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Ìåòîä Íüþòîíà

ìåòîä Íüþòîíà èñïîëüçóåòñÿ äëÿ ïîèñêà êîðíÿ x∗ âåêòîðíîãî
ïîëÿ V : Rn ⊃ D → Rn êëàññà C 1

èòåðàöèÿ
xk+1 = xk − γk(V ′(xk))−1V (xk)

ïîëíûé øàã (γk = 1) âîçâðàùàåò êîðåíü ëèíåéíîé ìîäåëè

Ṽk(x) = V (xk) + V ′(xk) · (x − xk)

åñëè γk ∈ (0, 1), òî øàã óêîðî÷åííûé (damped)

â êà÷åñòâå ïîëÿ V ìîæåò âûñòóïàòü ãðàäèåíò ôóíêöèè
F : D → R êëàññà C 2

åñëè |V ′(x∗)| 6= 0, òî ìåòîä ñõîäèòñÿ êâàäðàòè÷íî â íåêîòîðîé
îêðåñòíîñòè x∗
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Àôôèííàÿ èíâàðèàíòíîñòü

åñëè ïîëå ÿâëÿåòñÿ êîâàðèàíòíûì, ò.å. ïðè çàìåíå êîîðäèíàò
y = y(x) ïðåîáðàçóåòñÿ ñîãëàñíî çàêîíó

V (x) 7→ V (y) =

(
∂x

∂y

)T

V (x),

òî ïðè àôôèííûõ çàìåíàõ êîîðäèíàò ïîñëåäîâàòåëüíîñòü
èòåðàöèé îñòàåòñÿ íåèçìåííîé

â ýòîì ñëó÷àå ìåòîä Íüþòîíà àôôèííî èíâàðèàíòåí

â ÷àñòíîñòè, ýòî èìååò ìåñòî, êîãäà V � ãðàäèåíòíîå ïîëå
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Ñàìîñîãëàñîâàííûå ôóíêöèè

âñëåäñòâèå àôôèííîé èíâàðèàíòíîñòè ïîâåäåíèå ìåòîäà
Íüþòîíà îñîáåííî õîðîøî èçó÷àåòñÿ íà àôôèííî
èíâàðèàíòíîì êëàññå ôóíêöèé

äëÿ ýòîé öåëè À.Ñ. Íåìèðîâñêèé è Þ.Å. Íåñòåðîâ ââåëè
îïðåäåëåíèå ñàìîñîãëàñîâàííîé ôóíêöèè

ðàññìîòðèì ôóíêöèè F : D → R êëàññà C 3, óäîâëåòâîðÿþùèå
óñëîâèÿì F ′′(x) � 0 è

|F ′′′(x)[h, h, h]| ≤ 2(F ′′(x)[h, h])3/2

äëÿ âñåõ x ∈ D, h ∈ TxD
çäåñü D ⊂ Rn � âûïóêëàÿ îáëàñòü

ñàìîñîãëàñîâàííûå ôóíêöèè ñîñòàâëÿþò çàìûêàíèå ïî
C 2-íîðìå ìíîæåñòâà ôóíêöèé, óäîâëåòâîðÿþùèõ ýòèì
óñëîâèÿì
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Ñàìîñîãëàñîâàííûå áàðüåðû

ñàìîñîãëàñîâàííûå ôóíêöèè ñëóæàò áàðüåðàìè ïðè
ìèíèìèçàöèè ëèíåéíûõ ôóíêöèé íà âûïóêëûõ ìíîæåñòâàõ D̄

Îïðåäåëåíèå

Ñàìîñîãëàñîâàííàÿ ôóíêöèÿ F : D → R íàçûâàåòñÿ ñèëüíî

ñàìîñîãëàñîâàííîé íà îáëàñòè D, åñëè limx∈∂D F (x) = +∞.
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Ýëëèïñîèäû Äèêèíà

Òåîðåìà (Íåñòåðîâ, Íåìèðîâñêèé)

Ïóñòü ôóíêöèÿ F : D → R ñèëüíî ñàìîñîãëàñîâàííàÿ, è x̂ ∈ D.

