂x(t1)
(x(t0), x(t1))h(t1).

Ïîëîæèì w = 0, hj = 0 ïðè j 6= k, hk = z, ãäå z ∈ C1[t0, t1] �
ïðîèçâîëüíàÿ ôóíêöèÿ òàêàÿ, ÷òî z(t0) = z(t1) = 0. Òîãäà ïîëó÷èì

t1∫
t0

fxk(t, x, u)z(t) dt+

t1∫
t0

ż(t) dµk(t)−
n∑
j=1

t1∫
t0

(ϕj)xk(t, x, u)z(t) dµj(t) = 0.

(44)

Íàøà áëèæàéøàÿ öåëü � ïðèâåñòè ýòî ðàâåíñòâî ê âèäó
t1∫
t0

ż dµ̃ = 0

äëÿ íåêîòîðîãî çàðÿäà µ̃ è ïðèìåíèòü îáîáùåííóþ ëåììó Äþáóà-Ðåéìîíà.
Ïîëîæèì

B(t) =

t∫
t0

fxk(τ, x(τ), u(τ)) dτ.

Ïðîèíòåãðèðîâàâ ïî ÷àñòÿì è ó÷èòûâàÿ, ÷òî z(t0) = z(t1) = 0, ïîëó÷àåì

t1∫
t0

fxk(t, x, u)z(t) dt = −
t1∫
t0

B(t)ż(t) dt.

Îïðåäåëèì çàðÿä µ ðàâåíñòâîì µ(E) =
n∑
j=1

∫
E

(ϕj)xk(t, x(t), u(t)) dµj(t). Òî-

ãäà
n∑
j=1

t1∫
t0

(ϕj)xk(t, x, u)z(t) dµj(t) =

t1∫
t0

z(t) dµ(t).
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Ïîëîæèì g(t) = µ([t, t1]). Òàê êàê µ � ðàçíîñòü íåîòðèöàòåëüíûõ ìåð,
òî g � ðàçíîñòü ìîíîòîííûõ ôóíêöèé. Ïðèìåíèâ ôîðìóëó Íüþòîíà�
Ëåéáíèöà è ñëåäñòâèå èç òåîðåìû Ôóáèíè î ïåðåñòàíîâêå èíòåãðàëîâ,
ïîëó÷àåì

t1∫
t0

z(t) dµ(t) =

t1∫
t0

 t∫
t0

ż(τ) dτ

 dµ(t) =

t1∫
t0

 ∫
[τ, t1]

ż(τ) dµ(t)

 dτ =

t1∫
t0

ż(τ)g(τ) dτ.

Â èòîãå (44) ñâîäèòñÿ ê ðàâåíñòâó

−
t1∫
t0

B(t)ż(t) dt+

t1∫
t0

ż(t) dµk(t)−
t1∫
t0

ż(t)g(t) dt = 0,

èëè
t1∫
t0

ż dµ̃ = 0 ñ

µ̃(E) = −
∫
E

B(t) dt+ µk(E)−
∫
E

g(t) dt.

Â ñèëó îáîáùåííîé ëåììû Äþáóà-Ðåéìîíà, ñóùåñòâóåò êîíñòàíòà c ∈ R
òàêàÿ, ÷òî

−
∫

[t0, t]

B(τ) dτ + µk([t0, t])−
∫

[t0, t]

g(τ) dτ = c(t− t0).

Â ëåâîé ÷àñòè ïåðâîå è òðåòüå ñëàãàåìîå � àáñîëþòíî íåïðåðûâíûå
ôóíêöèè, ïðàâàÿ ÷àñòü � òîæå, ïîýòîìó t 7→ µk([t0, t]) òàêæå àáñîëþòíî
íåïðåðûâíà. Îáîçíà÷èì ÷åðåç pk åå ïðîèçâîäíóþ ï.â. Ïðîäèôôåðåíöè-
ðóåì ïî t:

−B(t) + pk(t)− g(t) = c,

èëè

−
t∫

t0

fxk(τ, x(τ), u(τ)) dτ + pk(t)−
n∑
j=1

∫
[t, t1]

(ϕj)xk(τ, x(τ), u(τ))pj(τ) dτ = c.
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Ñíîâà ïåðâîå è òðåòüå ñëàãàåìîå â ëåâîé ÷àñòè è ïðàâàÿ ÷àñòü àáñîëþòíî
íåïðåðûâíû, òàê ÷òî pk äèôôåðåíöèðóåìà ï.â. è

−fxk(t, x(t), u(t)) + ṗk(t) +
n∑
j=1

(ϕj)xk(t, x(t), u(t))pj(t) = 0;

îñòàåòñÿ çàìåòèòü, ÷òî ýòî ðàâåíñòâî ñîâïàäàåò ñ (41) è ÷òî ṗk íåïðåðûâ-
íà.

Ïóñòü òåïåðü z íà êîíöàõ íå îáÿçàòåëüíî çàíóëÿåòñÿ. Ó÷èòûâàÿ, ÷òî
µk èìååò ïëîòíîñòü pk, ïîëó÷àåì

t1∫
t0

fxk(t, x, u)z(t) dt+

t1∫
t0

ż(t)pk(t) dt−
n∑
j=1

t1∫
t0

(ϕj)xk(t, x, u)z(t)pj(t) dt+

+
∂l

∂xk(t0)
(x(t0), x(t1))z(t0) +

∂l

∂xk(t1)
(x(t0), x(t1))z(t1) = 0.

Ïðîèíòåãðèðîâàâ ïî ÷àñòÿì
t1∫
t0

ż(t)pk(t) dt è ó÷èòûâàÿ äîêàçàííîå óæå

óðàâíåíèå Ýéëåðà (41), ïîëó÷àåì

z(t1)pk(t1)−z(t0)pk(t0)+
∂l

∂xk(t0)
(x(t0), x(t1))z(t0)+

∂l

∂xk(t1)
(x(t0), x(t1))z(t1) = 0.

Îòñþäà ñëåäóåò (42).
Òåïåðü âîçüìåì h = 0, wj = 0 ïðè j 6= k, wk = v, ãäå v ∈ C[t0, t1] �

ïðîèçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ. Ïîëó÷èì

t1∫
t0

fuk(t, x, u)v(t) dt−
t1∫
t0

n∑
j=1

(ϕj)uk(t, x, u)pj(t)v(t) dt = 0.

Îòñþäà ñëåäóåò (43).

12 Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

12.1 Ïîñòàíîâêà çàäà÷è è ôîðìóëèðîâêà íåîáõîäè-

ìîãî óñëîâèÿ ñèëüíîãî ëîêàëüíîãî ìèíèìóìà

Ïóñòü t0 < t1. Ââåäåì ïðîñòðàíñòâà PC([t0, t1], Rn) (ïðîñòðàíñòâî êó-
ñî÷íî íåïðåðûâíûõ ôóíêöèé) è PC1([t0, t1], Rn) (ïðîñòðàíñòâî êóñî÷íî
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ãëàäêèõ ôóíêöèé).
Ïóñòü x : [t0, t1]→ Rn.

1. Ñêàæåì, ÷òî x ∈ PC([t0, t1], Rn), åñëè ñóùåñòâóþò òî÷êè t0 = τ0 <
τ1 < · · · < τm−1 < τm = t1 òàêèå, ÷òî ôóíêöèÿ x|(τj , τj+1) íåïðåðûâíà
è ñóùåñòâóþò îäíîñòîðîííèå ïðåäåëû lim

t→τj+
x(t) è lim

t→τj+1−
x(t) äëÿ

ëþáîãî j = 0, . . . , m− 1.

2. Ñêàæåì, ÷òî x ∈ PC1([t0, t1], Rn), åñëè ñóùåñòâóþò òî÷êè t0 = τ0 <
τ1 < · · · < τm−1 < τm = t1 òàêèå, ÷òî x|[τj , τj+1] ∈ C1([τj, τj+1], Rn)
äëÿ ëþáîãî j = 0, . . . , m− 1.

Ïóñòü n, s ∈ N, U ⊂ Rs � ïðîèçâîëüíîå ìíîæåñòâî, Lj : [t0, t1]×Rn×
Rs → R (0 ≤ j ≤ m), ϕ : [t0, t1]×Rn×Rs → Rn � íåïðåðûâíûå ôóíêöèè,
lj : Rn × Rn → R � íåïðåðûâíî äèôôåðåíöèðóåìîå îòîáðàæåíèå. Ïóñòü
òàêæå ñóùåñòâóþò ÷àñòíûå ïðîèçâîäíûå îòîáðàæåíèé

(t, ξ1, . . . , ξn, η1, . . . , ηs) 7→ Lj(t, ξ1, . . . , ξn, η1, . . . , ηs), 0 ≤ j ≤ m,

è
(t, ξ1, . . . , ξn, η1, . . . , ηs) 7→ ϕ(t, ξ1, . . . , ξn, η1, . . . , ηs)

ïî ξi äëÿ ëþáîãî i = 1, . . . , n, ïðè ýòîì îòîáðàæåíèÿ

(t, ξ1, . . . , ξn, η1, . . . , ηs) 7→ (Lj)ξi(t, ξ1, . . . , ξn, η1, . . . , ηs)

è
(t, ξ1, . . . , ξn, η1, . . . , ηs) 7→ ϕξi(t, ξ1, . . . , ξn, η1, . . . , ηs)

íåïðåðûâíû.
Ðàññìîòðèì çàäà÷ó

t1∫
t0

L0(t, x(t), u(t)) dt+ l0(x(t0), x(t1))→ inf,

t1∫
t0

Lj(t, x(t), u(t)) dt+ lj(x(t0), x(t1)) ≤ 0, 1 ≤ j ≤ m′,

t1∫
t0

Lj(t, x(t), u(t)) dt+ lj(x(t0), x(t1)) = 0, m′ + 1 ≤ j ≤ m,

ẋ(t) = ϕ(t, x(t), u(t)),
u(t) ∈ U, t ∈ [t0, t1],
x ∈ PC1([t0, t1], Rn), u ∈ PC([t0, t1], Rs).

(45)
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Îáîçíà÷èì Lj(x, u) =
t1∫
t0

Lj(t, x(t), u(t)) dt+ lj(x(t0), x(t1)).

Òî÷êà (x, u) ∈ PC1([t0, t1], Rn)×PC([t0, t1], Rs) íàçûâàåòñÿ äîïóñòè-
ìîé, åñëè Lj(x, u) ≤ 0, 1 ≤ j ≤ m′, Lj(x, u) = 0, m′ + 1 ≤ j ≤ m,
ẋ(t) = ϕ(t, x(t), u(t)), u(t) ∈ U äëÿ ëþáîãî t ∈ [t0, t1].

Îòëè÷èÿ îò çàäà÷è Ëàãðàíæà çäåñü ñëåäóþùèå: 1) ôóíêöèè Lj è ϕ
ìîãóò áûòü íå äèôôåðåíöèðóåìûìè ïî u, 2) åñòü âêëþ÷åíèå u(t) ∈ U
(ïðè ýòîì ìíîæåñòâî U ïðîèçâîëüíîå), 3) ôóíêöèè x, u ïðèíàäëåæàò
áîëåå øèðîêèì ïðîñòðàíñòâàì.

Ëîêàëüíûé ìèíèìóì òàêæå áóäåò ïîíèìàòüñÿ â äðóãîì ñìûñëå.

Îïðåäåëåíèå. Äîïóñòèìàÿ òî÷êà (x̂, û) íàçûâàåòñÿ òî÷êîé ñèëüíî-
ãî ëîêàëüíîãî ìèíèìóìà â çàäà÷å (45), åñëè ñóùåñòâóåò ε > 0 òàêîå,
÷òî äëÿ ëþáûõ äîïóñòèìûõ (x, u) òàêèõ, ÷òî ‖x− x̂‖C < ε, âûïîëíåíî
L0(x, u) ≥ L0(x̂, û).

Äëÿ λ0, . . . , λm ∈ R, p ∈ PC1([t0, t1], Rn) îïðåäåëèì ôóíêöèþ Ëàãðàí-
æà

L(x, u) =
m∑
j=0

λjLj(x, u) +
t1∫
t0

p(t)(ẋ(t)− ϕ(t, x(t), u(t))) dt =

=
t1∫
t0

L(t, x, ẋ, u) dt+ l(x(t0), x(t1)),

(46)

ãäå L(t, x, ẋ, u) =
m∑
j=0

λjLj(t, x, u) + p(t)(ẋ − ϕ(t, x, u)), lj =
m∑
j=0

λjlj (ò.å.

ôóíêöèÿ L îïðåäåëÿåòñÿ òàê æå, êàê â çàäà÷å Ëàãðàíæà; âêëþ÷åíèå
u(t) ∈ U â íåé íå ó÷àñòâóåò).

Òåîðåìà 15. Ïóñòü (x̂, û) � òî÷êà ñèëüíîãî ëîêàëüíîãî ìèíèìóìà â
çàäà÷å (45). Òîãäà ñóùåñòâóþò λ0, . . . , λm ∈ R, p ∈ PC1([t0, t1], Rn),
îäíîâðåìåííî íå ðàâíûå 0, òàêèå, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1. óñëîâèå íåîòðèöàòåëüíîñòè: λj ≥ 0, 0 ≤ j ≤ m′;

2. óñëîâèå äîïîëíÿþùåé íåæåñòêîñòè: λjLj(x̂, û) = 0, 1 ≤ j ≤ m′;

3. óñëîâèÿ ìèíèìóìà:

(a) ñòàöèîíàðíîñòü ïî x: óðàâíåíèå Ýéëåðà�Ëàãðàíæà − d
dt
Lẋ +

Lx = 0 è óñëîâèå òðàíñâåðñàëüíîñòè Lẋ(ti, x̂(ti), ˙̂x(ti), u(ti)) =
(−1)i ∂l

∂x(ti)
(x̂(t0), x̂(t1)), i = 0, 1.
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(b) ïî u: äëÿ ëþáîãî t ∈ (t0, t1) òàêîãî, ÷òî û íåïðåðûâíà â t,
âûïîëíåíî

min
v∈U

L(t, x̂(t), ˙̂x(t), v) = L(t, x̂(t), ˙̂x(t), û(t))

(ïîñëåäíåå óñëîâèå íàçûâàåòñÿ ïðèíöèïîì ìàêñèìóìà Ïîíò-
ðÿãèíà).

Ìû ýòó òåîðåìó äîêàæåì â ÷àñòíîì ñëó÷àå, äëÿ çàäà÷è ñî ñâîáîäíûì
êîíöîì, n = 1. Çàäà÷à ñòàâèòñÿ ñëåäóþùèì îáðàçîì:

t1∫
t0

f(t, x, u) dt→ inf,

x(t0) = x0,
ẋ = ϕ(t, x, u),
u(t) ∈ U,
x ∈ PC1[t0, t1], u ∈ PC[t0, t1].

(47)

Íàïèøåì ôóíêöèþ L ñ λ0 = 1:

L(x, u) =

t1∫
t0

(f(t, x, u) + p(t)(ẋ− ϕ(t, x, u))) dt+ λ1x(t0).

Óðàâíåíèå Ýéëåðà èìååò âèä

ṗ = −p(t)ϕx(t, x̂(t), û(t)) + fx(t, x̂(t), û(t)), (48)

óñëîâèå òðàíñâåðñàëüíîñòè �

p(t0) = λ1, p(t1) = 0, (49)

ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà �

min
v∈U

(f(t, x̂(t), v)− p(t)ϕ(t, x̂(t), v)) = f(t, x̂(t), û(t))− p(t)ϕ(t, x̂(t), û(t)),

ò.å.

f(t, x̂(t), v)− f(t, x̂(t), û(t))− p(t)(ϕ(t, x̂(t), v)− ϕ(t, x̂(t), û(t))) ≥ 0, ∀v ∈ U.
(50)

Ïåðåä òåì, êàê äîêàçàòü ýòî óòâåðæäåíèå, íàïîìíèì ïîäðîáíåå íåêî-
òîðûå ôàêòû èç òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.
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12.2 Òåîðåìû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è ãëàä-

êîñòè ïî íà÷àëüíîìó óñëîâèþ ðåøåíèé îáûêíî-

âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Ñíà÷àëà íàïîìíèì óòâåðæäåíèå, êîòîðîå äîêàçûâàëîñü â êóðñå äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ïðèìåíåíèåì òåîðåìû î íåïîäâèæíîé òî÷êå
äëÿ λ-ñæèìàþùåãî îòîáðàæåíèÿ.

Ïðåäëîæåíèå 19. Ïóñòü g : [0, T ] × R → R � íåïðåðûâíîå îòîáðà-
æåíèå, x0 ∈ R. Ïóñòü ñóùåñòâóþò R, M > 0, òàêèå ÷òî äëÿ ëþáîãî
t ∈ [0, T ] ôóíêöèÿ x 7→ g(t, x) ëèïøèöåâà íà [x0 −R, x0 +R] ñ êîíñòàí-
òîé M . Òîãäà ñóùåñòâóåò δ = δ(R, M) > 0 òàêîå, ÷òî äëÿ ëþáîãî
ξ ∈ [x0 −R/2, x0 +R/2] ðåøåíèå x(·, ξ) çàäà÷è

ẋ = g(t, x), x(0) = ξ (51)

ñóùåñòâóåò íà îòðåçêå [0, δ]. Ïðè ýòîì

‖x(·, ξ)− x(·, η)‖C[0, δ] ≤ C|ξ − η|, ξ, η ∈ [x0 −R/2, x0 +R/2],

ãäå C = C(R, M). Êðîìå òîãî, ñóùåñòâóåò C̃(x0, R, M) > 0 òàêîå,
÷òî ‖x(·, ξ)‖C[0, δ] ≤ C̃(x0, R, M).

Ïðåäëîæåíèå 20. Ïóñòü ôóíêöèÿ g(t, ·) ëèïøèöåâà ñ êîíñòàíòîé
M(R) íà [x0 − R, x0 + R] äëÿ êàæäîãî R > 0, t ∈ [0, T ]. Ïðåäïîëî-
æèì, ÷òî ðåøåíèå çàäà÷è (51) ñ ξ = x0 ïðîäîëæàåòñÿ íà âåñü îòðåçîê
[0, T ], R0 = ‖x(·, x0)‖C[0, T ]. Òîãäà ñóùåñòâóåò îêðåñòíîñòü V òî÷êè x0

òàêàÿ, ÷òî äëÿ ëþáîãî ξ ∈ V ðåøåíèå çàäà÷è (51) ïðîäîëæàåòñÿ íà
îòðåçîê [0, T ]; ïðè ýòîì

‖x(·, ξ)− x(·, η)‖C[0, T ] ≤ C|ξ − η|, ξ, η ∈ V,

ãäå êîíñòàíòà C çàâèñèò òîëüêî îò R0 è M(·).

Äîêàçàòåëüñòâî. Ïóñòü δ = δ(3R0, M(3R0)) òàêîå, êàê â ïðåäëîæåíèè
19. Ðåøåíèå x(·, ξ) ñóùåñòâóåò íà [0, δ] ïðè |ξ − x0| < ε < R0/2, ïðè
ýòîì îíî ëèïøèöåâî ïî ξ â C[0, δ] ñ êîíñòàíòîé, çàâèñÿùåé îò R0, M(·).
Åñëè ε > 0 äîñòàòî÷íî ìàëî, òî |x(δ, ξ) − x0| < 3R0/2, ïîýòîìó ðåøåíèå
ïðîäîëæàåòñÿ íà [δ, 2δ], ïðè ýòîì îíî ñíîâà ëèïøèöåâî ïî íà÷àëüíîìó
óñëîâèþ ñ êîíñòàíòîé, çàâèñÿùåé òîëüêî îòR0,M(·). Äàëüøå àíàëîãè÷íî
ïðîäîëæàåì ðåøåíèå íà [2δ, 3δ], [3δ, 4δ] è ò.ä., ïîêà íå äîéäåì äî ïðàâîãî
êîíöà îòðåçêà.
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Ïðè äîïîëíèòåëüíûõ óñëîâèÿõ íà ôóíêöèþ g åñòü äèôôåðåíöèðó-
åìîñòü ðåøåíèÿ ïî íà÷àëüíîìó óñëîâèþ. (Â êóðñå äèôôåðåíöèàëüíûõ
óðàâíåíèé ýòî äîêàçûâàëîñü, íî, âîçìîæíî, ïðè áîëüøåé ãëàäêîñòè g,
÷åì íàì òðåáóåòñÿ.)

Ïðåäëîæåíèå 21. Ïóñòü â êàæäîé òî÷êå (t, x) ñóùåñòâóåò ïðîèçâîä-
íàÿ gx(t, x), ïðè ýòîì îòîáðàæåíèå (t, x) 7→ gx(t, x) íåïðåðûâíî. Ïðåä-
ïîëîæèì, ÷òî ðåøåíèå çàäà÷è (51) ñ ξ = x0 ïðîäîëæàåòñÿ íà âåñü îò-
ðåçîê [0, T ] (îáîçíà÷èì åãî x̂). Òîãäà ñóùåñòâóåò îêðåñòíîñòü V òî÷êè
x0 òàêàÿ, ÷òî äëÿ ëþáîãî ξ ∈ V ðåøåíèå çàäà÷è (51) ïðîäîëæàåòñÿ íà
îòðåçîê [0, T ]. Ïóñòü îòîáðàæåíèå F : V → C[0, T ] çàäàíî ôîðìóëîé
F (ξ) = x(·, ξ). Òîãäà F ′(x0) = y, ãäå y � ðåøåíèå çàäà÷è

ẏ = gx(t, x̂(t))y, y(0) = 1. (52)

Äîêàçàòåëüñòâî. Äëÿ ëþáîãî R > 0 ôóíêöèÿ g(t, ·) ëèïøèöåâà íà
[x0−R, x0+R] ñ êîíñòàíòîé ‖gx‖C([0, T ]×[x0−R, x0+R]). Ïîýòîìó â ñèëó ïðåäû-
äóùåãî óòâåðæäåíèÿ ðåøåíèå (51) ïðîäîëæàåòñÿ íà âåñü îòðåçîê [0, T ]
äëÿ âñåõ ξ èç íåêîòîðîé îêðåñòíîñòè òî÷êè x0. Êðîìå òîãî, îòîáðàæåíèå
F ëèïøèöåâî â ýòîé îêðåñòíîñòè ñ íåêîòîðîé êîíñòàíòîé C > 0.

Òåïåðü ïîêàæåì, ÷òî ñóùåñòâóåò ïðîèçâîäíàÿ F ′(x0), ïðè ýòîì îíà
ñîâïàäàåò ñ y. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî

‖x(·, x0 + λ)− x̂(·)− λy(·)‖C[0, T ] = o(λ), λ→ 0. (53)

Ïóñòü G : C1[0, T ]→ C[0, T ], G(x)(t) = ẋ(t)−g(t, x(t)). Ìû óæå äîêà-
çûâàëè, ÷òî ýòî îòîáðàæåíèå íåïðåðûâíî äèôôåðåíöèðóåìî,G′(x)[h](t) =
ḣ(t)− gx(t, x(t))h(t), G′(x) ñþðúåêòèâíî. Ïóñòü

N = {x ∈ C1[0, T ] : G(x) = 0}.

Óñëîâèå x ∈ N ýêâèâàëåíòíî òîìó, ÷òî x � ðåøåíèå äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ẋ = g(t, x) (íà âñ¼ì îòðåçêå [0, T ]). Ïî òåîðåìå î êàñàòåëüíîì
ïðîñòðàíñòâå, Tx̂N = kerG′(x̂). Çíà÷èò, y ∈ Tx̂N . Ïî îïðåäåëåíèþ, ýòî
îçíà÷àåò, ÷òî ñóùåñòâóåò ôóíêöèÿ r : (−ε, ε) → C1[0, T ] òàêàÿ, ÷òî x̂ +
λy+r(λ) ∈ N äëÿ ëþáîãî λ ∈ (−ε, ε) è r(λ) = o(λ)

λ→0

. Ïóñòü ω(λ) = r(λ)(0).

Òîãäà x̂+ λy + r(λ) = x(·, x0 + λ+ ω(λ)). Ïîëó÷àåì:

‖x(·, x0+λ)−x̂−λy‖C[0, T ] ≤ ‖x(·, x0+λ)−x̂−λy−r(λ)‖C[0, T ]+‖r(λ)‖C[0, T ] =

= ‖x(·, x0+λ)−x(·, x0+λ+ω(λ))‖C[0, T ]+‖r(λ)‖C[0, T ] ≤ C|ω(λ)|+‖r(λ)‖C[0, T ] = o(λ)
λ→0

.

Ïðåäëîæåíèå äîêàçàíî.
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12.3 Äîêàçàòåëüñòâî ïðèíöèï ìàêñèìóìà Ïîíòðÿãè-

íà äëÿ çàäà÷è ñî ñâîáîäíûì êîíöîì

Ïóñòü (x̂, û) � òî÷êà ñèëüíîãî ìèíèìóìà â çàäà÷å (47), τ ∈ (t0, t1) �
òî÷êà íåïðåðûâíîñòè û. Âîçüìåì ïðîèçâîëüíîå v ∈ U è äëÿ äîñòàòî÷íî
ìàëûõ λ > 0 ïîëîæèì

uλ(t) =

{
û(t), t ∈ [t0, τ − λ] ∪ [τ, t1],
v, t ∈ (τ − λ, τ).

×åðåç xλ îáîçíà÷èì ðåøåíèå çàäà÷è

ẋ(t) = ϕ(t, x(t), uλ(t)), x(0) = x0. (54)

Ïàðà (xλ, uλ) íàçûâàåòñÿ èãîëü÷àòîé âàðèàöèåé. Çàìåòèì, ÷òî îíà
ÿâëÿåòñÿ äîïóñòèìîé.

Îáîçíà÷èì gλ(t, x) = ϕ(t, x, uλ(t)). Ñóùåñòâóåò ðàçáèåíèå îòðåçêà
[t0, t1] = {∆i}mi=1 òàêîå, ÷òî gλ|∆i×R íåïðåðûâíà è (gλ)

′
x|∆i×R íåïðåðûâíà

(ôóíêöèþ uλ çàìåíÿåì â êîíöàõ îòðåçêà ∆i åå îäíîñòîðîííèì ïðåäåëîì);
ïðè ýòîì äëÿ ëþáîãî R > 0 ñóùåñòâóåò M(R) > 0 òàêîå, ÷òî äëÿ ëþáîãî
t ∈ [t0, t1], λ ∈ [0, τ − t0] ôóíêöèÿ gλ(t, ·) ëèïøèöåâà ñ êîíñòàíòîé M(R)
íà [x0 −R, x0 +R].

Ïðèìåíèì ðåçóëüòàòû ïðåäûäóùåãî ïàðàãðàôà.

Ëåììà. Ñóùåñòâóåò λ0 > 0 òàêîå, ÷òî äëÿ ëþáîãî λ ∈ (0, λ0) ðåøåíèå
çàäà÷è (54) ñóùåñòâóåò íà âñ¼ì îòðåçêå [t0, t1]; ïðè ýòîì

‖xλ − x̂‖C[t0, t1] →
λ→0+

0. (55)

Äîêàçàòåëüñòâî. Ïðè t ∈ [t0, τ − λ] çíà÷åíèÿ xλ(t) è x̂(t) ñîâïàäàþò.
Ðåøåíèå çàäà÷è ẋ = gλ(t, x), x(τ − λ) = x̂(τ − λ) ñóùåñòâóåò íà èí-

òåðâàëå ïîëîæèòåëüíîé äëèíû, çàâèñÿùåé òîëüêî îò ‖x̂‖C[t0, t1] è M(·).
Çíà÷èò, ïðè ìàëûõ λ > 0 ðåøåíèå ñóùåñòâóåò íà îòðåçêå [τ − λ, τ ]. Ïðè
ýòîì ‖xλ‖C[τ−λ, τ ] îöåíèâàåòñÿ ñâåðõó êîíñòàíòîé, çàâèñÿùåé òîëüêî îò
‖x̂‖C[t0, t1] èM(·). Íî òîãäà ‖xλ(·)−x̂(τ−λ)‖C[τ−λ, τ ] ≤ λmaxt∈[τ−λ, τ ] |gλ(t, xλ(t))| ≤
C1λ, ãäå C1 çàâèñèò òîëüêî îò ‖x̂‖C[t0, t1] è M(·). Îòñþäà ïîëó÷àåì, ÷òî
‖xλ − x̂‖C[t0, τ ] →

λ→0+
0.

Íà îòðåçêå [τ, t1] ïðè ìàëûõ λ ðåøåíèå ñóùåñòâóåò â ñèëó ïðåäëîæå-
íèÿ 20 (ïîñëåäîâàòåëüíî ïðîäîëæàåì íà êàæäûé îòðåçîê, ãäå û íåïðå-
ðûâíà). Ïðè ýòîì ‖xλ − x̂‖C[τ, t1] →

λ→0+
0 â ñèëó íåïðåðûâíîé çàâèñèìîñòè

îò íà÷àëüíîãî óñëîâèÿ.
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Ïîëîæèì ξλ = xλ(τ). Òîãäà â ñèëó ôîðìóëû Íüþòîíà�Ëåéáíèöà

dξλ
dλ

∣∣∣∣
λ=0

= lim
λ→0+

1

λ

τ∫
τ−λ

(ẋλ(t)− ˙̂x(t)) dt =

= lim
λ→0+

1

λ

τ∫
τ−λ

(ϕ(t, xλ(t), v)− ϕ(t, x̂(t), û(t))) dt =

= lim
λ→0+

1

λ

τ∫
τ−λ

(ϕ(t, x̂(t), v)−ϕ(t, x̂(t), û(t))) dt+ lim
λ→0+

1

λ

τ∫
τ−λ

(ϕ(t, xλ(t), v)−ϕ(t, x̂(t), v)) dt =

= ϕ(τ, x̂(τ), v)− ϕ(τ, x̂(τ), û(τ)).

Èòàê,

dξλ
dλ

∣∣∣∣
λ=0

= ϕ(τ, x̂(τ), v)− ϕ(τ, x̂(τ), û(τ)). (56)

Òåïåðü âû÷èñëèì ïðîèçâîäíóþ dxλ(t)
dλ

∣∣∣
λ=0

ïðè t ∈ [τ, t1]. Íàïîìíèì,

÷òî åñëè x(·, ξ) � ðåøåíèå çàäà÷è ẋ = ϕ(t, x, û(t)), x(τ) = ξ, òî, â ñèëó
ïðåäëîæåíèÿ 21, x′ξ(·, x̂(τ)) � ðåøåíèå çàäà÷è

ḣ = ϕx(t, x̂(t), û(t))h, h(τ) = 1. (57)

Òàê êàê xλ � ðåøåíèå çàäà÷è

ẋ = ϕ(t, x, û(t)), x(τ) = ξλ,

òî

dxλ(t)

dλ

∣∣∣∣
λ=0

= x′ξ(·, x̂(τ))
dξλ
dλ

∣∣∣∣
λ=0

= y(t) (58)

� ðåøåíèå çàäà÷è

ẏ = ϕx(t, x̂(t), û(t))y, y(τ)
(56),(57)

= ϕ(τ, x̂(τ), v)− ϕ(τ, x̂(τ), û(τ)) (59)

(çäåñü èñïîëüçîâàëîñü, ÷òî äèôôåðåíöèàëüíîå óðàâíåíèå â (57), (59) ëè-
íåéíîå).
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Òåïåðü ïåðåéäåì íåïîñðåäñòâåííî ê äîêàçàòåëüñòâó íåîáõîäèìûõ óñëî-
âèé ñèëüíîãî ìèíèìóìà â (47).

Ïðè ìàëûõ λ > 0 âûïîëíåíî
t1∫
t0

f(t, xλ(t), uλ(t)) dt−
t1∫
t0

f(t, x̂(t), û(t)) dt ≥

0 â ñèëó (55) è îïðåäåëåíèÿ ñèëüíîãî ìèíèìóìà. Çíà÷èò,

0 ≤ lim
λ→0+

1

λ

t1∫
t0

(f(t, xλ(t), uλ(t))− f(t, x̂(t), û(t))) dt =

= lim
λ→0+

1

λ

τ∫
τ−λ

(f(t, xλ(t), v)− f(t, x̂(t), û(t))) dt+

+ lim
λ→0+

1

λ

t1∫
τ

(f(t, xλ(t), û(t))− f(t, x̂(t), û(t))) dt =

= lim
λ→0+

1

λ

τ∫
τ−λ

(f(t, x̂(t), v)− f(t, x̂(t), û(t))) dt+

+ lim
λ→0+

1

λ

τ∫
τ−λ

(f(t, xλ(t), v)− f(t, x̂(t), v)) dt+

+ lim
λ→0+

t1∫
τ

1

λ
(f(t, xλ(t), û(t))− f(t, x̂(t), û(t))) dt =: S.

Ïåðâûé ïðåäåë ðàâåí f(τ, x̂(τ), v)−f(τ, x̂(τ), û(τ)), âòîðîé ïðåäåë ðàâåí
0. Âû÷èñëèì òðåòèé ïðåäåë. Ó ïîäûíòåãðàëüíîãî âûðàæåíèÿ ïðåäåë ïðè
λ→ 0 ðàâåí

fx(t, x̂(t), û(t))
dxλ(t)

dλ

∣∣∣∣
λ=0

(58)
= fx(t, x̂(t), û(t))y(t),

ãäå y � ðåøåíèå (59). Òàê êàê x(·, ξ) ëèïøèöåâî ïî ξ è ñóùåñòâóåò C2 > 0
òàêîå, ÷òî |ξλ − x̂(τ)| ≤ C2λ, òî ñóùåñòâóåò A > 0, íå çàâèñÿùåå îò t è λ,
òàêîå, ÷òî ∣∣∣∣1λ(f(t, xλ(t), û(t))− f(t, x̂(t), û(t)))

∣∣∣∣ ≤ A.
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Çíà÷èò, ïî òåîðåìå Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè

lim
λ→0+

t1∫
τ

1

λ
(f(t, xλ(t), û(t))− f(t, x̂(t), û(t))) dt =

t1∫
τ

fx(t, x̂(t), û(t))y(t) dt.

Èòàê,

S = f(τ, x̂(τ), v)− f(τ, x̂(τ), û(τ)) +

t1∫
τ

fx(t, x̂(t), û(t))y(t) dt ≥ 0. (60)

Îïðåäåëèì ôóíêöèþ p èç óðàâíåíèÿ Ýéëåðà (48) è óñëîâèÿ òðàíñâåð-
ñàëüíîñòè (49):

ṗ = −p(t)ϕx(t, x̂(t), û(t)) + fx(t, x̂(t), û(t)), p(t1) = 0. (61)

Òîãäà

t1∫
τ

d(p(t)y(t))

dt
dt = −p(τ)y(τ)

(59)
= −p(τ)(ϕ(τ, x̂(τ), v)− ϕ(τ, x̂(τ), û(τ))).

(62)

Ñ äðóãîé ñòîðîíû,

t1∫
τ

d(p(t)y(t))

dt
dt =

t1∫
τ

ṗ(t)y(t) dt+

t1∫
τ

p(t)ẏ(t) dt
(59),(61)

=

=

t1∫
τ

(−p(t)ϕx(t, x̂(t), û(t)) + fx(t, x̂(t), û(t)))y(t) dt+

+

t1∫
τ

p(t)ϕx(t, x̂(t), û(t))y(t) dt =

t1∫
τ

fx(t, x̂(t), û(t))y(t) dt.

Èç ïîñëåäíåãî ñîîòíîøåíèÿ è (60), (62) ïîëó÷àåì, ÷òî

f(τ, x̂(τ), v)− f(τ, x̂(τ), û(τ))− p(τ)(ϕ(τ, x̂(τ), v)−ϕ(τ, x̂(τ), û(τ))) ≥ 0,

à ýòî è åñòü íåðàâåíñòâî èç ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà.
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13 Àýðîäèíàìè÷åñêàÿ çàäà÷à Íüþòîíà

Òðåáóåòñÿ íàéòè ôîðìó òåëà âðàùåíèÿ ñ çàäàííîé âûñîòîé è øèðèíîé,
îáðàçóþùàÿ êîòîðîãî ÿâëÿåòñÿ ìîíîòîííî âîçðàñòàþùåé ôóíêöèåé, ÷òî-
áû ïðè äâèæåíèè â âîçäóõå ñîïðîòèâëåíèå áûëî ìèíèìàëüíûì.

Ôîðìàëèçóåòñÿ çàäà÷à ñëåäóþùèì îáðàçîì:
T0∫
0

t
1+u2 dt→ inf,

x(0) = 0, x(T0) = ξ,
ẋ = u,
u ≥ 0;

(63)

çäåñü T0 > 0, ξ > 0 � çàäàííûå ïàðàìåòðû.
Ñîñòàâèì ôóíêöèþ Ëàãðàíæà:

L = λ0

T0∫
0

t

1 + u2
dt+

T0∫
0

p(t)(ẋ− u) dt+ λ1x(0) + λ2(x(T0)− ξ).

Íåîáõîäèìûå óñëîâèÿ ëîêàëüíîãî ìèíèìóìà èìåþò âèä λ0 ≥ 0 (óñëîâèå
íåîòðèöàòåëüíîñòè), ṗ = 0 (óðàâíåíèå Ýéëåðà), p(0) = λ1, p(T0) = −λ2

(óñëîâèå òðàíñâåðñàëüíîñòè),

min
v≥0

(
λ0t

1 + v2
− p(t)v

)
=

λ0t

1 + û(t)2
− p(t)û(t)

(ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà).
Èç óðàâíåíèÿ Ýéëåðà ïîëó÷àåì, ÷òî p(t) = c.
Ïóñòü λ0 = 0. Òîãäà minv≥0(−cv) = −cû(t). Åñëè c = 0, òî p(t) ≡ 0;

èç óñëîâèÿ òðàíñâåðñàëüíîñòè ñëåäóåò, ÷òî λ1 = λ2 = 0, òî åñòü âñå
ìíîæèòåëè Ëàãðàíæà íóëåâûå. Åñëè c > 0, òî ó ôóíêöèè −cv íà [0, +∞)
òî÷êè ìèíèìóìà íåò. Åñëè c < 0, òî û(t) ≡ 0. Â ñèëó ãðàíè÷íîãî óñëîâèÿ
â íóëå, x̂(t) ≡ 0, ÷òî ïðîòèâîðå÷èò ñ óñëîâèåì x(T0) = ξ > 0.