Òîãäà îòêðûòûé ýëëèïñîèä Äèêèíà

W (x̂) =

{
x | ||x − x̂ ||x̂ =

√
(x − x̂)TF ′′(x̂)(x − x̂) < 1

}
ÿâëÿåòñÿ ïîäìíîæåñòâîì îáëàñòè D.

ââåäåì òàêæå ýëëèïñîèäû

W (x̂ ; r) = {x | ||x − x̂ ||x̂ < r}

ðàäèóñà r
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Ìèíèìèçàöèÿ ëèíåéíîé ôóíêöèè

ðåøàåì çàäà÷ó îïòèìèçàöèè ñ îãðàíè÷åíèÿìè

min
x∈D̄
〈c , x〉

ãäå D ⊂ Rn � âûïóêëàÿ îáëàñòü

åñëè â íàøåì ðàñïîðÿæåíèè èìååòñÿ ñèëüíî ñàìîñîãëàñîâàííàÿ
ôóíêöèÿ F íà D, òî ìû ìîæåì çàìåíèòü èñõîäíóþ çàäà÷ó íà
çàäà÷ó áåç îãðàíè÷åíèé

min
x

τ · 〈c , x〉+ F (x),

ãäå τ > 0 � âåùåñòâåííûé ïàðàìåòð

åñëè τ → +∞, òî ðåøåíèå x∗(τ) ýòîé çàäà÷è (åñëè îíî
ñóùåñòâóåò) áóäåò ñòðåìèòüñÿ ê ðåøåíèþ x∗ èñõîäíîé çàäà÷è
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Àëãîðèòì ñëåäîâàíèÿ öåíòðàëüíîìó ïóòè

êðèâàÿ σ : τ 7→ x∗(τ) íàçûâàåòñÿ öåíòðàëüíûì ïóòåì

çàäà÷ó íà ïîèñê òî÷êè x∗(τ) ðåøàåì ìåòîäîì Íüþòîíà
äîñòàòî÷íî ðåøèòü çàäà÷ó ïðèáëèçèòåëüíî

ïðèáëèæåííîå ðåøåíèå xk çàäà÷è íà ïîèñê òî÷êè x∗(τk−1)
èñïîëüçóåì êàê èñõîäíóþ òî÷êó äëÿ èòåðàöèè Íüþòîíà íà
ïîèñê òî÷êè x∗(τk)
êàæäûé øàã Íüþòîíà ÷åðåäóåòñÿ ñ ïîâûøåíèåì ïàðàìåòðà τ
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Ñõîäèìîñòü

óñëîâèÿ ëèíåéíîé ñõîäèìîñòè àëãîðèòìà

òî÷êà xk íàõîäèòñÿ â îáëàñòè ïðèòÿæåíèÿ (êâàäðàòè÷íîé
ñõîäèìîñòè) òî÷êè x∗(τk)

øàã Íüþòîíà äåëàåò ïðîãðåññ, äîñòàòî÷íûé äëÿ
óìíîæåíèÿ ïàðàìåòðà τk íà êîíñòàíòó θ > 1

äëÿ ýòîãî äîñòàòî÷íî, åñëè

||F ′(x)||x ≤ ν äëÿ âñåõ x ∈ D (F � ñàìîñîãëàñîâàííûé
áàðüåð)

||x∗(τk+1)− x∗(τk)||x∗(τk ) ≥ δ äëÿ âñåõ k

òîãäà log τk+1 − log τk ' ν−1δ
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Ðàññòîÿíèÿ äî òåêóùåãî ìèíèìóìà

óñëîâèå ||x∗(τk+1)− x∗(τk)||x∗(τk ) ≥ δ âûïîëíåíî, åñëè

xk íå äàëüøå îò x∗(τk), ÷åì íà λ

øàã Íüþòîíà íàñ ïðèáëèæàåò ê òåêóùåìó ìèíèìóìó x∗(τk)
áëèæå, ÷åì λ

ïåðâîå óñëîâèå äîëæíî ãàðàíòèðîâàòü âòîðîå

òîãäà ìîæíî îòîäâèíóòü ìèíèìóì íà ðàññòîÿíèå ïîðÿäêà
δ ∼ λ− λ
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Íüþòîíîâñêèé äåêðåìåíò