Ïóñòü λ0 > 0. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî âçÿòü λ0 = 1. Òàêæå
îáîçíà÷èì q = −c. Ïîëó÷àåì

min
v≥0

(
t

1 + v2
+ qv

)
=

t

1 + û(t)2
+ qû(t).
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Äëÿ ôèêñèðîâàííîãî t ∈ [0, T0] ïîëîæèì f(v) = t
1+v2 + qv. Åñëè q ≤ 0, òî

ìèíèìóì ôóíêöèè f íå äîñòèãàåòñÿ, òàê êàê îíà ñòðîãî óáûâàåò. Çíà÷èò,
îñòàåòñÿ ñëó÷àé q > 0.

Íàéäåì ó÷àñòêè ìîíîòîííîñòè ôóíêöèè f íà R+.
Èìååì: f ′(v) = − 2tv

(1+v2)2 + q. Óñëîâèå f ′(v) = 0 ýêâèâàëåíòíî óðàâíå-
íèþ

q(1 + v2)2 − 2tv = 0. (64)

Â ëåâîé ÷àñòè ñòîèò ñòðîãî âûïóêëàÿ ôóíêöèÿ, ïîýòîìó ó íåå êîëè÷åñòâî
íóëåé íå áîëüøå 2. Òàêæå çàìåòèì, ÷òî ìàêñèìàëüíûé êîðåíü ñòðîãî
âîçðàñòàåò ïî t. Â ñàìîì äåëå, åñëè t1 < t2, q(1 + u2

1)2 − 2t1u1 = 0, òî
q(1 + u2

1)2 − 2t2u1 < 0. Êðîìå òîãî, ìàêñèìàëüíûé êîðåíü ñòðåìèòñÿ ê
+∞ ïðè t→ +∞.

Èòàê, ëèáî f ñòðîãî âîçðàñòàåò (òîãäà 0 � òî÷êà ìèíèìóìà), ëèáî
ñíà÷àëà âîçðàñòàåò, ïîòîì óáûâàåò è çàòåì ñíîâà âîçðàñòàåò. Âî âòîðîì
ñëó÷àå ìèíèìóì ëèáî ïðè v = 0, ëèáî â òî÷êå u∗, ÿâëÿþùåéñÿ ìàêñè-
ìàëüíûì êîðíåì óðàâíåíèÿ (64). Ñðàâíèì çíà÷åíèÿ f(0) è f(u∗). Çà-
ïèøåì íåðàâåíñòâî f(0) ≤ f(u∗), ïîëó÷èì

tu∗
1+u2

∗
≤ q; ïîäñòàâèì èç (64)

t = q(1+u2
∗)

2

2u∗
è ïîëó÷èì ïîñëå âû÷èñëåíèé u∗ ≤ 1.

Èòàê, åñëè f ñòðîãî âîçðàñòàåò èëè u∗ < 1, òî ìèíèìóì äîñòèãàåòñÿ
â 0; åñëè u∗ > 1, òî ìèíèìóì äîñòèãàåòñÿ â u∗. Çàìåòèì, ÷òî u∗ = 1
ïðè t = 2q. Òàê êàê u∗ ñòðîãî âîçðàñòàåò ïî t, òî ïðè t < 2q ìèíèìóì
ôóíêöèè f äîñòèãàåòñÿ â 0, à ïðè t > 2q � â u∗.

Èòàê,

û(t) =

{
0, t < 2q,
u∗(t), t > 2q.

Â ñèëó óñëîâèÿ x(0) = 0, ïðè 0 ≤ t ≤ 2q ïîëó÷àåì x̂(t) = 0.
Ïðè t ≥ 2q ôóíêöèþ x(t) çàïèøåì ïàðàìåòðè÷åñêè. Âûðàæàÿ t ÷å-

ðåç v èç (64), ïîëó÷àåì t(v) = q
2

(
1
v

+ 2v + v3
)
. Äàëåå, dx

dv
= dx

dt
· dt
dv

= v ·
q
2

(
− 1
v2 + 2 + 3v2

)
= q

2

(
− 1
v

+ 2v + 3v3
)
. Çíà÷èò, x(v) = q

2

(
− ln v + v2 + 3

4
v4
)
+

C; êîíñòàíòà C íàõîäèòñÿ èç óñëîâèÿ x(1) = 0 (çäåñü ìû âîñïîëüçîâàëèñü
òåì, ÷òî x íåïðåðûâíà ïî t è u∗(2q) = 1), ò.å. x(v) = q

2

(
− ln v + v2 + 3

4
v4 − 7

4

)
.

Èòàê,

t(v) =
q

2

(
1

v
+ 2v + v3

)
, x(v) =

q

2

(
− ln v + v2 +

3

4
v4 − 7

4

)
.
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Òåïåðü ïîêàæåì, ÷òî äëÿ ëþáûõ T0 > 0, ξ > 0 íàéäåòñÿ q > 0 òàêîå,
÷òî x(T0) = ξ.

Ïóñòü a = ξ
T0
. Âîçüìåì q = 2. Ïîêàæåì, ÷òî åñëè x0(t) = 0 ïðè

t ≤ 2q = 4, à ïðè t > 4 çàäàíî ïàðàìåòðè÷åñêè:

t(v) =
1

v
+ 2v + v3, x0(v) = − ln v + v2 +

3

4
v4 − 7

4
,

òî íàéäåòñÿ òàêîå t∗ > 4, ÷òî x0(t∗) = at∗. Çàòåì îïðåäåëèì q èç ðàâåíñòâà
qt∗
2

= T0.
Ìû óæå ãîâîðèëè, ÷òî ẋ0(t) ñòðîãî âîçðàñòàåò ïðè t > 4 è ẋ0(t) →

t→∞
+∞. Çíà÷èò, x0(t) − at →

t→+∞
+∞. Êðîìå òîãî, x0(4) − 4a < 0. Ïîýòîìó

óðàâíåíèå x0(t) = at èìååò êîðåíü íà (4, +∞).
Òåïåðü ïîêàæåì, ÷òî íàéäåííàÿ ýêñòðåìàëü ÿâëÿåòñÿ òî÷êîé ìèíè-

ìóìà. Â ñèëó ïðåäëîæåíèÿ 18, äîñòàòî÷íî ïîêàçàòü, ÷òî îíà ÿâëÿåòñÿ
òî÷êîé ìèíèìóìà ôóíêöèè L. Èç óñëîâèé òðàíñâåðñàëüíîñòè ñëåäóåò,
÷òî λ1 = −q, λ2 = q. Èìååì: L(x, u) = L1(x) + L2(u), ãäå

L1(x) = −
T0∫

0

qẋ dt−qx(0)+q(x(T0)−ξ) ≡ −qξT0, L2(u) =

T0∫
0

(
t

1 + u2
+ qu

)
dt.

Èç ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà ñëåäóåò, ÷òî L2(u) ≥ L2(û). Çíà÷èò,
L(x, u) ≥ L(x̂, û) äëÿ ëþáîé äîïóñòèìîé ïàðû (x, u).

14 Ñèëüíûé è ñëàáûé ìèíèìóì â ïðîñòåé-

øåé çàäà÷å âàðèàöèîííîãî èñ÷èñëåíèÿ. Ëåì-

ìà î ñêðóãëåíèè óãëîâ.

Äàëüøå áóäåì ðàññìàòðèâàòü ïðîñòåéøóþ çàäà÷ó âàðèàöèîííîãî èñ÷èñ-
ëåíèÿ ñ ôóíêöèÿìè x : [t0, t1]→ R:

L(x) :=

t1∫
t0

L(t, x, ẋ) dt→ inf, x(t0) = x0, x(t1) = x1. (65)

Êàê è ðàíüøå, ïðåäïîëàãàåì, ÷òî L, Lx, Lẋ íåïðåðûâíû.
Çàäà÷ó (65) ìîæíî ðàññìàòðèâàòü êàê íà ïðîñòðàíñòâå C1[t0, t1], òàê

è íà ïðîñòðàíñòâå PC1[t0, t1].
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Îïðåäåëåíèå. Äîïóñòèìàÿ ôóíêöèÿ x̂ ∈ C1[t0, t1] íàçûâàåòñÿ òî÷êîé
ñëàáîãî ëîêàëüíîãî ìèíèìóìà â çàäà÷å (65), åñëè ñóùåñòâóåò òàêîå
ε > 0, ÷òî äëÿ ëþáîé äîïóñòèìîé ôóíêöèè x ∈ C1[t0, t1] òàêîé, ÷òî
‖x− x̂‖C1 < ε, âûïîëíåíî L(x) ≥ L(x̂).

Îïðåäåëåíèå ñëàáîãî ëîêàëüíîãî ìèíèìóìà ìû óæå äàâàëè: ýòî ëî-
êàëüíûé ìèíèìóì îòíîñèòåëüíî C1-íîðìû.

Òåïåðü äàäèì îïðåäåëåíèå òî÷êè ñèëüíîãî ëîêàëüíîãî ìèíèìóìà.

Îïðåäåëåíèå. Äîïóñòèìàÿ ôóíêöèÿ x̂ ∈ PC1[t0, t1] íàçûâàåòñÿ òî÷-
êîé ñèëüíîãî ìèíèìóìà â çàäà÷å (65), åñëè ñóùåñòâóåò òàêîå ε > 0,
÷òî äëÿ ëþáûõ äîïóñòèìûõ x ∈ PC1[t0, t1] òàêèõ, ÷òî ‖x − x̂‖C < ε,
âûïîëíåíî L(x) ≥ L(x̂).

Òî åñòü ñèëüíûé ìèíèìóì � ýòî ëîêàëüíûé ìèíèìóì îòíîñèòåëüíî
íîðìû ïðîñòðàíñòâà C. Òàê êàê ‖x‖C ≤ ‖x‖C1 , òî ñèëüíûé ìèíèìóì
ÿâëÿåòñÿ ñëàáûì.

Îêàçûâàåòñÿ, â îïðåäåëåíèè ñèëüíîãî ìèíèìóìà âìåñòî x ∈ PC1[t0, t1]
ìîæíî áðàòü x ∈ C1[t0, t1]. Ýòî âûòåêàåò èç ñëåäóþùåé ëåììû.

Ëåììà. (î ñêðóãëåíèè óãëîâ). Ïóñòü x ∈ PC1[t0, t1] � äîïóñòèìàÿ
ôóíêöèÿ. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò äîïóñòèìàÿ ôóíêöèÿ
xε ∈ C1[t0, t1] òàêàÿ, ÷òî ‖xε − x‖C < ε è |L(xε)− L(x)| < ε.

Äîêàçàòåëüñòâî. Ïóñòü τ1 < · · · < τm � òî÷êè ðàçðûâà ôóíêöèè ẋ,

M = max
t∈[t0, t1]

max{|x(t)|, |ẋ(t)|}.

Äëÿ ìàëûõ δ > 0 ïîñòðîèì ôóíêöèþ yδ ∈ C1[t0, t1] òàêóþ, ÷òî yδ(t) =
x(t) ïðè t ∈ [t0, t1]\ ∪mj=1 (τj − δ, τj + δ), ‖ẏδ‖C ≤ M . Òîãäà ïðè t ∈

(τj−δ, τj +δ) âûïîëíåíî |x(t)−yδ(t)| ≤
t∫

τj−δ
|ẋ(t)− ẏδ(t)| dt ≤ 4Mδ. Äàëåå,

|L(yδ)− L(x)| ≤
m∑
j=1

τj+δ∫
τj−δ

|L(t, yδ(t), ẏδ(t))− L(t, x(t), ẋ(t))| dt ≤

≤ 2mδ max
t∈[t0, t1]

|L(t, yδ(t), ẏδ(t))− L(t, x(t), ẋ(t))| ≤ 2mδ · C(M, L)
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(çäåñü 0 < C(M, L) < +∞; ìû âîñïîëüçîâàëèñü òåì, ÷òî L íåïðåðûâíà
è ïîýòîìó îãðàíè÷åíà íà êîìïàêòàõ).

Ïåðåéäåì ê ïîñòðîåíèþ yδ. Ïóñòü z(t) = ẋ(t). Íàì äîñòàòî÷íî äëÿ
êàæäîãî j = 1, . . . , m ïîñòðîèòü íåïðåðûâíóþ ôóíêöèþ zj, δ ∈ C[τj −

δ, τj + δ] òàê, ÷òîáû ‖zj, δ‖C ≤ M , zj, δ(τj ± δ) = z(τj ± δ),
τj+δ∫
τj−δ

zj, δ(t) dt =

τj+δ∫
τj−δ

z(t) dt.

Ïóñòü äëÿ îïðåäåëåííîñòè z(τj − 0) < z(τj + 0).
Äëÿ τj − δ ≤ τ ≤ τj ≤ σ ≤ τj + δ, τ < σ, ïîëîæèì

ξτ,σ(t) =

{
z(t), t ∈ [τj − δ, τj + δ]\(τ, σ),
z(τ − 0) σ−t

σ−τ + z(σ + 0) t−τ
σ−τ , t ∈ [τ, σ].

Òîãäà ‖ξτ,σ‖C ≤ M , ôóíêöèÿ ξτ,σ íåïðåðûâíà. Äëÿ çàâåðøåíèÿ äîêàçà-
òåëüñòâà îñòàåòñÿ äîêàçàòü ñëåäóþùåå óòâåðæäåíèå, êîòîðîå îñòàâëÿåì
â êà÷åñòâå óïðàæíåíèÿ.

Çàäà÷à 17. Ïîêàçàòü, ÷òî åñëè δ äîñòàòî÷íî ìàëî, òî
τj+δ∫
τj−δ

ξτ, τj(t) dt >

τj+δ∫
τj−δ

z(t) dt,
τj+δ∫
τj−δ

ξτj ,σ(t) dt <
τj+δ∫
τj−δ

z(t) dt è ÷òî íàéäóòñÿ òàêèå τ < τj < σ,

÷òî
τj+δ∫
τj−δ

ξτ,σ(t) dt =
τj+δ∫
τj−δ

z(t) dt.

Çàìå÷àíèå.Äëÿ ïîñòðîåííîé ôóíêöèè yδ, ïîìèìî óòâåðæäåíèÿ ëåì-
ìû, âûïîëíåíî ‖ẏδ‖C ≤ ‖ẋ‖C .

15 Íåîáõîäèìûå óñëîâèÿ ñèëüíîãî ìèíèìó-

ìà

Ïóñòü L : [t0, t1]× R× R→ R, L, Lx, Lẋ íåïðåðûâíû.

Îïðåäåëåíèå. Ôóíêöèÿ Âåéåðøòðàññà E : [t0, t1] × R3 → R îïðåäåëÿ-
åòñÿ ïî ôîðìóëå

E(t, x, u, v) = L(t, x, v)− L(t, x, u)− Lẋ(t, x, u)(v − u).
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Òåîðåìà 16. Ïóñòü x̂ ∈ PC1[t0, t1] � òî÷êà ñèëüíîãî ìèíèìóìà â çà-
äà÷å (65). Òîãäà ôóíêöèÿ t 7→ Lẋ(t, x̂(t), ˙̂x(t)) íåïðåðûâíà íà îòðåçêå
[t0, t1]; åñëè ˙̂x íåïðåðûâíà â òî÷êå t, òî E(t, x̂(t), ˙̂x(t), v) ≥ 0 äëÿ ëþáîãî
v ∈ R.

Äîêàçàòåëüñòâî. Ñíà÷àëà çàìåòèì, ÷òî íà èíòåðâàëàõ íåïðåðûâíîñòè
ôóíêöèè ˙̂x 1) ôóíêöèÿ t 7→ Lẋ(t, x̂(t), ˙̂x(t)) àáñîëþòíî íåïðåðûâíà, 2)
âûïîëíåíî óðàâíåíèå Ýéëåðà�Ëàãðàíæà.

Òàêæå îòìåòèì, ÷òî íåðàâåíñòâî E(t, x̂(t), ˙̂x(t), v) ≥ 0 äîñòàòî÷íî
ïðîâåðèòü äëÿ t ∈ (t0, t1).

Èòàê, ïóñòü τ ∈ (t0, t1). Âûáåðåì σ ∈ (τ, t1] òàê, ÷òîáû ôóíêöèÿ ˙̂x
áûëà íåïðåðûâíà íà (τ, σ]. Òàêæå çàôèêñèðóåì w ∈ R.

Äëÿ ìàëûõ λ > 0 ïîëîæèì

ξλ(t) =


w, t ∈ (τ − λ, τ),
− λw
σ−τ , t ∈ (τ, σ),

0, èíà÷å,

hλ(t) =
t∫
t0

ξλ(s) ds. Òîãäà hλ|[t0, τ−λ]∪[σ, t1] = 0, ‖hλ‖C →
λ→+0

0. Çíà÷èò, ïðè

ìàëûõ λ > 0 âûïîëíåíî L(x̂+ hλ)− L(x̂) ≥ 0. Ïîýòîìó

lim
λ→+0

L(x̂+ hλ)− L(x̂)

λ
≥ 0. (66)

Âû÷èñëèì ýòîò ïðåäåë:

lim
λ→+0

L(x̂+ hλ)− L(x̂)

λ
= lim

λ→+0

1

λ

τ∫
τ−λ

[L(t, x̂(t)+hλ(t), ˙̂x(t)+w)−L(t, x̂(t), ˙̂x(t))] dt+

+ lim
λ→+0

1

λ

σ∫
τ

[L(t, x̂(t) + hλ(t), ˙̂x(t) + ḣλ(t))− L(t, x̂(t), ˙̂x(t))] dt.

Ïåðâûé ïðåäåë ðàâåí L(τ, x̂(τ), ˙̂x(τ − 0) + w) − L(τ, x̂(τ), ˙̂x(τ − 0))
(äîêàçûâàåòñÿ òàê æå, êàê â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ).

Âû÷èñëèì âòîðîé ïðåäåë. Ñíà÷àëà çàìåòèì, ÷òî d
dλ
hλ(t)

∣∣
λ=0

= w(σ−t)
σ−τ =:

z(t), d
dλ
ḣλ(t)

∣∣∣
λ=0

= − w
σ−τ = ż(t). Ïðèìåíÿÿ òåîðåìó Ëàãðàíæà è òåîðåìó

64



Ëåáåãà î ìàæîðèðóåìîé ñõîäèìîñòè, ïîëó÷àåì, ÷òî âòîðîé ïðåäåë ðàâåí

σ∫
τ

(Lx(t, x̂(t), ˙̂x(t))z(t) + Lẋ(t, x̂(t), ˙̂x(t))ż(t)) dt.

Òåïåðü ïðèìåíèì óðàâíåíèå Ýéëåðà�Ëàãðàíæà (íà (τ, σ) îíî âûïîëíåíî,
òàê êàê ˙̂x íåïðåðûâíà íà ýòîì èíòåðâàëå), çàòåì ôîðìóëó Íüþòîíà�
Ëåéáíèöà, ó÷ò¼ì, ÷òî z(σ) = 0, z(τ) = w, è ïîëó÷èì

σ∫
τ

(
d

dt
Lẋ(t, x̂(t), ˙̂x(t))z(t) + Lẋ(t, x̂(t), ˙̂x(t))ż(t)

)
dt =

= (Lẋ(t, x̂(t), ˙̂x(t))z(t))|στ+0 = −Lẋ(τ, x̂(τ), ˙̂x(τ + 0))w.

Òàêèì îáðàçîì, èç (66) ñëåäóåò íåðàâåíñòâî

f(w) := L(τ, x̂(τ), ˙̂x(τ − 0) + w)− L(τ, x̂(τ), ˙̂x(τ − 0))− Lẋ(τ, x̂(τ), ˙̂x(τ + 0))w ≥ 0, w ∈ R.
(67)

Òîãäà f ′(0) = 0, òî åñòü

Lẋ(τ, x̂(τ), ˙̂x(τ − 0))− Lẋ(τ, x̂(τ), ˙̂x(τ + 0)) = 0;

ýòî è îçíà÷àåò íåïðåðûâíîñòü ôóíêöèè t 7→ Lẋ(t, x̂(t), ˙̂x(t)) â òî÷êå τ .
Íàêîíåö, èç (67) ñëåäóåò íåðàâåíñòâî E(τ, x̂(τ), ˙̂x(τ), v) ≥ 0, v ∈ R, åñëè
˙̂x íåïðåðûâíà â òî÷êå τ .

Çàäà÷à 18. Ñäåëàâ çàìåíó ẋ = u, âûâåñòè ýòó òåîðåìó èç ïðèíöèïà
ìàêñèìóìà Ïîíòðÿãèíà.

Îïðåäåëåíèå. Ïóñòü x̂ ∈ PC1[t0, t1] � äîïóñòèìàÿ ýêñòðåìàëü (òî
åñòü ðåøåíèå óðàâíåíèÿ Ýéëåðà�Ëàãðàíæà). Ñêàæåì, ÷òî âûïîëíåíî
óñëîâèå Âåéåðøòðàññà äëÿ x̂, åñëè E(t, x̂(t), ˙̂x(t), v) ≥ 0 äëÿ ëþáîãî t ∈
[t0, t1], v ∈ R.

Òàêèì îáðàçîì, óñëîâèå Âåéåðøòðàññà ÿâëÿåòñÿ íåîáõîäèìûì óñëî-
âèåì ñèëüíîãî ìèíèìóìà.

Ãåîìåòðè÷åñêèé ñìûñë óñëîâèÿ Âåéåðøòðàññà ñëåäóþùèé. Äëÿ êàæ-
äîãî t ∈ [t0, t1] ïîëîæèì ft(v) = L(t, x̂(t), v). Íåðàâåíñòâî E(t, x̂(t), ˙̂x(t), v) ≥
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0 ýêâèâàëåíòíî ñîîòíîøåíèþ ft(v) ≥ ft( ˙̂x(t))+(ft)
′( ˙̂x(t))(v− ˙̂x(t)). Òî åñòü

óñëîâèÿ Âåéåðøòðàññà îçíà÷àåò, ÷òî äëÿ ëþáîãî t ∈ [t0, t1] ãðàôèê ôóíê-
öèè ft ëåæèò íå íèæå êàñàòåëüíîé, ïðîâåäåííîé â òî÷êå ˙̂x(t).

Çàäà÷à 19. Ïîêàçàòü, ÷òî åñëè L ÿâíî íå çàâèñèò îò x (ò.å. L =
L(t, ẋ(t))), òî óñëîâèå Âåéåðøòðàññà áóäåò äîñòàòî÷íûì óñëîâèåì ãëî-
áàëüíîãî ìèíèìóìà.

16 Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñëà-

áîãî ìèíèìóìà â òåðìèíàõ êâàäðàòè÷íûõ

ôîðì

Äàëåå áóäåì äîïîëíèòåëüíî ïðåäïîëàãàòü, ÷òî ñóùåñòâóþò âòîðûå ÷àñò-
íûå ïðîèçâîäíûå Lẋẋ, Lẋx, Lxx, ïðè ýòîì îòîáðàæåíèÿ (t, ξ, η) 7→ Lẋẋ(t, ξ, η),
(t, ξ, η) 7→ Lẋx(t, ξ, η), (t, ξ, η) 7→ Lxx(t, ξ, η) íåïðåðûâíû.

Ïóñòü x̂� äîïóñòèìàÿ ýêñòðåìàëü. Áóäåì îáîçíà÷àòü L̂x(t) = Lx(t, x̂(t), ˙̂x(t)),
L̂ẋ(t) = Lẋ(t, x̂(t), ˙̂x(t)), L̂xx(t) = Lxx(t, x̂(t), ˙̂x(t)), L̂ẋx(t) = Lẋx(t, x̂(t), ˙̂x(t)),
L̂ẋẋ(t) = Lẋẋ(t, x̂(t), ˙̂x(t)).

Ïóñòü h ∈ C1[t0, t1], h(0) = h(1) = 0. Ïðèìåíÿÿ ôîðìóëó Òåéëîðà,
ïîëó÷àåì, ÷òî äëÿ êàæäîãî λ ∈ R, t ∈ [t0, t1] ñóùåñòâóåò θλ,t ∈ [0, 1]
òàêîå, ÷òî

L(x̂+ λh)− L(x̂) = λ

t1∫
t0

(L̂ẋ(t)ḣ(t) + L̂x(t)h(t)) dt+

+
λ2

2

t1∫
t0

Lẋẋ(t, x̂(t) + λθλ,th(t), ˙̂x(t) + λθλ,tḣ(t))ḣ2(t) dt+

+
λ2

2

t1∫
t0

2Lẋx(t, x̂(t) + λθλ,th(t), ˙̂x(t) + λθλ,tḣ(t))ḣ(t)h(t) dt+

+
λ2

2

t1∫
t0

Lxx(t, x̂(t) + λθλ,th(t), ˙̂x(t) + λθλ,tḣ(t))h2(t) dt.
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Òàê êàê x̂ � äîïóñòèìàÿ ýêñòðåìàëü, òî
t1∫
t0

(L̂ẋ(t)ḣ(t) + L̂x(t)h(t)) dt =

0. Äàëåå, îòîáðàæåíèÿ (t, ξ, η) 7→ Lẋẋ(t, ξ, η), (t, ξ, η) 7→ Lẋx(t, ξ, η),
(t, ξ, η) 7→ Lxx(t, ξ, η) ðàâíîìåðíî íåïðåðûâíû íà êîìïàêòàõ, ïîýòîìó
äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî ïðè |λ| < δ äëÿ ëþáîãî
t ∈ [t0, t1], h ∈ C1[t0, t1], ‖h‖C1 ≤ 1, âûïîëíåíû íåðàâåíñòâà

|Lẋẋ(t, x̂(t) + λθλ,th(t), ˙̂x(t) + λθλ,tḣ(t))− L̂ẋẋ(t)| < ε,

|Lẋx(t, x̂(t) + λθλ,th(t), ˙̂x(t) + λθλ,tḣ(t))− L̂ẋx(t)| < ε,

|Lxx(t, x̂(t) + λθλ,th(t), ˙̂x(t) + λθλ,tḣ(t))− L̂xx(t)| < ε.

(68)

Ïðåäëîæåíèå 22. Ïóñòü x̂ � òî÷êà ñëàáîãî ìèíèìóìà. Òîãäà äëÿ ëþ-
áîãî h ∈ C1[t0, t1] òàêîãî, ÷òî h(t0) = h(t1) = 0, âûïîëíåíî

t1∫
t0

(L̂ẋẋ(t)ḣ
2(t) + 2L̂ẋx(t)ḣ(t)h(t) + L̂xx(t)h

2(t)) dt ≥ 0. (69)

Äîêàçàòåëüñòâî. Ìîæíî ñ÷èòàòü, ÷òî ‖h‖C1 ≤ 1. Òàê êàê x̂ � òî÷-
êà ñëàáîãî ìèíèìóìà, îíà óäîâëåòâîðÿåò óðàâíåíèþ Ýéëåðà�Ëàãðàíæà.
Çíà÷èò, â ñèëó (68),

L(x̂+λh)−L(x̂) =
λ2

2

t1∫
t0

(L̂ẋẋ(t)ḣ
2(t)+2L̂ẋx(t)ḣ(t)h(t)+L̂xx(t)h

2(t)) dt+o(λ2)
λ→0

.

Ïðè ìàëûõ λ ëåâàÿ ÷àñòü íåîòðèöàòåëüíà; îòñþäà ñëåäóåò (69).

Òåïåðü äîêàæåì äîñòàòî÷íîå óñëîâèå ñëàáîãî ìèíèìóìà.

Ïðåäëîæåíèå 23. Ïóñòü x̂ � äîïóñòèìàÿ ýêñòðåìàëü. Ïðåäïîëîæèì,
÷òî ñóùåñòâóåò c > 0 òàêîå, ÷òî äëÿ ëþáîãî h ∈ C1[t0, t1] òàêîãî, ÷òî
h(t0) = h(t1) = 0, âûïîëíåíî

t1∫
t0

(L̂ẋẋ(t)ḣ
2(t) + 2L̂ẋx(t)ḣ(t)h(t) + L̂xx(t)h

2(t)) dt ≥ c

t1∫
t0

(ḣ2(t) + h2(t)) dt.

(70)

Òîãäà x̂ � òî÷êà ñëàáîãî ëîêàëüíîãî ìèíèìóìà.
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Äîêàçàòåëüñòâî. Äëÿ ε > 0 âûáåðåì δ > 0 òàê, ÷òîáû âûïîëíÿëîñü
(68). Òîãäà äëÿ ëþáîãî h ∈ C1[t0, t1] òàêîãî, ÷òî ‖h‖C1 ≤ 1, h(t0) =
h(t1) = 0, âûïîëíåíî

L(x̂+ λh)− L(x̂) ≥

≥ λ2

2

t1∫
t0

(L̂ẋẋ(t)ḣ
2(t)+2L̂ẋx(t)ḣ(t)h(t)+L̂xx(t)h

2(t)) dt−ελ
2

2

t1∫
t0

(ḣ2(t)+2|ḣ(t)h(t)|+h2(t)) dt
(70)

≥

≥ λ2

2

t1∫
t0

((c− ε)ḣ2(t)− 2ε|ḣ(t)| · |h(t)|+ (c− ε)h2(t)) dt.

Îñòàåòñÿ çàìåòèòü, ÷òî ïðè ìàëûõ ε > 0 êâàäðàòè÷íàÿ ôîðìà q(ξ, η) =
(c− ε)ξ2 − 2εξη + (c− ε)η2 ïîëîæèòåëüíî îïðåäåëåíà.

17 Óñëîâèå Ëåæàíäðà

Ïóñòü x̂ � äîïóñòèìàÿ ýêñòðåìàëü. Ñêàæåì, ÷òî âûïîëíåíî óñëîâèå Ëå-
æàíäðà, åñëè L̂ẋẋ(t) ≥ 0 äëÿ ëþáîãî t ∈ [t0, t1]; âûïîëíåíî óñèëåííîå
óñëîâèå Ëåæàíäðà, åñëè L̂ẋẋ(t) > 0 äëÿ ëþáîãî t ∈ [t0, t1].

Òåîðåìà 17. Ïóñòü x̂ � òî÷êà ñëàáîãî ìèíèìóìà. Òîãäà âûïîëíåíî
óñëîâèå Ëåæàíäðà.

Äîêàçàòåëüñòâî. Â ïðåäûäóùåì ïàðàãðàôå áûëî ïîêàçàíî, ÷òî äëÿ
ëþáîãî h ∈ C1[t0, t1] òàêîãî, ÷òî h(t0) = h(t1) = 0, âûïîëíåíî (69).

Ïóñòü óñëîâèå Ëåæàíäðà íå âûïîëíåíî, òî åñòü ñóùåñòâóåò òî÷êà τ ∈
[t0, t1] òàêàÿ, ÷òî L̂ẋẋ(τ) < 0. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü,
÷òî τ ∈ (t0, t1). Òîãäà ñóùåñòâóþò a > 0, M > 0 òàêèå, ÷òî â íåêîòîðîé
îêðåñòíîñòè òî÷êè τ âûïîëíåíî L̂ẋẋ(t) < −a, |L̂ẋx(t)| ≤M , |L̂xx(t)| ≤M .
Äëÿ ìàëûõ δ > 0 ïîëîæèì

hδ(t) =

{
δ − |t− τ |, t ∈ [τ − δ, τ + δ],
0, èíà÷å.

Òîãäà

t1∫
t0

(L̂ẋẋ(t)ḣ
2
δ(t)+2L̂ẋx(t)ḣδ(t)hδ(t)+L̂xx(t)h

2
δ(t)) dt =

τ+δ∫
τ−δ

(L̂ẋẋ(t)ḣ
2
δ(t)+2L̂ẋx(t)ḣδ(t)hδ(t)+L̂xx(t)h

2
δ(t)) dt ≤
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≤ −
τ+δ∫
τ−δ

a dt+2M

τ+δ∫
τ−δ

(δ−|t−τ |) dt+2M

τ+δ∫
τ−δ

(δ−|t−τ |)2 dt ≤ −2aδ+4Mδ2+4Mδ3 < 0,

åñëè δ > 0 äîñòàòî÷íî ìàëî.
Ïîñòðîåííàÿ ôóíêöèÿ hδ êóñî÷íî-ãëàäêàÿ. Îñòàëîñü ïðèìåíèòü ëåì-

ìó î ñêðóãëåíèè óãëîâ.

18 Óñëîâèå ßêîáè

Îáîçíà÷èì

J(h) =

t1∫
t0

(L̂ẋẋ(t)ḣ
2(t) + 2L̂ẋx(t)ḣ(t)h(t) + L̂xx(t)h

2(t)) dt.

Óðàâíåíèåì ßêîáè íàçûâàåòñÿ óðàâíåíèå Ýéëåðà�Ëàãðàíæà äëÿ J .
Îíî èìååò âèä:

− d

dt
(L̂ẋẋ(t)ḣ(t) + L̂ẋx(t)h(t)) + L̂ẋx(t)ḣ(t) + L̂xx(t)h(t) = 0. (71)

Ýòî ëèíåéíîå óðàâíåíèå. Ñäåëàåì çàìåíó w = L̂ẋẋ(t)ḣ(t) + L̂ẋx(t)h(t).
Òîãäà (71) çàïèñûâàåòñÿ â âèäå ñèñòåìû

ẇ = L̂ẋx(t)ḣ(t) + L̂xx(t)h(t), L̂ẋẋ(t)ḣ(t) = w − L̂ẋx(t)h(t).

Åñëè L̂ẋẋ(t) 6= 0 äëÿ ëþáîãî t ∈ [t0, t1], òî âòîðîå óðàâíåíèå ìîæíî ïîäå-
ëèòü íà L̂ẋẋ(t) è ïîëó÷èòü ñèñòåìó(

ḣ
ẇ

)
= C(t)

(
h
w

)
,

ãäå C(t) � ìàòðèöà ñ íåïðåðûâíûìè êîýôôèöèåíòàìè. Ó ýòîé ñèñòåìû
äâóìåðíîå ïðîñòðàíñòâî ðåøåíèé. Ïðè ýòîì ðåøåíèå îäíîçíà÷íî îïðå-
äåëÿåòñÿ ïî çíà÷åíèþ h(τ) è ḣ(τ) â íåêîòîðîé òî÷êå τ ∈ [t0, t1].

Îïðåäåëåíèå. Òî÷êà τ ∈ (t0, t1] íàçûâàåòñÿ ñîïðÿæåííîé ê t0, åñëè ñó-
ùåñòâóåò íåíóëåâîå ðåøåíèå óðàâíåíèÿ (71) òàêîå, ÷òî h(t0) = h(τ) =
0.
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Îïðåäåëåíèå. Ñêàæåì, ÷òî âûïîëíåíî óñëîâèå ßêîáè, åñëè íà (t0, t1)
íåò ñîïðÿæåííûõ ê t0 òî÷åê; âûïîëíåíî óñèëåííîå óñëîâèå ßêîáè, åñëè
íà (t0, t1] íåò ñîïðÿæåííûõ ê t0 òî÷åê.

Òåîðåìà 18. Ïóñòü x̂ � òî÷êà ñëàáîãî ìèíèìóìà, ïðè ýòîì âûïîëíåíî
óñèëåííîå óñëîâèå Ëåæàíäðà. Òîãäà âûïîëíåíî óñëîâèå ßêîáè.

Äîêàçàòåëüñòâî. Ïóñòü τ ∈ (t0, t1) � ñîïðÿæåííàÿ òî÷êà, h0 6= 0 �
ðåøåíèå óðàâíåíèÿ (71), h0(t0) = h0(τ) = 0. Ïîëîæèì h∗(t) = h0(t) ïðè
0 ≤ t ≤ τ , h∗(t) = 0 ïðè τ ≤ t ≤ t1.

Ïîêàæåì, ÷òî J(h∗) = 0. Òàê êàê h0 � ðåøåíèå óðàâíåíèÿ (71), òî

τ∫
t0

(
− d

dt
(L̂ẋẋ(t)ḣ∗(t) + L̂ẋx(t)h∗(t)) + L̂ẋx(t)ḣ∗(t) + L̂xx(t)h∗(t)

)
h∗(t) dt = 0.

Ïðîèíòåãðèðîâàâ ïî ÷àñòÿì è ó÷èòûâàÿ, ÷òî h∗(t0) = h∗(τ) = 0, ïîëó÷àåì

τ∫
t0

(L̂ẋẋ(t)ḣ
2
∗(t) + 2L̂ẋx(t)ḣ∗(t)h∗(t) + L̂xx(t)h

2
∗(t)) dt = 0.

Îòñþäà ñëåäóåò, ÷òî J(h∗) = 0.
Ïóñòü J(h) ≥ 0 äëÿ ëþáîãî h ∈ C1[t0, t1] òàêîãî, ÷òî h(t0) = h(t1) =

0. Ïî ëåììå î ñêðóãëåíèè óãëîâ, ýòî æå íåðàâåíñòâî âûïîëíåíî è äëÿ
êóñî÷íî-ãëàäêèõ h, ðàâíûõ íóëþ â êîíöàõ îòðåçêà.

Òàêèì îáðàçîì, h∗ � òî÷êà ñèëüíîãî ìèíèìóìà J . Òîãäà ôóíêöèÿ t 7→
L̂ẋẋ(t)ḣ∗(t)+L̂ẋx(t)h∗(t) íåïðåðûâíà. Â ÷àñòíîñòè, L̂ẋẋ(τ)ḣ∗(τ−0) = 0. Òàê
êàê L̂ẋẋ(τ) > 0, ïîëó÷àåì ḣ0(τ) = 0. Íî òîãäà ïî òåîðåìå åäèíñòâåííîñòè
h0 = 0. Ïðîòèâîðå÷èå.

Çàäà÷à 20. Ïîêàçàòü, ÷òî ñóùåñòâóåò òàêàÿ ïðîñòåéøàÿ çàäà÷à âàðè-
àöèîííîãî èñ÷èñëåíèÿ, äëÿ êîòîðîé 0 ÿâëÿåòñÿ òî÷êîé ãëîáàëüíîãî ìè-
íèìóìà, ïðè ýòîì óñèëåííîå óñëîâèå Ëåæàíäðà íå âûïîëíåíî è óñëîâèå
ßêîáè íå âûïîëíåíî.

19 Äîñòàòî÷íûå óñëîâèÿ ñëàáîãî ìèíèìóìà

Ìû äîêàæåì ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 19. Ïóñòü x̂ � äîïóñòèìàÿ ýêñòðåìàëü â çàäà÷å (65). Ïðåäïî-
ëîæèì, ÷òî âûïîëíåíû óñèëåííîå óñëîâèå Ëåæàíäðà è óñèëåííîå óñëî-
âèå ßêîáè. Òîãäà x̂ � òî÷êà ñëàáîãî ìèíèìóìà.