âåðíåìñÿ ê ìèíèìèçàöèè ôóíêöèè F , ñ ìèíèìóìîì x∗

òåêóùåå ïîëîæåíèå òî÷êè xk ïî îòíîøåíèþ ê ìèíèìóìó
îöåíèâàåòñÿ ñêàëÿðîì

ρk = ||F ′(xk)||∗xk =
√
F ′(xk)T (F ′′(xk))−1F ′(xk),

íàçûâàþùèìñÿ Íüþòîíîâñêèì äåêðåìåíòîì

îí çàäàåò äëèíó ||xk+1 − xk ||xk ïîëíîãî øàãà Íüþòîíà

÷òîáû íå ïîêèíóòü ìíîæåñòâî D, äîñòàòî÷íî èìåòü ρk < 1

÷òîáû ñîéòèñü, äîñòàòî÷íî èìåòü sup ρk+1 < ρk
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Èçâåñòíûå îöåíêè: ïîëíûé øàã

îöåíêè îñíîâàíû íà ñîîòíîøåíèè [Íåñòåðîâ, Íåìèðîâñêèé]

(1− ||x − xk ||xk )2F ′′(xk) � F ′′(x) � (1− ||x − xk ||xk )−2F ′′(xk)

äëÿ ñàìîñîãëàñîâàííûõ ôóíêöèé

Òåîðåìà

Ïóñòü F � ñèëüíî ñàìîñîãëàñîâàííàÿ ôóíêöèÿ íà D. Åñëè

ρk < λ∗ = 3−
√
5

2 ≈ 0.3820, òî ïîñëå ïîëíîãî øàãà Íüþòîíà

èìååì

ρk+1 ≤
(

ρ(xk)

1− ρ(xk)

)2

< ρk .
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Èçâåñòíûå îöåíêè: óêîðî÷åííûé øàã

Òåîðåìà

Ïóñòü F � ñèëüíî ñàìîñîãëàñîâàííàÿ ôóíêöèÿ íà D. Åñëè

ρk < λ∗ =
√
5−1
2 ≈ 0.6180, òî ïîñëå óêîðî÷åííîãî øàãà Íüþòîíà

ñ êîýôôèöèåíòîì γk = 1
1+ρk

èìååì

ρk+1 ≤
ρ(xk)2(2 + ρ(xk))

1 + ρ(xk)
< ρk .

øòðèõîâàííàÿ �
ïîëíûé øàã
ñïëîøíàÿ �
óêîðî÷åííûé øàã
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Ôîðìàëèçàöèÿ çàäà÷è

àíàëèçèðóåì øàã Íüþòîíà ñ êîýôôèöèåíòîì γ ∈ (0, 1] è
íà÷àëüíûì çíà÷åíèåì äåêðåìåíòà ρk = a ∈ (0, 1)
ìàêñèìèçèðóåì çíà÷åíèå äåêðåìåíòà ρk+1 â ñëåäóþùåé òî÷êå

ââåäåì ïåðåìåííûå g = F ′, h = F ′′, òîãäà äèíàìèêà çàäàåòñÿ

g ′ = h, h′ = 2uh3/2, u ∈ U = [−1, 1]

äåêðåìåíò ðàâåí ρ = h−1/2|g |

àôôèííûì ïðåîáðàçîâàíèåì äîñòèãàåì

xk = 0, h(xk) = 1, g(xk) = −a, xk+1 = aγ

Roland Hildebrand Îïòèìàëüíûé øàã â ìåòîäå Íüþòîíà



Ìîòèâàöèÿ ïîñòàíîâêè çàäà÷è
Àíàëèç øàãà Íüþòîíà

Îäíîìåðíàÿ îáëàñòü
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

ìàêñèìèçèðóåì

h(X )−1/2|g(X )| → max

ñ íà÷àëüíûìè óñëîâèÿìè

g(0) = −a, h(0) = 1

è äèíàìèêîé

g ′ = h, h′ = 2uh3/2, u ∈ U = [−1, 1]

íà x ∈ [0,X ], X = aγ
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Óïðîùåíèå ñèñòåìû