Îáîçíà÷èì A(t) = L̂ẋẋ(t), B(t) = L̂ẋx(t), C(t) = L̂xx(t).
Â ñèëó ïðåäëîæåíèÿ 23, äîñòàòî÷íî ïîêàçàòü, ÷òî ñóùåñòâóåò c > 0

òàêîå, ÷òî

J(h) :=

t1∫
t0

(A(t)ḣ2(t) + 2B(t)ḣ(t)h(t) + C(t)h2(t)) dt ≥ c

t1∫
t0

(ḣ2(t) + h2(t)) dt.

(72)

Ñíà÷àëà äîêàæåì, ÷òî ëåâàÿ ÷àñòü íåîòðèöàòåëüíà, à ïîòîì äîêàæåì
(72). Áóäåì èñïîëüçîâàòü ñëåäóþùèé ïðèåì. Ïóñòü ω ∈ C1[t0, t1]. Òîãäà

t1∫
t0

d

dt
(ω(t)h2(t)) dt = ωh2|t1t0 = 0.

Çíà÷èò,

J(h) =

t1∫
t0

(A(t)ḣ2(t)+2B(t)ḣ(t)h(t)+C(t)h2(t)−ω̇(t)h2(t)−2ω(t)ḣ(t)h(t)) dt.

Ïîïðîáóåì ïîäîáðàòü ôóíêöèþ ω òàê, ÷òîáû ïîä èíòåãðàëîì ïîëó÷èëîñü

âûðàæåíèå A(t)
(
ḣ(t) + B(t)−ω(t)

A(t)
h(t)

)2

. Òîãäà

J(h) =

t1∫
t0

A(t)

(
ḣ(t) +

B(t)− ω(t)

A(t)
h(t)

)2

dt ≥ 0.

Ïðèðàâíÿâ êîýôôèöèåíòû ïðè h2, ïîëó÷àåì, ÷òî ω óäîâëåòâîðÿåò
äèôôåðåíöèàëüíîìó óðàâíåíèþ

C(t)− ω̇(t) =
(B(t)− ω(t))2

A(t)
. (73)

Åñëè åãî ãëàäêîå ðåøåíèå ñóùåñòâóåò íà [t0, t1], òî ïðîâåäåííûå âûøå
ðàññóæäåíèÿ êîððåêòíû è J(h) ≥ 0.

Êàê ïîñòðîèòü ðåøåíèå (73)?
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Ëåììà. Ïóñòü h0 � ðåøåíèå óðàâíåíèÿ ßêîáè

− d

dt
(A(t)ḣ(t) +B(t)h(t)) +B(t)ḣ(t) + C(t)h(t) = 0 (74)

òàêîå, ÷òî h0(t) > 0 äëÿ ëþáîãî t ∈ [t0, t1]. Ïóñòü ω óäîâëåòâîðÿåò
ðàâåíñòâó

ḣ0(t) +
B(t)− ω(t)

A(t)
h0(t) = 0. (75)

Òîãäà ω ∈ C1[t0, t1] è âûïîëíåíî (73).

(Ïî÷åìó ω èùåòñÿ èìåííî â òàêîì âèäå? Âñïîìíèì, ÷òî åñëè h �
ðåøåíèå óðàâíåíèÿ ßêîáè, h(t0) = h(t1) = 0, òî J(h) = 0; åñëè ïðè ýòîì

J(h) =
t1∫
t0

A(t)
(
ḣ(t) + B(t)−ω(t)

A(t)
h(t)

)2

dt, òî ḣ(t) + B(t)−ω(t)
A(t)

h(t) = 0.)

Äîêàæåì ëåììó.

Äîêàçàòåëüñòâî. Èç (75) ïîëó÷àåì:

A(t)ḣ0(t) +B(t)h0(t) = ω(t)h0(t). (76)

Â ñèëó (74), ëåâàÿ ÷àñòü íåïðåðûâíî äèôôåðåíöèðóåìà; çíà÷èò, ωh0

íåïðåðûâíî äèôôåðåíöèðóåìà. Òàê êàê h0(t) > 0 íà [t0, t1] è h ∈ C1[t0, t1],
òî ω ∈ C1[t0, t1]. Ïðîäèôôåðåíöèðóåì (76) ïî t:

d

dt
(A(t)ḣ0(t) +B(t)h0(t)) = ω̇(t)h0(t) + ω(t)ḣ0(t).

Îòñþäà è èç (74) ïîëó÷àåì, ÷òîB(t)ḣ0(t)+C(t)h0(t) = ω̇(t)h0(t)+ω(t)ḣ0(t),
èëè

C(t)− ω̇(t) = (ω(t)−B(t))
ḣ0(t)

h0(t)

(75)
=

(ω(t)−B(t))2

A(t)
;

ýòî è åñòü óðàâíåíèå (73).

Ëåììà. Åñëè âûïîëíåíû óñèëåííîå óñëîâèå Ëåæàíäðà è óñèëåííîå óñëî-
âèå ßêîáè, òî ñóùåñòâóåò ðåøåíèå (74), ïîëîæèòåëüíîå íà îòðåçêå
[t0, t1].
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Äîêàçàòåëüñòâî. Ïóñòü h∗ � ðåøåíèå (74), h∗(t0) = 0, ḣ∗(t0) = 1. Â
ñèëó óñèëåííîãî óñëîâèÿ ßêîáè, h∗(t) > 0 äëÿ ëþáîãî t ∈ (t0, t1]. Äàëåå,
ïóñòü h∗∗ � ðåøåíèå (74), h∗∗(t0) = 1, ḣ∗∗(t0) = 0. Òîãäà ñóùåñòâóþò δ > 0
è M > 0 òàêèå, ÷òî h∗∗(t) ≥ 1

2
ïðè t ∈ [t0, t0 + δ], |h∗∗(t)| ≤ M ïðè t ∈

[t0, t1]. Ïóñòü a = mint∈[t0+δ, t1] h∗(t). Òîãäà a > 0. Ïîëîæèì h0 = h∗+εh∗∗,
ãäå ε > 0 � äîñòàòî÷íî ìàëîå ÷èñëî. Òîãäà h0(t) ≥ ε

2
ïðè t ∈ [t0, t0 + δ],

h0(t) ≥ a− εM > 0 ïðè t ∈ [t0 + δ, t1].

Òåïåðü äîêàæåì (72). Íàì íóæíî ïðîâåðèòü, ÷òî åñëè c > 0 äîñòà-
òî÷íî ìàëî, òî

t1∫
t0

((A(t)− c)ḣ2(t) + 2B(t)ḣ(t)h(t) + (C(t)− c)h2(t)) dt ≥ 0. (77)

Çàìåòèì, ÷òî ïðè ìàëûõ c âûïîëíåíî A(t) − c > 0 ïðè t ∈ [t0, t1]. Â
ñèëó äîêàçàííîãî, äîñòàòî÷íî ïðîâåðèòü, ÷òî óðàâíåíèå

− d

dt
((A(t)− c)ḣ(t) +B(t)h(t)) +B(t)ḣ(t) + (C(t)− c)h(t) = 0 (78)

èìååò ðåøåíèå hc, ñòðîãî ïîëîæèòåëüíîå íà [t0, t1].
Ñâåäåì (74) ê ñèñòåìå óðàâíåíèé. Ïîëîæèâ z(t) = A(t)ḣ(t)+B(t)h(t),

ïîëó÷èì ḣ(t) = −B(t)
A(t)

h(t) + 1
A(t)

z(t), ż(t)
(74)
= B(t)ḣ(t) + C(t)h(t). Çíà÷èò,

(h, z) � ðåøåíèå ñèñòåìû

ḣ(t) = −B(t)

A(t)
h(t) +

1

A(t)
z(t), ż(t) =

(C(t)A(t)−B2(t))

A(t)
h(t) +

B(t)

A(t)
z(t).

(79)

Àíàëîãè÷íî (78) ñâîäèòñÿ ê ñèñòåìå

ḣ(t) = − B(t)

A(t)− c
h(t) +

1

A(t)− c
z(t),

ż(t) = ((C(t)−c)(A(t)−c)−B2(t))
A(t)−c h(t) + B(t)

A(t)−cz(t).
(80)

Ëåãêî âèäåòü, ÷òî êîýôôèöèåíòû ìàòðèöû â (80) ðàâíîìåðíî ñõîäÿòñÿ
ê êîýôôèöèåíòàì ìàòðèöû â (79) ïðè c→ 0.

Ïóñòü h0 � ðåøåíèå (74), z0(t) = A(t)ḣ0(t)+B(t)h0(t), (hc, zc) � ðåøå-
íèå (80), hc(t0) = h0(t0), zc(t0) = z0(t0). Ïîêàæåì, ÷òî ‖hc−h0‖C[t0, t1] →

c→0
0.

Äëÿ ýòîãî äîêàæåì ñëåäóþùåå óòâåðæäåíèå.
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Ëåììà. Ïóñòü Mε(t) � ìàòðèöà n × n ñ íåïðåðûâíûìè êîýôôèöèåí-
òàìè, t ∈ [t0, t1], ε ≥ 0, ‖Mε − M0‖C → 0

ε→0
. Ïóñòü ẋε(t) = Mε(t)xε(t),

xε(t0) = x0(t0). Òîãäà ‖xε − x0‖C → 0
ε→0

.

Äîêàçàòåëüñòâî. Åñëè x0(t0) = xε(t0) = 0, òî ïî òåîðåìå åäèíñòâåííî-
ñòè x0 = 0, xε = 0. Ïîýòîìó äàëåå ñ÷èòàåì, ÷òî x0(t0) 6= 0.

Ïîëîæèì yε = xε − x0. Òîãäà

ẏε(t) = M0(t)yε + (Mε(t)−M0(t))xε(t), yε(t0) = 0.

Ïîêàæåì, ÷òî ‖yε‖C →
ε→0

0.

Ñíà÷àëà ïîêàæåì, ÷òî ‖xε‖C îãðàíè÷åíà ïðè ìàëûõ ε > 0. Ïóñòü

w(t) = |xε(t)|2. (81)

Óìíîæèì ñêàëÿðíî îáå ÷àñòè óðàâíåíèÿ ẋε(t) = Mε(t)xε(t) íà xε(t) è ïî-

ëó÷èì ẇ(t)
2

= 〈Mε(t)xε(t), xε(t)〉. Ïóñòü Aε = supt∈[t0, t1] ‖Mε(t)‖. Ïðèìåíÿÿ
íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî, ïîëó÷àåì ïðè ìàëûõ ε > 0

ẇ(t)

2
≤ |Mε(t)xε| · |xε(t)| ≤ (A0 + 1)w(t).

Òàê êàê xε(t0) 6= 0, òî äëÿ ëþáîãî t ∈ [t0, t1] âûïîëíåíî w(t) > 0. Çíà÷èò,
ẇ(t)
w(t)
≤ 2(A0 + 1), îòêóäà lnw(t)− lnw(t0) ≤ 2(A0 + 1)(t− t0). Çíà÷èò,

w(t) ≤ w(t0) · e2(A0+1)(t−t0) ≤ w(t0) · e2(A0+1)(t1−t0).

Â ñèëó (81), ïîëó÷àåì îãðàíè÷åííîñòü ‖xε‖C ïðè ìàëûõ ε > 0.
Èòàê, ìû ïîëó÷èëè:

ẏε(t) = M0(t)yε + fε(t), yε(0) = 0,

ãäå ‖fε‖C →
ε→0

0. Íàì íóæíî ïîêàçàòü, ÷òî ‖yε‖C →
ε→0

0.

Ïóñòü X = {y ∈ C1([t0, t1], Rn) : y(t0) = 0}. Òîãäà X áàíàõîâî
(ïîñêîëüêó ýòî çàìêíóòîå ïîäïðîñòðàíñòâî â áàíàõîâîì ïðîñòðàíñòâå
C1([t0, t1], Rn)). Ðàññìîòðèì îïåðàòîð T : X → C([t0, t1], Rn), Ty(t) =
ẏ(t)−M0(t)y(t). Òîãäà T � ëèíåéíûé íåïðåðûâíûé îïåðàòîð. Ïî òåîðåìå
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ, T áèåêòèâåí. Ïî òåîðåìå Áàíàõà îá îáðàòíîì îïåðàòîðå, T−1 íåïðå-
ðûâåí. Îòñþäà ñëåäóåò, ÷òî ‖yε‖C →

ε→0
0.
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Èòàê, ìû ïîëó÷èëè, ÷òî ‖hc−h0‖C[t0, t1] →
c→0

0. Çíà÷èò, ïðè ìàëûõ c > 0

ôóíêöèÿ hc áóäåò ïîëîæèòåëüíîé íà [t0, t1], à ýòî è äîêàçûâàåò òåîðåìó.

Çàäà÷à 21. Ðàññìîòðèì çàäà÷ó
π∫
0

(ẋ2−x2−x4) dt→ inf, x(0) = x(π) =

0. Ïîêàçàòü, ÷òî äëÿ x̂ = 0 âûïîëíåíî óñèëåííîå óñëîâèå Ëåæàíäðà,
óñëîâèå ßêîáè, ïðè ýòîì x̂ íå ÿâëÿåòñÿ òî÷êîé ñëàáîãî ìèíèìóìà.

Çàäà÷à 22. Ðàññìîòðèì çàäà÷ó
3/2∫
0

(ẋ3+2x) dt→ inf, x(0) = 0, x(3/2) =

1. Äîêàçàòü, ÷òî âûïîëíåíî (íåóñèëåííîå) óñëîâèå Ëåæàíäðà, óñèëåííîå
óñëîâèå ßêîáè, íî äîïóñòèìàÿ ýêñòðåìàëü � íå òî÷êà ñëàáîãî ìèíè-
ìóìà. (Óêàçàíèå. Âçÿòü ïðèðàùåíèÿ hε òàêèå, ÷òîáû ḣε(t) = −ε ïðè
0 ≤ t ≤ δε, ḣε(t) = cε ïðè δε ≤ t ≤ 3/2, ÷èñëà cε è δε ïîäîáðàòü. Çàòåì
âîñïîëüçîâàòüñÿ ëåììîé î ñêðóãëåíèè óãëîâ.)

20 Ïîëå ýêñòðåìàëåé è ôóíêöèÿ äåéñòâèÿ

Ïóñòü L : [t0 − δ, t1 + δ] × R × R → R � íåïðåðûâíàÿ ôóíêöèÿ, Lx è Lẋ
òàêæå íåïðåðûâíû. Êàê è ðàíüøå, ðàññìàòðèâàåì çàäà÷ó

t1∫
t0

L(t, x(t), ẋ(t)) dt→ inf, x(t0) = x(0), x(t1) = x(1), x ∈ C1[t0, t1].

(82)

Îïðåäåëåíèå. Ïóñòü x̂ � äîïóñòèìàÿ ýêñòðåìàëü äëÿ çàäà÷è (82).
Ñêàæåì, ÷òî x̂ ïîãðóæåíà â ïîëå ýêñòðåìàëåé, åñëè ñóùåñòâóþò îêðåñò-
íîñòü V ãðàôèêà x̂ è α0 ∈ R, ε > 0 ñî ñëåäóþùèìè ñâîéñòâàìè:

1. Äëÿ êàæäîãî α ∈ (α0−ε, α0+ε) çàäàíû èíòåðâàë Iα ⊂ (t0−δ, t1+δ)
è ýêñòðåìàëü x(·, α) : Iα → R, ò.å. ðåøåíèå óðàâíåíèÿ Ýéëåðà�
Ëàãðàíæà

− d

dt
Lẋ + Lx = 0; (83)

2. x(·, α0) = x̂(·);

3. îòîáðàæåíèå (t, α) 7→ x(t, α) ãëàäêîå;
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4. ãðàôèê x(·, α) ëåæèò â V ;

5. äëÿ ëþáîãî (τ, ξ) ∈ V ñóùåñòâóåò åäèíñòâåííîå α(τ, ξ) ∈ (α0 −
ε, α0 + ε) òàêîå, ÷òî x(τ, α(τ, ξ)) = ξ;

6. îòîáðàæåíèå (τ, ξ) 7→ α(τ, ξ) ãëàäêîå.

Åñëè t0−δ ∈ Iα äëÿ ëþáîãî α ∈ (α0−ε, α0+ε) è âñå ýêñòðåìàëè x(·, α)
ïðîäîëæàþòñÿ ïî ãëàäêîñòè â òî÷êó t0−δ, ïðè ýòîì x(t0−δ, α) = x∗ äëÿ
ëþáîãî α, òî ïîëå íàçûâàåòñÿ öåíòðàëüíûì.

Îïðåäåëèì ôóíêöèþ íàêëîíà ïîëÿ u : V → R. Ïóñòü (τ, ξ) ∈ V .
Ïîëîæèì u(τ, ξ) = d

dt

∣∣
t=τ

x(t, α(τ, ξ)).
Ïðèìåð. Ïóñòü 0 < δ < π/2, t0 = δ, t1 = π − δ. Ðàññìîòðèì çàäà÷ó

π−δ∫
δ

(ẋ2 − x2) dt→ inf, x(δ) = x(π − δ) = 0.

Òîãäà ñåìåéñòâî ýêñòðåìàëåé x(t, α) = α sin t, 0 < t < π, α ∈ R, îáðàçó-
þò ïîëå ýêñòðåìàëåé, ñîäåðæàùåå x̂ = 0. Ôóíêöèÿ íàêëîíà ïîëÿ îïðå-
äåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü α(τ, ξ) sin τ = ξ. Òîãäà u(τ, ξ) =
α(τ, ξ) cos t|t=τ = ξ ctg τ .

Ïóñòü {x(·, α)}α∈Oε(α0) � öåíòðàëüíîå ïîëå ýêñòðåìàëåé, x(t∗, α) = x∗.
Îïðåäåëèì ôóíêöèþ äåéñòâèÿ ðàâåíñòâîì

S(τ, ξ) =

τ∫
t∗

L(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ))) dt, (τ, ξ) ∈ V.

Âû÷èñëèì S ′τ è S
′
ξ. Äëÿ ýòîãî ñíà÷àëà îïðåäåëèì ôóíêöèè p(τ, ξ) è

H(τ, ξ) ðàâåíñòâàìè

p(τ, ξ) = Lẋ(τ, ξ, u(τ, ξ)), H(τ, ξ) = u(τ, ξ)Lẋ(τ, ξ, u(τ, ξ))− L(τ, ξ, u(τ, ξ))
(84)

(äëÿ çàïîìèíàíèÿ ôîðìóë: ïèøåì p = Lẋ, H = ẋLẋ − L, çàòåì ïîäñòàâ-
ëÿåì t = τ , x = ξ, ẋ = u(τ, ξ)).

Ïðåäëîæåíèå 24. Âûïîëíåíû ðàâåíñòâà S ′τ (τ, ξ) = −H(τ, ξ), S ′ξ(τ, ξ) =
p(τ, ξ).
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Äîêàçàòåëüñòâî. Ïðîäèôôåðåíöèðîâàâ ðàâåíñòâà x(t∗, α(τ, ξ)) = x∗,
x(τ, α(τ, ξ)) = ξ ïî τ è ïî ξ, ïîëó÷èì

∂
∂τ

∣∣
t=t∗

x(t, α(τ, ξ)) = 0, ∂
∂τ

∣∣
t=τ

x(t, α(τ, ξ)) = −u(τ, ξ),
∂
∂ξ

∣∣∣
t=t∗

x(t, α(τ, ξ)) = 0, ∂
∂ξ

∣∣∣
t=τ

x(t, α(τ, ξ)) = 1.
(85)

Äàëåå,
S ′τ (τ, ξ) = L(τ, x(τ, α(τ, ξ)), ẋ(τ, α(τ, ξ)))+

+

τ∫
t∗

(
Lẋ(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))

∂

∂τ
ẋ(t, α(τ, ξ))+

+Lx(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))
∂

∂τ
x(t, α(τ, ξ))

)
dt

(83)
=

= L(τ, ξ, u(τ, ξ))+

τ∫
t∗

(
Lẋ(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))

∂

∂t

∂

∂τ
x(t, α(τ, ξ))+

+
d

dt
Lẋ(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))

∂

∂τ
x(t, α(τ, ξ))

)
dt =

= L(τ, ξ, u(τ, ξ)) + Lẋ(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))
∂

∂τ
x(t, α(τ, ξ))

∣∣∣∣τ
t∗

(85)
=

= L(τ, ξ, u(τ, ξ))− Lẋ(τ, ξ, u(τ, ξ))u(τ, ξ) = −H(τ, ξ),

S ′ξ(τ, ξ) =

τ∫
t∗

(
Lẋ(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))

∂

∂ξ
ẋ(t, α(τ, ξ))+

+Lx(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))
∂

∂ξ
x(t, α(τ, ξ))

)
dt

(83)
=

=

τ∫
t∗

(
Lẋ(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))

∂

∂ξ
ẋ(t, α(τ, ξ))+

+
d

dt
Lẋ(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))

∂

∂ξ
x(t, α(τ, ξ))

)
dt =

= Lẋ(t, x(t, α(τ, ξ)), ẋ(t, α(τ, ξ)))
∂

∂ξ
x(t, α(τ, ξ))

∣∣∣∣τ
t∗

(85)
=
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= Lẋ(τ, ξ, u(τ, ξ)) = p(τ, ξ).

Ðàâåíñòâî äîêàçàíî.

Òàêèì îáðàçîì,

dS(τ, ξ) = p(τ, ξ) dξ −H(τ, ξ) dτ. (86)

21 Ôîðìóëà Âåéåðøòðàññà è äîñòàòî÷íîå óñëî-

âèå ñèëüíîãî ýêñòðåìóìà

Íàïîìíèì, ÷òî ôóíêöèÿ Âåéåðøòðàññà çàäàåòñÿ ôîðìóëîé

E(t, x, u, v) = L(t, x, v)− L(t, x, u)− Lu(t, x, u)(v − u).

Òåîðåìà 20. Ïóñòü x̂ � äîïóñòèìàÿ ýêñòðåìàëü äëÿ çàäà÷è (82), îêðó-
æåííàÿ öåíòðàëüíûì ïîëåì ýêñòðåìàëåé, x ∈ C1[t0, t1] � äîïóñòèìàÿ
ôóíêöèÿ, è ïóñòü ãðàôèê x ëåæèò âî ìíîæåñòâå V èç îïðåäåëåíèÿ 20.
Òîãäà

t1∫
t0

L(t, x(t), ẋ(t)) dt−
t1∫
t0

L(t, x̂(t), ˙̂x(t)) dt =

t1∫
t0

E(t, x(t), u(t, x(t)), ẋ(t)) dt.

(87)

Äîêàçàòåëüñòâî. Ïóñòü γ(t) = (t, x(t)), γ̂(t) = (t, x̂(t)), t ∈ [t0, t1]. Òî-
ãäà

∫
γ

dS =
∫̂
γ

dS; â ñèëó (86),
∫
γ

(p dx−H dt) =
∫̂
γ

(p dx−H dt). Çíà÷èò,

t1∫
t0

(Lẋ(t, x(t), u(t, x(t)))ẋ(t)−u(t, x(t))Lẋ(t, x(t), u(t, x(t)))+L(t, x(t), u(t, x(t)))) dt =

=

t1∫
t0

(Lẋ(t, x̂(t), u(t, x̂(t))) ˙̂x(t)−u(t, x̂(t))Lẋ(t, x̂(t), u(t, x̂(t)))+L(t, x̂(t), u(t, x̂(t)))) dt,

ò.å.

t1∫
t0

(Lẋ(t, x(t), u(t, x(t)))(ẋ(t)− u(t, x(t))) + L(t, x(t), u(t, x(t)))) dt =
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=

t1∫
t0

L(t, x̂(t), ˙̂x(t))) dt.

Âû÷òåì îáå ÷àñòè ðàâåíñòâà èç
t1∫
t0

L(t, x(t), ẋ(t))) dt è ïîëó÷èì (87).

Çàìå÷àíèå. Ïðè äîêàçàòåëüñòâå äîñòàòî÷íîãî óñëîâèÿ ñëàáîãî ìè-
íèìóìà ìû íà ñàìîì äåëå âûïèñûâàëè ôîðìóëó Âåéåðøòðàññà äëÿ J(h):

t1∫
t0

(A(t)ḣ2(t)+2B(t)h(t)ḣ(t)+C(t)h2(t)) dt =

t1∫
t0

A(t)

(
ḣ(t) +

B(t)− ω(t)

A(t)
h(t)

)2

dt.

Â ñàìîì äåëå, ôóíêöèÿ Âåéåðøòðàññà ðàâíà

E(t, x, u, v) =

A(t)v2 + 2B(t)xv − A(t)u2 − 2B(t)xu− 2A(t)u(v − u)− 2B(t)x(v − u) =

= A(t)(v − u)2.

Ïóñòü h1 � ðåøåíèå óðàâíåíèÿ ßêîáè, h1(t) > 0 äëÿ ëþáîãî t ∈ [t0, t1],

ôóíêöèÿ ω îïðåäåëåíà ðàâåíñòâîì ḣ1(t) + B(t)−ω(t)
A(t)

h1(t) = 0. Ïîëîæèì

h(t, α) = αh1(t). Òîãäà ôóíêöèÿ íàêëîíà ïîëÿ èìååò âèä u(τ, ξ) = ξ ḣ1(τ)
h1(τ)

=

−B(τ)−ω(τ)
A(τ)

ξ. Çíà÷èò,

t1∫
t0

E(t, h(t), u(t, h(t)), ḣ(t)) dt =

t1∫
t0

A(t)

(
ḣ(t) +

B(t)− ω(t)

A(t)
h(t)

)2

dt.

Îïðåäåëåíèå. Ïóñòü x̂ � äîïóñòèìàÿ ýêñòðåìàëü. Ñêàæåì, ÷òî âû-
ïîëíåíî óñèëåííîå óñëîâèå Âåéåðøòðàññà, åñëè ñóùåñòâóåò ε > 0 òà-
êîå, ÷òî äëÿ ëþáîãî t ∈ [t0, t1], äëÿ ëþáûõ x ∈ R, u ∈ R òàêèõ, ÷òî
|x− x̂(t)| < ε, |u− ˙̂x(t)| < ε, è äëÿ ëþáîãî v ∈ R âûïîëíåíî E(t, x, u, v) ≥
0.

Òåîðåìà 21. Ïóñòü x̂ � äîïóñòèìàÿ ýêñòðåìàëü, ïîãðóæåííàÿ â öåí-
òðàëüíîå ïîëå ýêñòðåìàëåé. Ïðåäïîëîæèì, ÷òî âûïîëíåíî óñèëåííîå
óñëîâèå Âåéåðøòðàññà. Òîãäà x̂ � òî÷êà ñèëüíîãî ìèíèìóìà.
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Äîêàçàòåëüñòâî. Åñëè ‖x − x̂‖C äîñòàòî÷íî ìàëî, òî ãðàôèê x ëåæèò
âî ìíîæåñòâå V èç îïðåäåëåíèÿ 20. Çíà÷èò, âûïîëíåíà ôîðìóëà Âåéåð-
øòðàññà. Êðîìå òîãî, åñëè ‖x− x̂‖C ìàëî, òî |x(t)− x̂(t)| < ε, |u(t, x(t))−
˙̂x(t)| < ε. Çíà÷èò, äëÿ ëþáîãî t ∈ [t0, t1] âûïîëíåíî E(t, x(t), u(t, x(t)), ẋ(t)) ≥
0, òàê ÷òî

t1∫
t0

L(t, x(t), ẋ(t)) dt−
t1∫
t0

L(t, x̂(t), ˙̂x(t)) dt =

t1∫
t0

E(t, x(t), u(t, x(t)), ẋ(t)) dt ≥ 0.

Çàìå÷àíèå. Ãåîìåòðè÷åñêèé ñìûñë óñèëåííîãî óñëîâèÿ Âåéåðøòðàñ-
ñà ñëåäóþùèé. Ðàññìîòðèì äëÿ ôèêñèðîâàííûõ x, t ôóíêöèþ ft,x(v) =
L(t, x, v). Óñèëåííîå óñëîâèå Âåéåðøòðàññà âûïîëíåíî, åñëè ñóùåñòâóåò
òàêîå ε > 0, ÷òî äëÿ ëþáîãî t ∈ [t0, t1], äëÿ ëþáîãî x ∈ Oε(x̂(t)), äëÿ
ëþáîãî u ∈ Oε( ˙̂x(t)) ãðàôèê ôóíêöèè ft,x ëåæèò íå íèæå êàñàòåëüíîé,
ïðîâåäåííîé â òî÷êå u.

Çàìå÷àíèå. Åñëè L âûïóêëà ïî ẋ, òî E(t, x, u, v) ≥ 0 äëÿ ëþáûõ x,
u, v ∈ R, t ∈ [t0, t1]. Ïóñòü òàêæå â êà÷åñòâå V èç îïðåäåëåíèÿ 20 ìîæíî
âçÿòü (t0−δ, t1+δ)×R. Òîãäà â ðàññóæäåíèÿõ âûøå äîïóñòèìàÿ ôóíêöèÿ
x ìîæåò áûòü ïðîèçâîëüíîé (à íå èç îêðåñòíîñòè x̂ îòíîñèòåëüíî íîðìû
C). Çíà÷èò, x̂ � òî÷êà ãëîáàëüíîãî ìèíèìóìà.

Ñëåäóþùóþ òåîðåìó ïðèâîäèì áåç äîêàçàòåëüñòâà.

Òåîðåìà 22. Ïóñòü L ∈ C3([t0 − δ, t1 + δ] × R × R). Ïóñòü x̂ � äîïó-
ñòèìàÿ ýêñòðåìàëü â çàäà÷å (82). Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñè-
ëåííîå óñëîâèå Ëåæàíäðà è óñèëåííîå óñëîâèå ßêîáè. Òîãäà x̂ ìîæíî
ïîãðóçèòü â öåíòðàëüíîå ïîëå ýêñòðåìàëåé.

Îòñþäà ïîëó÷àåì äîñòàòî÷íîå óñëîâèå ñèëüíîãî ìèíèìóìà.

Òåîðåìà 23. Ïóñòü L ∈ C3([t0−δ, t1 +δ]×R×R). Ïóñòü x̂ � äîïóñòè-
ìàÿ ýêñòðåìàëü â çàäà÷å (82). Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñèëåííîå
óñëîâèå Ëåæàíäðà, óñèëåííîå óñëîâèå ßêîáè è óñèëåííîå óñëîâèå Âåé-
åðøòðàññà. Òîãäà x̂ � òî÷êà ñèëüíîãî ìèíèìóìà.

Çàäà÷à 23. Ðàññìîòðèì çàäà÷ó
1∫
0

(ẋ2−xẋ3) dt→ extr, x(0) = x(1) = 0.

Ïîêàçàòü, ÷òî äëÿ ýêñòðåìàëè x̂ ≡ 0 âûïîëíåíî óñèëåííîå óñëîâèå Ëå-
æàíäðà, óñèëåííîå óñëîâèå ßêîáè, óñëîâèå Âåéåðøòðàññà (íå óñèëåííîå)
è x̂ íå ÿâëÿåòñÿ òî÷êîé ñèëüíîãî ìèíèìóìà.
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Èòàê, ïóñòü L ∈ C3([t0− δ, t1 + δ]×R×R). Òîãäà èññëåäîâàíèå äîïó-
ñòèìîé ýêñòðåìàëè ïðîâîäèòñÿ ñëåäóþùèì îáðàçîì.

1. Ïðîâåðÿåì óñëîâèå Ëåæàíäðà.

� Åñëè îíî íå âûïîëíåíî, òî íåò ñëàáîãî ìèíèìóìà.

� Åñëè óñëîâèå Ëåæàíäðà âûïîëíåíî, à óñèëåííîå óñëîâèå Ëå-
æàíäðà � íåò, òî ýòî îñîáûé ñëó÷àé è ïðèâåäåííàÿ òåîðèÿ
îòâåòà íå äàåò.

� Åñëè âûïîëíåíî óñèëåííîå óñëîâèå Ëåæàíäðà, òî ïåðåõîäèì ê
ñëåäóþùåìó ïóíêòó.

2. Ïðîâåðÿåì óñëîâèå ßêîáè.

� Åñëè îíî íå âûïîëíåíî, òî íåò ñëàáîãî ìèíèìóìà.

� Åñëè óñëîâèå ßêîáè âûïîëíåíî, à óñèëåííîå óñëîâèå ßêîáè �
íåò, òî ýòî îñîáûé ñëó÷àé.

� Åñëè âûïîëíåíî óñèëåííîå óñëîâèå ßêîáè, òî åñòü ñëàáûé ìè-
íèìóì. Ïåðåõîäèì ê ñëåäóþùåìó ïóíêòó äëÿ èññëåäîâàíèÿ íà
ñèëüíûé ìèíèìóì.

3. Ïðîâåðÿåì óñëîâèå Âåéåðøòðàññà.

� Åñëè îíî íå âûïîëíåíî, òî íåò ñèëüíîãî ìèíèìóìà.

� Åñëè óñëîâèå Âåéåðøòðàññà âûïîëíåíî, à óñèëåííîå óñëîâèå
Âåéåðøòðàññà � íåò, òî ýòî îñîáûé ñëó÷àé.

� Åñëè âûïîëíåíî óñèëåííîå óñëîâèå Âåéåðøòðàññà, òî åñòü ñèëü-
íûé ìèíèìóì.

22 Äîêàçàòåëüñòâî íåðàâåíñòâ ñ ïîìîùüþ ïðî-

âåðêè

ôîðìóëû Âåéåðøòðàññà

Ðàññìîòðèì ïðèìåð. Íóæíî äîêàçàòü, ÷òî äëÿ ëþáîé ôóíêöèè x ∈ C1[0, +∞)
òàêîé, ÷òî x(0) = 0 è x(t) = o(

√
t) ïðè t → +∞, âûïîëíåíî íåðàâåíñòâî
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Ãèëüáåðòà:
∞∫

0

ẋ2 dt ≥
∞∫

0

x2

4t2
dt.

Ðåøàòü ýòó çàäà÷ó ìîæíî ñëåäóþùèì îáðàçîì. Ðàññìîòðèì ôóíêöè-
îíàë

L(x) =

∞∫
0

(
ẋ2 − x2

4t2

)
dt

è íàéäåì äëÿ íåãî îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ýêñòðåìàëåé x(t, α)
òàêèõ, ÷òî x(0, α) = 0 äëÿ ëþáîãî α ∈ R. Äëÿ τ > 0, ξ > 0 íàéäåì ôóíê-
öèþ íàêëîíà ïîëÿ u(τ, ξ). Çàòåì ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì
ïðîâåðèì, ÷òî âûïîëíåíà ôîðìóëà Âåéåðøòðàññà. (Çäåñü íåïîñðåäñòâåí-
íî ïðèìåíèòü òåîðèþ ìû íå ìîæåì, òàê êàê çäåñü áåñêîíå÷íûé èíòåðâàë
è ôóíêöèÿ L èìååò îñîáåííîñòü.)

Óðàâíåíèå Ýéëåðà�Ëàãðàíæà èìååò âèä − d
dt

2ẋ− x
2t2

= 0, ò.å. ẍ+ x
4t2

=
0. Ïîäáåðåì ðåøåíèå â âèäå x(t) = tβ. Ïîäñòàâèâ â óðàâíåíèå, ïîëó÷èì
β = 1

2
. Ïîëó÷èëè ñåìåéñòâî ýêñòðåìàëåé x(t, α) = αt1/2.

Íàéäåì ôóíêöèþ íàêëîíà ïîëÿ. Åñëè α(τ, ξ)τ 1/2 = ξ, òî α(τ, ξ) =
ξ

τ1/2 . Çíà÷èò, u(τ, ξ) = ξ
τ1/2 · 1

2
τ−1/2 = ξ

2τ
.

Íàéäåì ôóíêöèþ Âåéåðøòðàññà: E(t, x, u, v) = v2 − u2 − 2u(v − u) =
(v − u)2.

Òàêèì îáðàçîì, íàì íóæíî ïðîâåðèòü, ÷òî

∞∫
0

(
ẋ2 − x2

4t2

)
dt =

∞∫
0

(
ẋ− x

2t

)2

dt,

ãäå x ∈ C1[0, +∞), x(0) = 0, x(t) = o(
√
t) ïðè t → +∞. Åñëè ýòî ðà-

âåíñòâî âåðíî, òî ëåâàÿ ÷àñòü íåîòðèöàòåëüíà è òðåáóåìîå óòâåðæäåíèå
áóäåò äîêàçàíî.

Ðàñêðîåì ñêîáêè â ïðàâîé ÷àñòè è ïðîèíòåãðèðóåì ïî ÷àñòÿì:

∞∫
0

(
ẋ− x

2t

)2

dt =

∞∫
0

(
ẋ2 − 1

2t
· 2xẋ+

x2

4t2

)
dt =

=

∞∫
0

(
ẋ2 +

x2

4t2

)
dt−

∞∫
0

x2

2t2
dt+

x2

2t

∣∣∣∣∞
0

=

∞∫
0

(
ẋ2 − x2

4t2

)
dt+

x2

2t

∣∣∣∣∞
0

.
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Îñòàåòñÿ ïðîâåðèòü, ÷òî x2

2t

∣∣∣∞
0

= 0. Òàê êàê x(0) = 0 è x ∈ C1[0, ∞), òî

x(t) = O(t) ïðè t→ 0; çíà÷èò, x
2(t)
t

= O(t2)
t

= O(t) →
t→0

0. Äàëåå, íàì äàíî,

÷òî x(t) = o(
√
t), t→ +∞. Çíà÷èò, x

2(t)
t

= o(t)
t

= o(1) ïðè t→ +∞.

23 Çàêîíû ñîõðàíåíèÿ

Ñíîâà ðàññìîòðèì ïðîñòåéøóþ çàäà÷ó âàðèàöèîííîãî èñ÷èñëåíèÿ

t1∫
t0

L(t, x(t), ẋ(t)) dt→ inf, x(t0) = x(0), x(t1) = x(1).

Çàêîí ñîõðàíåíèÿ èìïóëüñà. Ïóñòü L ÿâíî íå çàâèñèò îò xj, òî åñòü

L = L(t, x1, . . . , xj−1, xj+1, . . . , xn, ẋ1, . . . , ẋn).