ââåäåì íîâóþ çàâèñèìóþ ïåðåìåííóþ y = h−1/2g è
íåçàâèñèìóþ ïåðåìåííóþ t = h1/2 · (x − aγ), òîãäà

dt

dx
= h1/2 · (1 + ut),

ñèñòåìà ïðèíèìàåò âèä

ẏ =
1− uy

1 + ut
, u ∈ U = [−1, 1]

íà èíòåðâàëå t ∈ [−aγ, 0], ñ íà÷àëüíûìè óñëîâèÿìè
y(−aγ) = −a è öåëåâîé ôóíêöèåé

|y(0)| → max

ïðî ïåðåìåííóþ h ìîæíî çàáûòü
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Ïðèíöèï ìàêñèìóìà

ïðèìåíÿåì ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

H = ψ · 1− uy

1 + ut

H = max
u∈U
H =

{
ψ · 1−y1+t , ψ · (t + y) < 0,

ψ · 1+y
1−t , ψ · (t + y) > 0.

óñëîâèÿ òðàíñâåðñàëüíîñòè ψ(0) = sgn y(0)
ñîïðÿæåííàÿ ïåðåìåííàÿ

ψ̇ =

{
ψ
1+t , ψ · (t + y) < 0,

− ψ
1−t , ψ · (t + y) > 0.

â òî÷êå t = 0 èìååì u = −1
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Îñîáûå ðåæèìû

çàäàþòñÿ óñëîâèåì ψ · (t + y) ≡ 0

ψ ≡ 0 èñêëþ÷åíî, èìååì sgnψ ≡ sgn y(0)

äèôôåðåíöèðóåì t + y ≡ 0:

1 +
1− uy

1 + ut
=

2 + u(t − y)

1 + ut
= 2 ≡ 0

îñîáûõ ðåæèìîâ íåò, óïðàâëåíèå êóñî÷íî-ïîñòîÿííîå ñî
çíà÷åíèÿìè â {−1,+1}
êðèâàÿ ïåðåêëþ÷åíèÿ y = −t
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Îïòèìàëüíûé ñèíòåç

äëÿ y(0) > 0 ïîëó÷àåì ðåøåíèå

y(t) =

{
t+y(0)
1−t , y ≥ −t,

1− (2−
√

1+y(0))2

1+t , y ≤ −t

äëÿ y(0) < 0 ïîëó÷àåì ðåøåíèå

y(t) =
t + y(0)

1− t

òðàåêòîðèè, èñõîäÿùèå èç òî÷åê ±c , ïåðåñåêàþòñÿ â òî÷êàõ
êðèâîé äèñïåðñèè, çàäàâàåìîé ñîîòíîøåíèåì

y =
2(−1 +

√
1 + t3)

t2
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êðèâûå äèñïåðñèè è ïåðåêëþ÷åíèÿ øòðèõîâàíû
ìåæäó ýòèìè êðèâûìè îïòèìàëüíî óïðàâëåíèå u = +1, èíà÷å
u = −1
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Ôóíêöèÿ Áåëëìàíà

ôóíêöèÿ Áåëëìàíà ïîñòîÿííà íà òðàåêòîðèÿõ è èìååò âèä

B(t, y) =


−y + t + ty , y ≤ 2(

√
1+t3−1)
t2

,

(2−
√

(1− y)(1 + t))2 − 1, 2(
√
1+t3−1)
t2

≤ y ≤ −t,
y − t − ty , y ≥ −t

ïîäñòàâëÿåì íà÷àëüíûå çíà÷åíèÿ t = −aγ, y = −a, ïîëó÷àåì

max ρk+1 =

 a− aγ + a2γ,
2(1−
√

1−a3γ3)

a3γ2
≤ 1,

(2−
√

(1 + a)(1− aγ))2 − 1,
2(1−
√

1−a3γ3)

a3γ2
≥ 1
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Ðåçóëüòàò

äëÿ ïîëíîãî øàãà Íüþòîíà (γ = 1) ïîëó÷àåì

max ρk+1 = (2−
√
1− a2)2 − 1

îáëàñòü ñõîäèìîñòè W (xk , λ
∗),

λ∗ =Roots(λ3 + 2λ2 + 9λ− 8) ≈ 0.7282

îïòèìàëüíîå γ∗ ïîëó÷àåòñÿ ìèíèìèçàöèåé öåíû ïî γ

γ∗ =
2(
√
1 + a3 − 1)