Òîãäà äëÿ j-é ïåðåìåííîé óðàâíåíèå Ýéëåðà èìååò âèä − d
dt
Lẋj = 0. Çíà-

÷èò, Lẋj(t, x̂(t), ˙̂x(t)) = const.
Â ìåõàíèêå Lẋ íàçûâàåòñÿ îáîáùåííûì èìïóëüñîì, ïîýòîìó ïîñëåä-

íåå ðàâåíñòâî íàçûâàåòñÿ çàêîíîì ñîõðàíåíèÿ èìïóëüñà.
Çàêîí ñîõðàíåíèÿ ýíåðãèè. Ïóñòü L ÿâíî íå çàâèñèò îò t, òî åñòü L =

L(x, ẋ). Ïóñòü x̂ � ðåøåíèå óðàâíåíèÿ Ýéëåðà, ïðè ýòîì x̂ ∈ C2[t0, t1].
Òîãäà

˙̂x(t)Lẋ(x̂(t), ˙̂x(t))− L(x̂(t), ˙̂x(t)) = const. (88)

Â ñàìîì äåëå, ïðîäèôôåðåíöèðóåì ëåâóþ ÷àñòü (88) ïî t, âîñïîëüçóåìñÿ
óðàâíåíèåì Ýéëåðà è ïîëó÷èì

d

dt
( ˙̂x(t)Lẋ(x̂(t), ˙̂x(t))− L(x̂(t), ˙̂x(t))) =

= ¨̂x(t)Lẋ(x̂(t), ˙̂x(t))+ ˙̂x(t)
d

dt
Lẋ(x̂(t), ˙̂x(t))−Lx(x̂(t), ˙̂x(t))) ˙̂x(t)−Lẋ(x̂(t), ˙̂x(t)))¨̂x(t) = 0.

Â ìåõàíèêå ẋLẋ − L èìååò ñìûñë ïîëíîé ýíåðãèè ñèñòåìû, ïîýòîìó
(88) íàçûâàåòñÿ çàêîíîì ñîõðàíåíèÿ ýíåðãèè.

Çàìå÷àíèå. Âûðàæåíèÿ p = Lẋ è H = ẋLẋ−L ó íàñ óæå âñòðå÷àëèñü
ïðè âû÷èñëåíèè ïðîèçâîäíûõ îò ôóíêöèè äåéñòâèÿ: dS = p dx−H dt.

Êîãäà ìîæíî çàðàíåå ïîíÿòü, ÷òî äîïóñòèìàÿ ýêñòðåìàëü áóäåò C2-
ãëàäêîé?
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Ïðåäëîæåíèå 25. Ïóñòü L ∈ C2([t0, t1]×Rn ×Rn), ïðè ýòîì ìàòðè-
öà Lẋẋ(t, ξ, η) íåâûðîæäåííàÿ ïðè âñåõ (t, ξ, η) ∈ [t0, t1]×Rn×Rn. Ïóñòü
x̂ ∈ C1([t0, t1], Rn) � ðåøåíèå óðàâíåíèÿ Ýéëåðà. Òîãäà x̂ ∈ C2([t0, t1], Rn).

Äîêàçàòåëüñòâî. Òàê êàê ìàòðèöà Lẋẋ íåâûðîæäåííàÿ è Lẋ ∈ C1, òî
óðàâíåíèå Lẋ(t, ξ, η) = p ëîêàëüíî ðàçðåøèìî îòíîñèòåëüíî η ïî òåîðåìå
î íåÿâíîé ôóíêöèè, ïðè ýòîì ðåøåíèå η(t, ξ, p) áóäåò C1-ãëàäêèì.

Ôóíêöèÿ t 7→ Lx(t, x̂(t), ˙̂x(t)) íåïðåðûâíà, ïîýòîìó åå ïåðâîîáðàç-
íàÿ ϕ ∈ C1[t0, t1]; â ñèëó óðàâíåíèÿ Ýéëåðà, Lẋ(t, x̂(t), ˙̂x(t)) = ϕ(t).
Îòñþäà ˙̂x(t) = η(t, x̂(t), ϕ(t)). Ïðàâàÿ ÷àñòü C1-ãëàäêàÿ. Çíà÷èò, ˙̂x ∈
C1([t0, t1], Rn), îòêóäà x̂ ∈ C2([t0, t1], Rn).

Ïðåäëîæåíèå 26. Ïóñòü n = 1, L ÿâíî íå çàâèñèò îò t è äâàæäû
íåïðåðûâíî äèôôåðåíöèðóåìà. Òîãäà, åñëè ôóíêöèÿ x íå ðàâíà êîíñòàí-
òå íè íà êàêîì èíòåðâàëå, äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà è
ẋ(t)Lẋ(x(t), ẋ(t))−L(x(t), ẋ(t)) ≡ const, òî x óäîâëåòâîðÿåò óðàâíåíèþ
Ýéëåðà.

Äîêàçàòåëüñòâî. Ïðîäèôôåðåíöèðóåì òîæäåñòâî ẋ(t)Lẋ(x(t), ẋ(t)) −
L(x(t), ẋ(t)) ≡ const ïî t:

ẍ(t)Lẋ(x(t), ẋ(t))+ẋ(t)
d

dt
Lẋ(x(t), ẋ(t))−Lx(x(t), ẋ(t))ẋ(t)−Lẋ(x(t), ẋ(t))ẍ(t) = 0,

ò.å.

ẋ(t)

(
d

dt
Lẋ(x(t), ẋ(t))− Lx(x(t), ẋ(t))

)
= 0.

Òàê êàê t ∈ [t0, t1] : ẋ(t) 6= 0} âñþäó ïëîòíî, òî d
dt
Lẋ(x(t), ẋ(t))−Lx(x(t), ẋ(t)) =

0 íà âñþäó ïëîòíîì ìíîæåñòâå. Òàê êàê L ∈ C2, òî Lx ∈ C1, Lẋ ∈ C1;
òàê êàê x ∈ C2, òî t 7→ Lẋ(x(t), ẋ(t)), t 7→ Lx(x(t), ẋ(t)) íåïðåðûâíî äèô-
ôåðåíöèðóåìû. Çíà÷èò, t 7→ d

dt
Lẋ(x(t), ẋ(t)) − Lx(x(t), ẋ(t)) íåïðåðûâíî

è ðàâíî íóëþ íà âñþäó ïëîòíîì ìíîæåñòâå. Îòñþäà ñëåäóåò óðàâíåíèå
Ýéëåðà�Ëàãðàíæà.

Çàäà÷à. (çàäà÷à î ãåîäåçè÷åñêèõ íà ïëîñêîñòè Ëîáà÷åâñêîãî.) Íàéòè
äîïóñòèìûå ýêñòðåìàëè â çàäà÷å

t1∫
t0

√
1 + ẋ2

x
dt→ extr, x(t0) = x0, x(t1) = x1, x > 0.
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Ðåøåíèå. Èìååì Lẋ = ẋ
x
√

1+ẋ2 , Lẋẋ = 1
x(1+ẋ2)3/2 > 0. Çíà÷èò, x̂ ∈

C2[t0, t1] è ˙̂x(t)Lẋ(x̂(t), ˙̂x(t))− L(x̂(t), ˙̂x(t)) = const.
Ïðîâåðèì, ÷òî äîïóñòèìàÿ ýêñòðåìàëü íå ìîæåò îáðàùàòüñÿ â êîí-

ñòàíòó íè íà êàêîì íåâûðîæäåííîì èíòåðâàëå. Ýòî âèäíî èç óðàâíåíèÿ
Ýéëåðà:

− d

dt

ẋ

x
√

1 + ẋ2
−
√

1 + ẋ2

x2
= 0

(òîãäà áû ïîëó÷èëîñü ðàâåíñòâî 1/x̂2(t) ≡ 0).
Èç óðàâíåíèÿ ẋLẋ − L = const ïîëó÷àåì

ẋ · ẋ

x
√

1 + ẋ2
−
√

1 + ẋ2

x
= const.

Çíà÷èò, 1
x
√

1+ẋ2 = const. Ïîëó÷àåì 1+ẋ2 = c2

x2 , èëè ẋ = ±
√

1− c2

x2 . Ðåøàåì

ýòî äèôôåðåíöèàëüíîå óðàâíåíèå è ïîëó÷àåì

t− a = ±
∫

dx√
1− c2

x2

= ±1

2

∫
dx2

√
x2 − c2

= ±
√
x2 − c2.

Âîçâîäèì â êâàäðàò è ïîëó÷àåì x2 + (t− a)2 = c2. Òî åñòü ãåîäåçè÷åñêèå
� äóãè îêðóæíîñòåé ñ öåíòðîì íà ãîðèçîíòàëüíîé îñè.

Óòâåðæäàåòñÿ, ÷òî íàéäåííàÿ äîïóñòèìàÿ ýêñòðåìàëü áóäåò òî÷êîé
ãëîáàëüíîãî ìèíèìóìà. Â ñàìîì äåëå, Lẋẋ > 0 ïðè x > 0, òàê ÷òî L
âûïóêëà ïî ẋ.

Ïóñòü x̂(t) =
√
c2 − (t− a)2, t∗ < t0, c

2−(t∗−a)2 > 0, x∗ =
√
c2 − (t∗ − a)2,

δ > 0 � äîñòàòî÷íî ìàëîå ÷èñëî. Îïðåäåëèì ñåìåéñòâî ýêñòðåìàëåé (ðå-
øåíèé óðàâíåíèÿ Ýéëåðà) x(t, α) òàêèõ, ÷òî x(t∗, α) = x∗, ẋ(t∗, α) = α,
α ∈ R.

Çàäà÷à 24. Ïîêàçàòü, ÷òî {x(t, α) : α ∈ R} � öåíòðàëüíîå ïîëå
ýêñòðåìàëåé, ïîêðûâàþùåå îáëàñòü {(t, x) : t∗ < t < t1 + δ, x > 0}.

24 Òåîðåìû ñóùåñòâîâàíèÿ òî÷êè ìèíèìóìà

Ïóñòü T � òîïîëîãè÷åñêîå ïðîñòðàíñòâî, f : T → R ∪ {+∞}. Ôóíê-
öèÿ f íàçûâàåòñÿ ñåêâåíöèàëüíî ïîëóíåïðåðûâíîé ñíèçó, åñëè äëÿ ëþ-
áîãî x ∈ T , äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè xn →

n→∞
x âûïîëíåíî f(x) ≤

limn→∞ f(xn).
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Ñêàæåì, ÷òî T ñåêâåíöèàëüíî êîìïàêòíî, åñëè äëÿ ëþáîé ïîñëåäîâà-
òåëüíîñòè {xn}n∈N ⊂ T ñóùåñòâóåò ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü.

Ïðåäëîæåíèå 27. Ïóñòü T ñåêâåíöèàëüíî êîìïàêòíî, f : T → R ∪
{+∞} ñåêâåíöèàëüíî ïîëóíåïðåðûâíà ñíèçó. Òîãäà ñóùåñòâóåò òî÷êà
x̂ ∈ T òàêàÿ, ÷òî f(x̂) = minx∈T f(x).

Äîêàçàòåëüñòâî. Ïóñòü f(xn) →
n→∞

infx∈T f(x). Òàê êàê T ñåêâåíöèàëü-

íî êîìïàêòíî, òî ñóùåñòâóåò ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü xnk . Ïî-
ëîæèì x̂ = lim

k→∞
xnk . Òàê êàê f ñåêâåíöèàëüíî ïîëóíåïðåðûâíà ñíèçó, òî

f(x̂) ≤ lim
k→∞

f(xnk) = infx∈T f(x). Çíà÷èò, f(x̂) = infx∈T f(x).

Ïðîñòðàíñòâà ôóíêöèé áåñêîíå÷íîìåðíûå, ïîýòîìó øàðû â íèõ íåêîì-
ïàêòíû îòíîñèòåëüíî òîïîëîãèè, çàäàííîé íîðìîé. Íî â íåêîòîðûõ ñëó-
÷àÿõ çàìêíóòûå øàðû ñëàáî ñåêâåíöèàëüíî êîìïàêòíû. Ïðèìåðîì ïðî-
ñòðàíñòâ ñ òàêèì ñâîéñòâîì ÿâëÿåòñÿ ãèëüáåðòîâî ïðîñòðàíñòâî.

Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî. Íàïîìíèì, ÷òî xn ñëàáî
ñõîäèòñÿ ê x (îáîçíà÷åíèå: xn

w→
n→∞

x), åñëè äëÿ ëþáîãî f ∈ X∗ âûïîëíåíî
f(xn) →

n→∞
f(x). Â êóðñå ôóíêöèîíàëüíîãî àíàëèçà äîêàçûâàëîñü, ÷òî

ñëàáî ñõîäÿùàÿñÿ ïîñëåäîâàòåëüíîñòü îãðàíè÷åíà.
Íàïîìíèì òàêæå òåîðåìó Ðèññà: åñëèH � ãèëüáåðòîâî ïðîñòðàíñòâî,

f ∈ H∗, òî ñóùåñòâóåò âåêòîð y ∈ H òàêîé, ÷òî f(x) = 〈y, x〉, x ∈ H.

Ïðåäëîæåíèå 28. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî, {xn}n∈N ⊂
H, ‖xn‖ ≤ R äëÿ ëþáîãî n. Òîãäà èç {xn}n∈N ìîæíî âûáðàòü ñëàáî
ñõîäÿùóþñÿ ïîäïîñëåäîâàòåëüíîñòü xnk

w→
k→∞

x; ïðè ýòîì ‖x‖ ≤ R.

Äîêàçàòåëüñòâî. Ïóñòü L = span {xn}n∈N. Òîãäà L ñåïàðàáåëüíî. Åñëè
{xnk}k∈N ñëàáî ñõîäèòñÿ â L, òî ýòà ïîäïîñëåäîâàòåëüíîñòü ñëàáî ñõîäèò-
ñÿ â H.

Åñëè L êîíå÷íîìåðíî, òî èç {xn}n∈N ìîæíî äàæå âûáðàòü ñõîäÿùó-
þñÿ ïî íîðìå ïîäïîñëåäîâàòåëüíîñòü.

Ïóñòü L áåñêîíå÷íîìåðíî. Âûáåðåì â L îðòîíîðìèðîâàííûé áàçèñ
{em}m∈N. Äëÿ ëþáîãî m ∈ N ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü 〈xn, em〉 îãðà-
íè÷åíà è ïîýòîìó èç íåå ìîæíî âûáðàòü ñõîäÿùóþñÿ ïîäïîñëåäîâàòåëü-
íîñòü.

Ïðèìåíÿåì êàíòîðîâñêèé äèàãîíàëüíûé ïðîöåññ. Ñíà÷àëà ïîî÷åðåä-
íî âûáèðàåì ïîäïîñëåäîâàòåëüíîñòè {n(1)

l }l∈N ⊃ {n
(2)
l }l∈N ⊃ · · · ⊃ {n

(m)
l }l∈N ⊃
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. . . òàêèå, ÷òî {〈em, xn(m)
l
〉}l∈N ñõîäèòñÿ. Îáîçíà÷èì nl = n

(l)
l . Òîãäà {〈em, xnl〉}l∈N

ñõîäèòñÿ äëÿ ëþáîãî m ∈ N.
Ïóñòü ξm = lim

k→∞
〈em, xnk〉. Òàê êàê

m∑
j=1

|〈ej, xnk〉|2 ≤ R2, òî ïðåäåëü-

íûì ïåðåõîäîì ïîëó÷àåì, ÷òî
∑
j∈N
|ξj|2 ≤ R2. Ïîëîæèì x =

∑
m∈N

ξmem.

Ïîêàæåì, ÷òî xnk
w→

k→∞
x â L.

Ïî òåîðåìå Ðèññà è ïî îïðåäåëåíèþ ñëàáîé ñõîäèìîñòè, íóæíî ïðî-
âåðèòü, ÷òî

〈y, xnk〉 →
k→∞

〈y, x〉, y ∈ L. (89)

Åñëè y = em, òî ýòî âûïîëíåíî ïî ïîñòðîåíèþ. Îòñþäà ñëåäóåò, ÷òî (89)
âåðíî, åñëè y � êîíå÷íàÿ ëèíåéíàÿ êîìáèíàöèÿ em. Ïóñòü, íàêîíåö, y ∈ L
� ïðîèçâîëüíûé âåêòîð. Äëÿ êàæäîãî ε > 0 âûáåðåì yε � êîíå÷íóþ
ëèíåéíóþ êîìáèíàöèþ em, òàê, ÷òîáû ‖y − yε‖ < ε. Òîãäà

|〈y, xnk − x〉| ≤ |〈yε, xnk − x〉|+ |〈y − yε, xnk − x〉| ≤ |〈yε, xnk − x〉|+ 2Rε;

ïåðâîå ñëàãàåìîå áóäåò ìåíüøå ε ïðè äîñòàòî÷íî áîëüøèõ k. Îòñþäà
ñëåäóåò (89).

Ñëåäñòâèå 2. Ïóñòü B � çàìêíóòûé øàð â ãèëüáåðòîâîì ïðîñòðàí-
ñòâå, f : B → R ∪ {+∞} ñåêâåíöèàëüíî ñëàáî ïîëóíåïðåðûâíà ñíèçó.
Òîãäà f èìååò òî÷êó ìèíèìóìà íà B.

Ïðîñòðàíñòâîì Ñîáîëåâà W̊ 1
2 ([t0, t1], Rn) íàçûâàåòñÿ ïðîñòðàíñòâî

{x ∈ AC([t0, t1], Rn) : ẋ ∈ L2([t0, t1], Rn), x(t0) = x(t1) = 0}

ñ íîðìîé

‖x‖W̊ 1
2 ([t0, t1],Rn) =

 t1∫
t0

n∑
j=1

|ẋj(t)|2 dt

1/2

.

Ïðîñòðàíñòâî W̊ 1
2 ([t0, t1], Rn) èçîìåòðè÷åñêè èçîìîðôíî ïðîñòðàíñòâó

H =

x ∈ L2([0, 1], Rn) :

t1∫
t0

xi(t) dt = 0, 1 ≤ i ≤ n
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(èçîìîðôèçì êàæäîé ôóíêöèè x ∈ W̊ 1
2 ([t0, t1], Rn) ñîïîñòàâëÿåò ôóíê-

öèþ ẋ). Òàê êàê H � çàìêíóòîå ïîäïðîñòðàíñòâî â L2([0, 1], Rn), òî ýòî
ãèëüáåðòîâî ïðîñòðàíñòâî. Çíà÷èò, è W̊ 1

2 ([t0, t1], Rn) ãèëüáåðòîâî.
Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî W̊ 1

2 ([t0, t1], Rn) ñîäåðæèòñÿ â C([t0, t1], Rn)
êàê ìíîæåñòâî. Ïóñòü J : W̊ 1

2 ([t0, t1], Rn) → C([t0, t1], Rn) � îïåðàòîð
âëîæåíèÿ, òî åñòü J(x) = x.

Ïðåäëîæåíèå 29. Îïåðàòîð J êîìïàêòåí.

Äîêàçàòåëüñòâî. Íóæíî ïîêàçàòü, ÷òî ìíîæåñòâî

B = {x ∈ W̊ 1
2 ([t0, t1], Rn) : ‖x‖W̊ 1

2 ([t0, t1],Rn) ≤ 1}

ïðåäêîìïàêòíî â C([t0, t1], Rn). Ïî òåîðåìå Àðöåëà�Àñêîëè, äîñòàòî÷íî
ïðîâåðèòü, ÷òî ýòî ìíîæåñòâî ðàâíîìåðíî îãðàíè÷åíî è ðàâíîñòåïåííî
íåïðåðûâíî.

Äëÿ k ∈ {1, . . . , n}, t0 ≤ t < τ ≤ t1, x ∈ B èìååì

|xk(τ)− xk(t)| =

∣∣∣∣∣∣
τ∫
t

ẋk(s) ds

∣∣∣∣∣∣ ≤ (τ − t)1/2‖ẋk‖L2[t, τ ] ≤ (τ − t)1/2,

îòêóäà ñëåäóåò ðàâíîñòåïåííàÿ íåïðåðûâíîñòü. Ïîäñòàâèâ t = t0 è ó÷è-
òûâàÿ, ÷òî x(t0) = 0, èç ýòîé æå îöåíêè ïîëó÷àåì ðàâíîìåðíóþ îãðàíè-
÷åííîñòü.