a3

max ρk+1 = a +
2(1−

√
1 + a3)(1− a)

a2

îáëàñòü ñõîäèìîñòè W (xk) (âåñü ýëëèïñîèä Äèêèíà)
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øòðèõîâàííàÿ � ïîëíûé øàã
ñïëîøíàÿ � óêîðî÷åííûé øàã
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Ìíîæåñòâî óïðàâëåíèé

ðàññìîòðèì îáùèé ñëó÷àé ôóíêöèé F : D → R, D ⊂ Rn

åñëè F ′′(x) = I , òî äîïóñòèìûå çíà÷åíèÿ 1
2F
′′′(x) � îäíîðîäíûå

êóáè÷åñêèå ïîëèíîìû, îãðàíè÷åííûå åäèíèöåé íà ñôåðå Sn−1

îïðåäåëèì ïðîåêöèþ ìíîæåñòâà P òàêèõ ïîëèíîìîâ:

U = {U ∈ Sn | ∃ p ∈ P : Uij = pij1}

è ìíîæåñòâî íèæíå-òðåóãîëüíûõ ìàòðèö

V =

{
V | V + V T

2
∈ U

}
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Áîëåå ïðîñòûå íàäìíîæåñòâà

îïðåäåëèì òàêæå ìíîæåñòâî ñèììåòðè÷åñêèõ ìàòðèö

U ′ = {U ∈ Sn | −I � U � I} ⊃ U ,

è ìíîæåñòâî íèæíå-òðåóãîëüíûõ ìàòðèö

V ′ =

{
V | V + V T

2
∈ U ′

}
⊃ V
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â ñëó÷àå ïðîèçâîëüíîãî çíà÷åíèÿ F ′′(x) = WW T âñëåäñòâèå
àôôèííîé èíâàðèàíòíîñòè èìååì

∂3F

∂xi∂xj∂xk
= 2

n∑
r ,s,t=1

WirWjsWktprst , p ∈ P

äàëåå áóäåì ïðåäïîëàãàòü, ÷òî W � íèæíå-òðåóãîëüíàÿ, òîãäà
W T e1 = W11e1, è

∂3F

∂xi∂xj∂x1
= 2

n∑
r ,s=1

WirWjsW11prs1, p ∈ P

= 2W11

n∑
r ,s=1

WirWjsUrs , U ∈ U ,

F ′′′(x)[·, ·, e1] = 2W11WUW T , U ∈ U
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Ôîðìàëèçàöèÿ çàäà÷è

ââåäåì ïåðåìåííûå g = F ′, H = F ′′ = WW T

àôôèííûì ïðåîáðàçîâàíèåì äîáèâàåìñÿ

xk = 0, g(xk) = −ae1, H(xk) = I , xk+1 = aγe1

ïåðåõîäèì ê ñêàëÿðíîé íåçàâèñèìîé ïåðåìåííîé τ ∈ [0,T ],
T = aγ, x(τ) = τe1

ġ = He1, Ḣ = 2W11WUW T , U ∈ U

g(0) = −ae1, H(0) = I ,√
gT (T )H−1(T )g(T ) = ||W−1(T )g(T )|| → max
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Äèíàìèêà ôàêòîðà W

èìååì

ẆW T + WẆ T = 2W11WUW T , U ∈ U

W−1Ẇ + Ẇ TW−T = W11(V + V T ), V ∈ V

ïî îáå ñòîðîíû ñòîÿò ðàçëîæåíèÿ íà íèæíå- è
âåðõíå-òðåóãîëüíóþ ìàòðèöó

⇒ W−1Ẇ = W11V , Ẇ = W11WV , V ∈ V
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Óïðîùåíèå ñèñòåìû