Íàïîìíèì ñëåäóþùèé ôàêò èç ôóíêöèîíàëüíîãî àíàëèçà: åñëè îïå-
ðàòîð êîìïàêòåí, òî îí ïåðåâîäèò ñëàáî ñõîäÿùóþñÿ ïîñëåäîâàòåëüíîñòü
â ñõîäÿùóþñÿ ïî íîðìå.

Ñëåäñòâèå 3. Åñëè xk
w→

k→∞
x â W̊ 1

2 ([t0, t1], Rn), òî xk ðàâíîìåðíî ñõî-

äèòñÿ ê x.

Èç íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî è îïðåäåëåíèÿ íîðìû â W̊ 1
2 ([t0, t1], Rn)

ñëåäóåò

Ïðåäëîæåíèå 30. Ïóñòü x ∈ L2([t0, t1], Rn), f(h) =
t1∫
t0

x(t)ḣ(t) dt, h ∈

W̊ 1
2 ([t0, t1], Rn). Òîãäà f ∈ (W̊ 1

2 ([t0, t1], Rn))∗ è

|f(h)| ≤ ‖x‖L2([t0, t1],Rn)‖h‖W̊ 1
2 ([t0, t1],Rn) (90)

(çäåñü ‖x‖L2([t0, t1],Rn) � ýòî L2-íîðìà îò |x(·)| = (x2
1(·) + · · ·+ x2

n(·))1/2).
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25 Ñóùåñòâîâàíèå òî÷êè ìèíèìóìà â çàäà÷å

Äèäîíû

Ñíà÷àëà ðàññìîòðèì çàäà÷ó:
f0(x, y) :=

1∫
0

(xẏ − yẋ) dt→ inf,

f1(x, y) :=
1∫
0

(ẋ2 + ẏ2) dt ≤ l2,

(x, y) ∈ W̊ 1
2 ([0, 1], R2).

(91)

Â ñèëó ñëåäñòâèÿ 2, äîñòàòî÷íî ïðîâåðèòü, ÷òî ôóíêöèÿ f0 ñåêâåíöèàëü-
íî ñëàáî ïîëóíåïðåðûâíà ñíèçó.

Â ñàìîì äåëå, ïóñòü (xn, yn)
w→

n→∞
(x, y). Òîãäà (xn, yn) →

n→∞
(x, y) â

C([0, 1], R2) (ñì. ñëåäñòâèå 3). Êðîìå òîãî, {(xn, yn)}n∈N îãðàíè÷åíà, òî
åñòü ñóùåñòâóåò R > 0 òàêîå, ÷òî

‖(xn, yn)‖W̊ 1
2 ([0, 1],R2) ≤ R, n ∈ N. (92)

Ïîëó÷àåì: ∣∣∣∣∣∣
1∫

0

(xnẏn − ynẋn) dt−
1∫

0

(xẏ − yẋ) dt

∣∣∣∣∣∣ ≤
≤

∣∣∣∣∣∣
1∫

0

(xn − x)ẏn dt

∣∣∣∣∣∣+
∣∣∣∣∣∣

1∫
0

x(ẏn − ẏ) dt

∣∣∣∣∣∣+
∣∣∣∣∣∣

1∫
0

(yn − y)ẋn dt

∣∣∣∣∣∣+
∣∣∣∣∣∣

1∫
0

y(ẋn − ẋ) dt

∣∣∣∣∣∣ ≤
≤ ‖xn − x‖L2[0, 1]‖ẏn‖L2[0, 1] + ‖yn − y‖L2[0, 1]‖ẋn‖L2[0, 1]+

+

∣∣∣∣∣∣
1∫

0

x(ẏn − ẏ) dt

∣∣∣∣∣∣+

∣∣∣∣∣∣
1∫

0

y(ẋn − ẋ) dt

∣∣∣∣∣∣ (92)

≤

≤ R(‖xn−x‖L2[0, 1]+‖yn−y‖L2[0, 1])+

∣∣∣∣∣∣
1∫

0

x(ẏn − ẏ) dt

∣∣∣∣∣∣+
∣∣∣∣∣∣

1∫
0

y(ẋn − ẋ) dt

∣∣∣∣∣∣ →n→∞ 0

ïî îïðåäåëåíèþ ñëàáîé ñõîäèìîñòè è ïðåäëîæåíèÿ 30. Òàêèì îáðàçîì,

1∫
0

(xnẏn − ynẋn) dt →
n→∞

1∫
0

(xẏ − yẋ) dt,
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ïîýòîìó f0 ñëàáî ñåêâåíöèàëüíî ïîëóíåïðåðûâåí ñíèçó.
Â ñèëó ñëåäñòâèÿ 2, òî÷êà ìèíèìóìà â çàäà÷å (91) ñóùåñòâóåò. Íàéäåì

åå.
Âû÷èñëèâ âàðèàöèþ ïî Ëàãðàíæó ó f0, f1, ïîëó÷àåì:

f ′0(x, y)[(h, w)] =
1∫
0

(hẏ + xẇ − wẋ− yḣ) dt,

f ′1(x, y)[(h, w)] =
1∫
0

(2ẋḣ+ 2ẏẇ) dt.

(93)

Îòñþäà è èç (90) ñëåäóåò, ÷òî f0 è f1 íåïðåðûâíî äèôôåðåíöèðóåìû.
Çíà÷èò, ìîæíî ïðèìåíèòü ïðèíöèï Ëàãðàíæà è ïîëó÷èòü: åñëè (x, y)
� òî÷êà ìèíèìóìà, òî ñóùåñòâóþò (λ0, λ1) 6= (0, 0) òàêèå, ÷òî λ0 ≥ 0,
λ1 ≥ 0, λ1(f1(x, y)− l2) = 0,

λ0f
′
0(x, y)[(h, w)] + λ1f

′
1(x, y)[(h, w)] = 0 (94)

äëÿ ëþáîãî (h, w) ∈ W̊ 1
2 ([0, 1], R2). Ïîäñòàâèâ (93) â (94) è ïðîèíòåãðè-

ðîâàâ ïî ÷àñòÿì
1∫
0

hẏ dt è
1∫
0

wẋ dt è ó÷èòûâàÿ, ÷òî h(0) = h(1) = w(0) =

w(1) = 0, ïîëó÷àåì

1∫
0

(−2λ0yḣ+ 2λ0xẇ + 2λ1ẋḣ+ 2λ1ẏẇ) dt = 0.

Â ñèëó îáîáùåííîé ëåììû Äþáóà-Ðåéìîíà, −λ0y+λ1ẋ = c1, λ0x+λ1ẏ =
c2.

Åñëè λ1 = 0, òî x è y áóäóò êîíñòàíòàìè, è f0(x, y) = 0 � íå ìè-
íèìàëüíîå çíà÷åíèå (ìîæíî âçÿòü ïàðàìåòðèçàöèþ ïðîñòîé çàìêíóòîé
êðèâîé ñ îðèåíòàöèåé ïðîòèâ ÷àñîâîé ñòðåëêè; òîãäà −f0(x, y)/2 � ýòî
ïëîùàäü îáëàñòè, îãðàíè÷åííîé ýòîé êðèâîé).

Çíà÷èò, λ1 > 0. Ìîæíî ñ÷èòàòü, ÷òî λ1 = 1. Ïîëó÷àåì ñèñòåìó: ẋ =
λ0y+ c1, ẏ = −λ0x+ c2. Åñëè λ0 = 0, òî îïÿòü â ñèëó ãðàíè÷íûõ óñëîâèé
ïîëó÷àåì x = 0, y = 0 � ýòî íå òî÷êà ìèíèìóìà. Çíà÷èò, λ0 > 0. Òîãäà
x = a cosλ0t + b sinλ0t + γ1, y = −a sinλ0t + b cosλ0t + γ2. Èç ãðàíè÷íûõ
óñëîâèé ïîëó÷àåì, ÷òî λ0 = 2πn, n ∈ N. Â ñèëó óñëîâèÿ äîïîëíÿþùåé
íåæåñòêîñòè, f1(x, y) = l2. Âû÷èñëèâ çíà÷åíèÿ f0 è f1, ïîëó÷èì, ÷òî
ìèíèìóì áóäåò ïðè n = 1.
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Çàìåòèì, ÷òî íàéäåííàÿ òî÷êà ìèíèìóìà ÿâëÿåòñÿ C1-ãëàäêîé è ẋ2 +
ẏ2 ≡ l2. Çíà÷èò, â çàäà÷å (91) è â çàäà÷å

1∫
0

(xẏ − yẋ) dt→ inf, ẋ2 + ẏ2 = l2, x(0) = x(1) = y(0) = y(1) = 0, (x, y) ∈ C1

(95)

òî÷êà ìèíèìóìà îäíà è òà æå. Òåïåðü ðàññìîòðèì çàäà÷ó Äèäîíû:

1∫
0

(xẏ − yẋ) dt→ inf,

1∫
0

√
ẋ2 + ẏ2 dt = l,

x(0) = x(1) = y(0) = y(1) = 0, (x, y) ∈ C1, ẋ2 + ẏ2 > 0.

Â íåé îáà ôóíêöèîíàëà èíâàðèàíòíû îòíîñèòåëüíî èçìåíåíèÿ ïàðàìåò-
ðèçàöèè. Çíà÷èò, äîñòàòî÷íî èñêàòü ìèíèìóì íà ìíîæåñòâå êðèâûõ ñ ïà-
ðàìåòðèçàöèåé, ïðîïîðöèîíàëüíîé íàòóðàëüíîé, ò.å. òàêèõ, ÷òî ẋ2 + ẏ2 =
l2. Ïîýòîìó çàäà÷à Äèäîíû ýêâèâàëåíòíà çàäà÷å (95). Ñëåäîâàòåëüíî, â
íåé òî÷êà ìèíèìóìà ñóùåñòâóåò è ñîâïàäàåò ñ òî÷êîé ìèíèìóìà â (91),
ò.å. ÿâëÿåòñÿ îêðóæíîñòüþ.

26 Òåîðåìà Òîíåëëè

Ðàññìîòðèì çàäà÷ó

t1∫
t0

L(t, x(t), ẋ(t)) dt→ inf, x ∈ W̊ 1
2 [t0, t1]. (96)

Òåîðåìà 24. Ïóñòü L ∈ C([t0, t1]×R×R) âûïóêëà ïî ẋ, Lẋ ∈ C([t0, t1]×
R× R), ñóùåñòâóþò C > 0 è β > 0 òàêèå, ÷òî

L(t, ξ, η) ≥ Cη2 − β. (97)

Òîãäà òî÷êà ìèíèìóìà â (96) ñóùåñòâóåò.
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Äîêàçàòåëüñòâî. Â ñèëó (97),

t1∫
t0

L(t, x(t), ẋ(t)) dt ≥ C

t1∫
t0

ẋ2(t) dt− β(t1 − t0) =

= C‖x‖2
W̊ 1

2 [t0, t1]
− β(t1 − t0) →

‖x‖
W̊1

2 [t0, t1]
→∞

+∞.

Çíà÷èò, çàäà÷à (96) ïðè äîñòàòî÷íî áîëüøîì R > 0 ýêâèâàëåíòíà çàäà÷å

t1∫
t0

L(t, x(t), ẋ(t)) dt→ inf, ‖x‖W̊ 1
2 [t0, t1] ≤ R.

Ïîýòîìó (ñì. ñëåäñòâèå 2) äîñòàòî÷íî äîêàçàòü, ÷òî ôóíêöèîíàë L(x) =
t1∫
t0

L(t, x(t), ẋ(t)) dt ñëàáî ñåêâåíöèàëüíî ïîëóíåïðåðûâåí ñíèçó.

Ïóñòü xn
w→

n→∞
x â W̊ 1

2 [t0, t1]. Íóæíî ïðîâåðèòü, ÷òî

lim
n→∞

t1∫
t0

L(t, xn(t), ẋn(t)) dt ≥
t1∫
t0

L(t, x(t), ẋ(t)) dt. (98)

Ïåðåõîäÿ ê ïîäïîñëåäîâàòåëüíîñòÿì, ìîæíî ñ÷èòàòü, ÷òî ñóùåñòâóåò

lim
n→∞

t1∫
t0

L(t, xn(t), ẋn(t)) dt <∞.

Â ñèëó ñëåäñòâèÿ 3,

‖xn − x‖C[t0, t1] →
n→∞

0. (99)

Â ñèëó (99) è ïðåäëîæåíèÿ 29, |xn(t)| îãðàíè÷åíî íà [t0, t1] ðàâíîìåðíî
ïî n è t.

Ïðè äîêàçàòåëüñòâå êëþ÷åâûì áóäåò íåðàâåíñòâî

L(t, ξ, η)− L(t, ξ, η0) ≥ Lẋ(t, ξ, η0)(η − η0), (100)

êîòîðîå ñëåäóåò èç âûïóêëîñòè L ïî η.
Äëÿ êàæäîãî ε > 0 ïîëîæèì

Eε = {t ∈ [t0, t1] : |ẋ(t)| ≤ 1/ε}.
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Òîãäà γε := µ([t0, t1]\Eε) →
ε→0

0.

Ïóñòü äëÿ êàæäîãî ε > 0 îêàçàíî íåðàâåíñòâî

lim
n→∞

∫
Eε

L(t, xn(t), ẋn(t)) dt ≥
∫
Eε

L(t, x(t), ẋ(t)) dt. (101)

Âûâåäåì îòñþäà (98). Ñíà÷àëà çàìåòèì, ÷òî∫
[t0, t1]\Eε

L(t, xn, ẋn) dt
(97)

≥ −βγε →
ε→0

0.

Äëÿ êàæäîãî α > 0 âûáåðåì εα > 0 òàêîå, ÷òî ïðè ε ∈ (0, εα] âûïîëíåíî
βγε < α. Äëÿ ε > 0 â ñîîòâåòñòâèè ñ (101) âûáèðàåì N(ε) ∈ N òàêîå, ÷òî
ïðè n ≥ N(ε)∫

Eε

L(t, xn(t), ẋn(t)) dt ≥
∫
Eε

L(t, x(t), ẋ(t)) dt− α.

Òîãäà ïðè ε ∈ (0, εα], n ≥ N(ε)

t1∫
t0

L(t, xn(t), ẋn(t)) dt ≥
∫
Eε

L(t, x(t), ẋ(t)) dt− 2α.

Çíà÷èò, ïðè ε ∈ (0, εα]

lim
n→∞

t1∫
t0

L(t, xn(t), ẋn(t)) dt ≥
∫
Eε

L(t, x(t), ẋ(t)) dt− 2α.

Îòñþäà ñëåäóåò, ÷òî

lim
n→∞

t1∫
t0

L(t, xn(t), ẋn(t)) dt ≥
t1∫
t0

L(t, x(t), ẋ(t)) dt− 2α.

Â ñèëó ïðîèçâîëüíîñòè α, ïîëó÷àåì (98).
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Òåïåðü äîêàæåì (101). Èìååì∫
Eε

(L(t, xn, ẋn)− L(t, x, ẋ)) dt =

=

∫
Eε

(L(t, xn, ẋn)− L(t, xn, ẋ)) dt+

∫
Eε

(L(t, xn, ẋ)− L(t, x, ẋ)) dt.

Îöåíèì ïåðâîå ñëàãàåìîå:∫
Eε

(L(t, xn, ẋn)− L(t, xn, ẋ)) dt
(100)

≥
∫
Eε

Lẋ(t, xn, ẋ)(ẋn − ẋ) dt =

=

∫
Eε

Lẋ(t, x, ẋ)(ẋn − ẋ) dt+

∫
Eε

(Lẋ(t, xn, ẋ)− Lẋ(t, x, ẋ))(ẋn − ẋ) dt.

Íàïîìíèì, ÷òî xn ñëàáî ñõîäèòñÿ ê x â W̊
1
2 [t0, t1]. Ôóíêöèÿ Lẋ(t, x(t), ẋ(t))

îãðàíè÷åíà íà Eε. Çíà÷èò, â ñèëó ïðåäëîæåíèÿ 30∫
Eε

Lẋ(t, x(t), ẋ(t))(ẋn(t)− ẋ(t)) dt →
n→∞

0.

Ïîñëåäîâàòåëüíîñòü ẋn − ẋ îãðàíè÷åíà â L2[t0, t1], Lẋ(t, xn(t), ẋ(t)) −
Lẋ(t, x(t), ẋ(t)) ðàâíîìåðíî íà Eε ñõîäèòñÿ ê 0 (òàê êàê Lẋ íåïðåðûâíà,
òî îíà ðàâíîìåðíî íåïðåðûâíà íà êîìïàêòàõ). Çíà÷èò,

∫
Eε

(Lẋ(t, xn, ẋ) −

Lẋ(t, x, ẋ))(ẋn − ẋ) dt →
n→∞

0. Òàêèì îáðàçîì,

lim
n→∞

∫
Eε

(L(t, xn, ẋn)− L(t, xn, ẋ)) dt ≥ 0.

Òåïåðü ðàññìîòðèì âòîðîå ñëàãàåìîå:∫
Eε

(L(t, xn, ẋ)− L(t, x, ẋ)) dt →
n→∞

0,

òàê êàê L(t, xn, ẋ) − L(t, x, ẋ) ðàâíîìåðíî ñõîäèòñÿ ê 0 íà En (òàê êàê
L íåïðåðûâíà, òî îíà ðàâíîìåðíî íåïðåðûâíà íà êîìïàêòàõ).

Â èòîãå ïîëó÷àåì (101).
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Ïðèìåð. Ðàññìîòðèì çàäà÷ó

L(x) :=

1∫
0

((1− |ẋ|3/2)4/3 + x2) dt→ inf, x ∈ W̊ 1
2 [0, 1].

Òîãäà L(x) > 0 äëÿ ëþáîé ôóíêöèè x ∈ W̊ 1
2 [0, 1]. Â ñàìîì äåëå, åñëè

L(x) = 0, òî x ≡ 0 è (1− |ẋ|3/2)4/3 ≡ 1 � ïðîòèâîðå÷èå.
Ïîêàæåì, ÷òî inf{J(x) : x ∈ W̊ 1

2 [0, 1]} = 0. Â ñàìîì äåëå, ðàçî-
áüåì [0, 1] íà 2n ðàâíûõ îòðåçêîâ; íà îòðåçêàõ ñ íå÷åòíûìè íîìåðàìè
ïîëîæèì ẋn ≡ 1, íà îòðåçêàõ ñ ÷åòíûìè íîìåðàìè ïîëàãàåì ẋn ≡ −1;
xn(0) := 0. Òîãäà xn ∈ W̊ 1

2 [0, 1]. Ïðè ýòîì (1−|ẋn|3/2)4/3 ≡ 0, xn(j/n) = 0,
0 ≤ j ≤ n. Çíà÷èò, äëÿ ëþáîãî t ∈ [0, 1] âûïîëíåíî |xn(t)| ≤ 1

2n
. Ïîýòî-

ìó J(xn) →
n→∞

0. Òî åñòü J íå èìååò òî÷êè ìèíèìóìà íà W̊ 1
2 [0, 1] (çäåñü

íàðóøèëîñü óñëîâèå âûïóêëîñòè ïî ẋ).
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