ââåäåì íîâóþ çàâèñèìóþ ïåðåìåííóþ y = W−1g è
íåçàâèñèìóþ ïåðåìåííóþ t = W11 · (τ − aγ), òîãäà

dt

dτ
= W11 · (1 + tV11),

ñèñòåìà ïðèíèìàåò âèä

ẏ =
e1 − Vy

1 + tV11
, V ∈ V

íà èíòåðâàëå t ∈ [−aγ, 0], ñ íà÷àëüíûìè óñëîâèÿìè
y(−aγ) = −ae1 è öåëåâîé ôóíêöèåé

||y(0)|| → max
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Ïðèíöèï ìàêñèìóìà

ïðèìåíÿåì ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

H(t, y , p,V ) =
〈p,−Vy + e1〉

tV11 + 1
,

H(t, y , p) = max
V∈V

〈p,−Vy + e1〉
tV11 + 1

,

óñëîâèÿ òðàíñâåðñàëüíîñòè p(0) = y(0)
||y(0)||

îñîáûå ðåæèìû: H íåçàâèñèìî îò V òîëüêî â òîì ñëó÷àå,
êîãäà p è y ïàðàëëåëüíû e1
ýòî ñíîâà îäíîìåðíàÿ ñèòóàöèÿ, â êîòîðîé îñîáûõ ðåæèìîâ íåò
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Âðàùàòåëüíàÿ ñèììåòðèÿ

ïóñòü O � îðòîãîíàëüíàÿ ìàòðèöà òàêàÿ, ÷òî Oe1 = e1, òîãäà

H(t, y , p) = H(t,Oy ,Op)

åñëè â ìîìåíò t âåêòîðû y , p, e1 íàõîäÿòñÿ â ïëîñêîñòè P , òî
∂H
∂y ,

∂H
∂p ∈ P , è y , p ∈ P äëÿ âñåõ t

ñèòóàöèÿ èìååò ìåñòî ïðè t = 0

ïîýòîìó ìîæíî ñ÷èòàòü n = 2
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Ìíîæåñòâî óïðàâëåíèé

ñëåâà � V, ñïðàâà � V ′

îêðóæíîñòü C íà ãðàíèöå îáùàÿ è ñîñòîèò èç ìàòðèö âèäà

V =

(
cosφ 0
2 sinφ − cosφ

)
, φ ∈ [−π, π]
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Ìàêñèìèçàöèÿ ôóíêöèè Ïîíòðÿãèíà

ìàêñèìóì äðîáíî-ëèíåéíîé ôóíêöèè íà âûïóêëîì êîìïàêòå
äîñòèãàåòñÿ â ýêñòðåìàëüíîé òî÷êå

ìàêñèìèçèðóåì ñíà÷àëà íà íàäìíîæåñòâå V ′:
êðîìå òî÷åê C, V ′ èìååò ýêñòðåìàëüíûå òî÷êè V = ±I

Ĥ := max
V∈C
H

=
p1 + (p1y1 − p2y2)t +

√
(p1y1 − p2y2 + p1t)2 + 4p22y

2
1 (1− t2)

1− t2

V = ±I ⇒ H =
p1 ∓ (p1y1 + p2y2)

1± t
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çíà÷èò maxV∈V ′ H = maxV∈CH, åñëè√
(p1y1 − p2y2 + p1t)2 + 4p22y

2
1 (1− t2) ≥ −p1t−p1y1−p2y2+2p2y2t√

(p1y1 − p2y2 + p1t)2 + 4p22y
2
1 (1− t2) ≥ p1t+p1y1+p2y2+2p2y2t

â ýòîì ñëó÷àå òàêæå maxV∈V H = maxV∈CH è H = Ĥ

a posteriori ýòè íåðàâåíñòâà âûïîëíÿþòñÿ ñòðîãî
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Ïðîìåæóòî÷íîå ðåçþìå

ìàêñèìóì äåêðåìåíòà ρk+1 çàäàåòñÿ çíà÷åíèåì íîðìû ||y(0)||,
ãäå (y(t), p(t)), t ∈ [−aγ, 0] � òðàåêòîðèÿ ãàìèëüòîíîâîé
ñèñòåìû ñ ãàìèëüòîíèàíîì

p1 + (p1y1 − p2y2)t +
√

(p1y1 − p2y2 + p1t)2 + 4p22y
2
1 (1− t2)

1− t2

è êðàåâûìè óñëîâèÿìè

y(−aγ) = −ae1, p(0) =
y(0)

||y(0)||
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Ôîêàëüíûå òî÷êè

ñèñòåìó ìîæíî ïðîèíòåãðèðîâàòü ñ êîíöà (äèíàìè÷åñêîå
ïðîãðàììèðîâàíèå)
âûïóñêàåì òðàåêòîðèþ èç òî÷êè (t, y , p) = (0, y0,

y0
||y0||) äëÿ âñåõ

y0 ∈ R2

â ÷àñòíîñòè, äëÿ y0 = (c , 0) ïîëó÷àåì òðàåêòîðèè îäíîìåðíîãî
ñèíòåçà

ëèíåàðèçîâàâ ñèñòåìó âîêðóã òàêîé òðàåêòîðèè, ïîñìîòðèì, ãäå
ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé âûðîæäàåòñÿ
ýòî îïðåäåëèò ôîêàëüíóþ òî÷êó, çà êîòîðîé 1D òðàåêòîðèÿ
ïåðåñòàåò áûòü îïòèìàëüíîé
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ñïëîøíàÿ � ìíîæåñòâî ôîêàëüíûõ òî÷åê
øòðèõîâàííàÿ � êðèâàÿ ïåðåêëþ÷åíèÿ è äèñïåðñèîííàÿ êðèâàÿ
ïóíêòèðíàÿ � àñèìïòîòà êðèâîé ôîêàëüíûõ òî÷åê
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Ïîëíûé øàã Íüþòîíà

ïðÿìàÿ y1 = t (γ = 1) ëåæèò çà êðèâîé ôîêàëüíûõ òî÷åê: íà
îïòèìàëüíîé òðàåêòîðèè y2, p2 íå ðàâíû íóëþ
ïðîåêöèè îïòèìàëüíûõ òðàåêòîðèé íà (t, y1)-ïëîñêîñòü
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Ìèíèìèçàöèÿ ïî γ

÷òîáû ïîëó÷èòü îïòèìàëüíóþ äëèíó øàãà, ìèíèìèçèðóåì öåíó
ïî γ ïðè ôèêñèðîâàííîì a
íà÷àëüíîå âðåìÿ áóäåò âàðüèðîâàòü (íî ýòî minmax, íå
ñâîáîäíûé êîíåö)

ìèíèìóì äîñòèãàåòñÿ ïðè ∂B(t,y)
∂t = −H = 0

Ëåììà

Ãèïåðïîâåðõíîñòü H = 0 ÿâëÿåòñÿ èíòåãðàëüíîé ïîâåðõíîñòüþ

ãàìèëüòîíîâîé ñèñòåìû.

ïîäñòàâëÿåì p(0) = y(0)
||y(0)|| â H(0) = 0:

ïðè t = 0 èìååì (y1 + 1
2)2 + y22 = 1

4
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Äîêàçàòåëüñòâî ëåììû:

Ḣ =
∂H

∂t
=

H ·
p1y1 − p2y2 + p1t + t

√
(p1y1 − p2y2 + p1t)2 + 4p22y

2
1 (1− t2)√

(p1y1 − p2y2 + p1t)2 + 4p22y
2
1 (1− t2)(1− t2)

çíà÷èò H = 0 ⇒ Ḣ = 0
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Ïîíèæåíèå ðàçìåðíîñòè

ïðåäïîëîæèì, ÷òî íà îïòèìàëüíûõ òðàåêòîðèÿõ y2 ≥ 0 (åñëè
íåò, ïðèìåíèì ñèììåòðèþ (y2, p2) 7→ (−y2,−p2))

èç H = 0 ïîëó÷èì

(y21 − 1)p21 − 2y1y2p1p2 + (4y21 + y22 )p22 = 0,

p1
p2

=
y1y2 +

√
−4y41 + 4y21 + y22

y21 − 1
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ñèñòåìà ïðèìåò âèä

ẏ1 =
−p1y21 + p2y2y1 + p1
p1 + p1y1t − p2y2t

=

√
−4y41 + 4y21 + y22 (−y2(y1 + t) + (y1t + 1)

√
−4y41 + 4y21 + y22 )

4y41 t
2 + 8y31 t + 4y21 − y22 t

2 + y22

ẏ2 = −4p2y
2
1 − p1y1y2 + p2y

2
2

p1 + p1y1t − p2y2t
=√

−4y41 + 4y21 + y22 (4ty31 + 4y21 + y22 − ty2

√
−4y41 + 4y21 + y22 )

4y41 t
2 + 8y31 t + 4y21 − y22 t

2 + y22
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áîëåå òîãî,

dy2
dy1

=

√
4y21 (1− y21 ) + y22 + y1y2

1− y21

íå çàâèñèò îò t;

dt

dy1
=

y2(y1 + t) + (y1t + 1)
√
−4y41 + 4y21 + y22

(1− y21 )
√
−4y41 + 4y21 + y22

ëèíåéíî ïî t

èíòåãðèðóåì ïåðâîå óð-å îò y = (−a, 0) äî ïîëóêðóãà
(y1 + 1

2)2 + y22 = 1
4 , à âòîðîå îáðàòíî ïî ïîëó÷åííîé òðàåêòîðèè

ñ íà÷àëüíûì çíà÷åíèåì t = 0 íà ýòîì ïîëóêðóãå
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ïðîåêöèè îïòèìàëüíûõ òðàåêòîðèé
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Ðåçóëüòàòû

ñëåâà: max ρk+1 äëÿ ïîëíîãî øàãà (ñïëîøíàÿ) è äëÿ
îïòèìàëüíîãî øàãà (øòðèõîâàííàÿ)

ñïðàâà: îïòèìàëüíûé êîýôôèöèåíò γ∗
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Àñèìïòîòèêà

äëÿ îïòèìàëüíîãî øàãà èìååì ðàçëîæåíèÿ

max ρk+1 = ρ2k −
1

4
ρ4k log ρk +

(
log 2

2
− 1

16

)
ρ4k + o(ρ5k)

γ∗ = 1−
ρ3k
2

+
ρ4k
4

+ O(ρ5k log ρk)

èìååì òàêæå
lim
ρk→1

γ∗ = 22/3 − 1 ≈ 0.5874

îáëàñòü ñõîäèìîñòè äëÿ îïòèìàëüíîãî øàãà åñòü âåñü
ýëëèïñîèä Äèêèíà W (xk)
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Àëãîðèòìû

ñëåâà: îòîäâèãàåì ìèíèìóì íàñòîëüêî, ÷òîáû èìåòü
ρk = ρ∗ ≈ 0.2291 è äåëàåì ïîëíûé øàã Íüþòîíà

ñïðàâà: îòîäâèãàåì ìèíèìóì íàñòîëüêî, ÷òîáû èìåòü
ρk = ρ∗ ≈ 0.4429 è äåëàåì îïòèìàëüíûé øàã Íüþòîíà

ρ∗ â îáîèõ ñëó÷àÿõ ìàêñèìèçèðóåò ρk −max ρk−1, ò.å.
ìèíèìàëüíîå ãàðàíòèðîâàííîå ïðîäâèæåíèå
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Ïðåèìóùåñòâà

òî÷íûé àíàëèç øàãà Íüþòîíà ïîçâîëÿåò â àëãîðèìàõ
ñëåäîâàíèÿ öåíòðàëüíîìó ïóòè

ðàñøèðèòü îáëàñòü ñõîäèìîñòè âîêðóã òåêóùåãî ìèíèìóìà

óâåëè÷èòü äëèíó øàãà âäîëü öåíòðàëüíîãî ïóòè

äåëàòü ìåíüøå èòåðàöèé äëÿ äîñòèæåíèÿ äàííîé òî÷íîñòè

òåðïåòü áîëüøå ïîãðåøíîñòè ìåæäó òåêóùåé òî÷êîé è
öåíòðàëüíûì ïóòåì

ñëåäóþùèé ýòàï: ó÷åñòü â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ
íàïðàâëåíèå, êàñàòåëüíîå ê öåíòðàëüíîìó ïóòè
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Ñïàñèáî çà âíèìàíèå
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